Dr. Hashem Alkhaldi

«\D 2
S

Chapter Seven

Numerical Integration

= Trapizoidal Method/ Basic and Composite Rules

= Simpson’s 1/3 Method/ Basic and Composite Rules

= Simpson’s 3/8 Method/ Basic and Composite Rules

= Simpson’s 2/45 (Boole’s) Method/ Basic and Composite Rules
. Truncation Errors for Integration Rules

= Integration Formulas Pfoofs

= Romberg Integration Method

= Gaussian Quadrature Integration Method

= Double Integration Method/ Simpson’s 1/3

= Triple Integration Method/ -Simpson’s 1/3
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Trapizoidal Rule

* Basic rule: (n=1)
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* Composite rule: (n>1)
n=2,3,4,5,6,.... etc. fo g £
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Simpson's Rule 1/3

* Basic rule: (n=2) (3 points) £
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* Composite rule: (even n>2)
n=4,681012 ...etc.p, o A2 dp g
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Simpson’'s Rule 3/8
* Basic rule: (n=3) (4 b‘oints) 29
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Boole's Rule: simpsons 215)
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Derivation of Integration Rule: using Lagrange
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using Taylor .

Derivation of Integration Rule: series
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Derivation of Integration Rule: 

using Taylor 
    series
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Romberg Integration
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Gaussian Quadrature
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Gaussian Quadrature
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From table....get values of (t) and (w)
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It turns out that the #,’s for a given n are the roots of the nth-degree Legendre p

The Legendre polynomials are defined by recursion:
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(3 + DL &) — @n + DAL + il (@) = O,
with Ly(x) = 1,

L&) = x

- Then L,(x) is

whose zeros are £V =

Lyx) =

3L, (x) — (1)Lo(x)

2

By using the recursion relation, we find

The methods of Chapter 1 allow us to find
have been determined, the set of equations anal
for the weighting factors because the equations are

Table 5.14 lists the zeros of Legendre polynomials
need for Gaussian quadrature where the equivalent polynomial is up to degree 9. For éx: &
zeros atx = 0, +0.77459667, and —0.77459667.

Lyx) =

Lx) =

Sx3 — 3x

2

35x% — 30x2 + 3

8 3

T L R T

e

the rocts of these polynomials. After they
ogous to Egs. (5.41) can easily be solved
linear with respect io these UNKNOWps,

1

3 5
e &
2¥ T2

= +(.5773, precisely the ¢-values for the two-term formula.

and so on.

up to degree 5, giving values that v‘v_%

Number of Weighting Valid up to
terms - Values of ¢ factor degree
—0.57735027 w10 3
0.57735027 Wwe 1O
—0.77459667 L3y 055555555 5
0.0 L 0.88388880
—0.77459667 L3 2 0.55555555
—0.86113631 W, 0.34785485 7
4+, —0.33998104 a2 065214515
+; 0.33998104 Lz 0.65214515
4+ 0.86113631 Wa 034785485
k, —0.90617975, w3y 0.23692689 9
+ —0.53846931 a7 0.47862867
i, 0.0 w, 0.56888839
&y, 0.53846931 Ly 047862867
0.90617975 w50.23692689

_bs
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Double Integrals . s

---------

U’(xo,yo)+4f(x.,y.,)+2f(xa,yo)+4f(xa,yu)+---+f(xwyu)
ﬁf(; - +4f(xu,x)+16f(x1,y1)+8f(rph)+lGf(%,yl)+---+4f(xz,,,y1)
y)d4=7+2f,(xo,yz)+8f(1a,yz)+4f(xa.yz)+8f(x,,yz)+---+2f(xb,yz)+ ’

Simpson's (1/3) Matrix for double integrals

7/thRow :y6 1 4 2
6thRow : y5 4 16 8
5thRow :y4 2 8 4
4thRow : y3 4 16 8
3rdRow : y2 2 8 4
2ndRow: yl 4 16 8
IstRow : yO 1 4 2

X0 x1 x2

______________________ 2 4 7 o

18 15 4 :

; 9
______________________ 4 s g
______________________ e |5 4 “E)‘

4 1b 5?;
4 2 4 2 4 1 asRow(l)
16 8 16 8 16 4 4* Row(l)
8 4 8 4 8 2 2*Row(l)
16 8 16 8 16 4 4* Row(l)
8 4 8 4 8 2 2*Row(l)
16 8 16 8 16 4 4*Row(l)
4 2 4 2 4 1 Row(1)
X3 X4 X5 x6 X7 X8
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Double Integrals

      using
simpson's (1/3)

7th Row  :  y6   1    4     2    4    2    4    2    4    1
6th Row  :  y5   4   16    8   16   8   16   8   16   4
5th Row  :  y4   2    8     4    8    4    8    4    8    2
4th Row  :  y3   4   16    8   16   8   16   8   16   4
3rd Row  :  y2   2    8     4    8    4    8    4    8    2
2nd Row :  y1   4   16    8   16   8   16   8   16   4
1st Row  :  y0   1    4     2    4    2    4    2    4    1
                        x0   x1  x2   x3  x4   x5  x6  x7  x8

as Row(1)
4* Row(1)
2* Row(1)
4* Row(1)
2* Row(1)
4* Row(1)
    Row(1)

Simpson's (1/3) Matrix for double integrals
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PSS 2 Akl AL (ol Lmdisy Joondy

V=1 1 4 |2 la
' 4
0.75 4 16 8 fa

0.25 416 16 |4
y,=0l___ 1 4 12 (4 |1

x,=11.25 15 1715 xs=

i

zo=1+ih=1+025i
§£-=0.25j

[f s o) + 4S5 30) + 21 (%3, ¥0) + 41 (55, 70) + S (%45 35)
+4f(x,,,y,)+16f(xl Yi)+8f(xz y,)+16f(x3,y1)+4f(x.,,y,
f]‘,f(x,y)dA—— +21 (e 72 +81(31,72) + 41 (52, 5) 481 (55, 72) + 2 (500 7,)
+41(xy,7,) +16f (%, 3,) +81(x;, ;) +16f(x;, ;) + 41 (x,, )
+ [ (%, ¥) + 41 (%, V)21 (), ¥4) + 41 (x5 34) + [ (245 74)

100)+4/1250+2/(1.50+4/1.750+1(20)

+4(1L029+16/(125029+81(1.5029+16/(1.75029+41(2,029
\ﬂf(&ﬁdd'—i} +2f(105)+8/(1250.5)+4/(1.50.5)+8/(1.750.5)+2/(20.5)

+4£(L079+16/(1.25079+81 (15079 +16/(L75079+4/(20.79
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[e,d] ([, ]l 2 g lolisS dolah (3 22305 a1 23 Al Jubud 1, 3502
Ay OMelall sus Lgiag [, 2]

s alas¥f A A JuinTi Lisla ¢ Hypq Calall @ad sty
959 A yonlag (2P Laaue) Lguans 58 Adpe slasiyy A1 LS e
o [[[fCey.)dr gusanaes
v

rf(%:yn: zg)"“"f(’is.vovzo) +2f(x21)'o=zu)+--~+f(xzn’y°Jzo)
+41 05 00 2)+16/ (5, 3, 2,) +81 (%, Yy, 2) +... 41 (% 3 7)
+2f 06, Y20 20) 481 (5, 12, 20)+ 41 (3500 1, 20) +o 4 2f (3 s 20) +

...............

+ (s Voms 25) +4f(xpy:...- 2) +2f(x, y z) Fot (X Vims 2)

+4,if'(1r.,,y.,,zl)+1¢5J_r (o Yos ) 481 (%, 30, 2) +.H 41 (231, Y )
+16/(x%, 31, 7,) + 6411 (5 31, 2) 4321 (%, 3, 2) +...+16f(x,, 3, 2,)
+8f(aa,ypz[)+32f(xl.yz,Z.)+16f(rz,yz.zl)+---+8f(a.,yz,a)+

...............

+4f(ro,y:..,z.)+16f(iq,yz..,2.)+8f(xz,ywzl)+-u+4f(r=,,yz.,zl)

HIES 27 =%’§,1< 2 G Yoy 2 481 (5, 3002+ 41 (8 You 2) 4 2 (5030, ,)
¥ +8f(xo-y.,zz)+32f(sa-,ﬁ,zz)+16f(rz.y.,zz)+---+8f(rz.,n.zz)
+4f(ro-y1,za)+16f(%.ypzz)+8f(xz,yz,zx)+--~+4f(xz.,yz,z,)+

...............

+2f(me’zmzz)+8f(pr’zm a)+4f(-‘&,}’z,,,, z) k20 (0, 1a 2,)+

+f(aa,y..',zz,)+4f(%,ya,zz,)+2f(x,,yo,zz,)+.--+f(xwy.,,zz,,)
+4f(xmy.,zz,,)+16f(x..y..zz,)+8f(xz,ypzz,)+---+4f(x,_,y..zz,)
+2f(ru,yz.z,,)+8f(4,yz-zz,,)+4f(5,ypzzp)+~--+2f(xg,.,yz,z3,,)+

---------------

_+f(xm}’z.-zz_b)+4f(-‘i!yz-=::p)+2f(x;’yzus z!p)+"+f(‘t;.n!y2nl ZZP)J
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Z No. of intervals in
M x andy directions

7 Usuj,(xj(,uyp; (q 16, 8,16 g,;e, v o
rw)rdjwd 292 (2,9,4,8,408F2 wu, 4 He


No. of intervals in
x and y directions
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