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Prej'ace to fourth edition 

It is exactly 40 years since I was introduced to the study of gas turbines, using a 
book simply referred to as Cohen and Rogers. After a decade in the gas turbine 
industry I had the good fortune to join Professor Rogers at the University of 
Bristol and was greatly honoured to be invited to join the original authors in the 
preparation of the second edition in 1971. Sadly, Dr Cohen died in 1987, but I am 
sure he would be delighted to know that the book he initiated in 1951 is still 
going strong. Professor Rogers, although retired, has remained fully active as a 
critic and has continued to keep his junior faculty member in line; his comments 
have been very helpful to me. 

Since the third edition in 1987, the gas turbine has been found to be suitable for 
an increasing number of applications, and this is reflected in the new Introduc­
tion. Gas turbines are becoming widely used for base-load electricity generation, 
as part of combined-cycle plant, and combined cycles receive more attention in 
this edition. With the increased use of gas turbines, control of harmful emissions 
has become ever more important. The chapter on combustion has been enlarged 
to include a substantial discussion of the factors affecting emissions and de­
scriptions of current methods of attacking the problem. A section on coal gasi­
fication has also been added. Finally, the opportunity has been taken to make 
many small but significant improvements and additions to the text and examples. 

As in the third edition, no attempt has been made to introduce computational 
methods for aerodynamic design ofturbomachinery and the treatment is restricted 
to the fundamentals; those wishing to specialize must refer to the current, rapidly 
changing, literature. Readers wishing access to a suite of performance programs 
suitable for use on a Personal Computer will find the commercially available 
program GASTURB by Dr Joachim Kurzke very useful; this deals with both 
design and off-design calculations. The way to obtain this program is described in 
the rubric of Appendix B. 

I would like to express my deepest gratitude to Gordon Rogers, who 
introduced me to a university career and for over 30 years has been boss, mentor, 
colleague and friend. Together with Henry Cohen, his early work led me to a 
career in gas turbines and it has been a great privilege to work with him over the 
years. 

Thanks are once again due to the Natural Sciences and Engineering Research 
Council of Canada for financial support of my work for many years. Finally, 
sincere thanks to Lois Whillans for her patience and good humour in preparing 
the manuscript. 

September 1995 H. I.R.S. 



. Preface to the third edition 

The continued use of this book since the appearance of the first edition in 1951 
suggests that the objectives of the original authors were sound. To the great regret 
of Professors Rogers and Saravanamuttoo, Dr Cohen was unable to join them in 
the preparation of this new edition. They would like to express their appreciation 
of his earlier contribution, however, and in particular for initiating the book in the 
first place. 

Since the second edition was published in 1972 considerable advances have 
been made and the gas turbine has become well established in a variety of 
applications. This has required considerable updating, particularly of the Intro­
duction. Sub-sections have been added to the chapter on shaft power cycles to 
include combined gas and steam cyclles, cogeneration schemes and closed cycles, 
and many minor modifications have been made throughout the book to take 
account of recent developments. The chapter on axial flow compressors has been 
rewritten and enlarged, and describes in detail the design of a compressor to meet 
a particular aerodynamic specification which matches the worked example on 
turbine design. A section on radial flow turbines has been added to the turbine 
chapter. 

In keeping with the introductory nature of the book, and to avoid losing sight 
of physical principles, no attempt has been made to introduce modem 
computational methods for predicting the flow in turbomachinery. Appropriate 
references to such matters have been added, however, to encourage the student to 
pursue these more advanced topics. 

As a result of many requests from overseas readers, Professor Saravanamuttoo 
has agreed to produce a manual of solutions to the problems in Appendix B. The 
manual can be purchased by writing to: The Bookstore, Carleton University, 
Ottawa, Ontario KlS-5B6, Canada. 

Finally, this edition would not have been possible without the generous support 
of Professor Saravanamuttoo's research by the Natural Sciences and Engineering 
Research Council of Canada. He would particularly like to express his thanks to 
Dr Bernard Macisaac of GasTOPS and the many engineers from Pratt and 
Whitney Canada, Rolls-Royce, and the Royal Navy with whom he has 
collaborated for many years. 

March 1986 G.F.C.R. 

H.I.H.S. 



Preface to the second edition 

At the suggestion of the publishers the authors agreed to produce a new edition of 
Gas Turbine Theory in SI units. The continued use of the first edition encouraged 
the authors to believe that the general plan and scope of the book was basically 
correct for an introduction to the subject, and the object of the book remains as 
stated in the original Preface. So much development has taken place during the 
intervening twenty-one years, however, that the book has had to be rewritten 
completely, and even some changes in the general plan have been required. For 
example, because gas dynamics now forms part of most undergraduate courses in 
fluid mechanics a chapter devoted to this is out of place. Instead, the authors have 
provided a summary of the relevant aspects in an Appendix. Other changes of 
plan include the extension of the section on aircraft propulsion to a complete 
chapter, and the addition of a chapter on the prediction of performance of more 
complex jet engines and transient behaviour. Needless to say the nomenclature 
has been changed throughout to conform with international standards and current 
usage. 

The original authors are glad to be joined by Dr Saravanamuttoo in the author­
ship of the new edition. He is actively engaged on aspects of the gas turbine with 
which they were not familiar and his contribution has been substantial. They are 
glad too that the publisher decided to use a wider page so that the third author's 
name could be added without abbreviation. Dr Saravanamuttoo in his turn would 
like to acknowledge his debt to the many members of staff of Rolls-Royce, the 
National Gas Turbine Establishment and Orenda Engines with whom he has been 
associated in the course of his work. The authors' sincere appreciation goes to 
Miss G. M. Davis for her expert typing of the manuscript. 

October 1971 H. C. 

G.F.C.R. 

H.I.H.S. 



Preface to the first edition 

This book is confined to a presentation of the thermodynamic and aerodynamic 
theory forming the basis of gas turbine design, avoiding as far as possible the 
many controversial topics associated with this new form of prime-mover. While it 
is perhaps too early in the development of the gas turbine to say with complete 
assurance what are the basic principles involved, it is thought that some attempt 
must now be made if only to fill the gap between the necessarily scanty outline of 
a lecture course and the many articles which appear in the technical journals. 
Such articles are usually written by specialists for specialists and presuppose a 
general knowledge of the subject Since this book is primarily intended for 
students, for the sake of clarity some parts of the work have been given a simpler 
treatment than the latest refinements of method would permit Care has been 
taken to ensure that no fundamental principle has been misrepresented by this 
approach. 

Practising engineers who have been engaged on the design and development of 
other types of power plant, but who now find themselves called upon to undertake 
work on gas turbines, may also find this book helpfuL Although they will prob­
ably concentrate their efforts on one particular component, it is always more 
satisfactory if one's specialized knowledge is buttressed by a general under­
standing of the theory underlying the design of the complete unit. 

Practical aspects, such as control systems and mechanical design features, 
have not been described as they do not form part of the basic theory and are 
subject to continuous development Methods of stressing the various components 
have also been omitted since the basic principles are considered to have been 
adequately treated elsewhere. For a similar reason, the theory of heat-exchangers 
has not been included. Although heat-exchangers will undoubtedly be widely 
used in gas turbine plant, it is felt that at their present stage of development the 
appropriate theory may well be drawn from standard works on heat transmission. 

Owing to the rate at which articles and papers on this subject now appear, and 
since the authors have been concerned purely with an attempt to define the basic 
structure of gas turbine theory, a comprehensive bibliography has not been 
included. A few references have been selected, however, and are appended to 
appropriate chapters. These are given not only as suggestions for further reading, 
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but also as acknowledgements of sources of infonnation. Some problems, with 
answers, are given at the end of the book. In most cases these have been chosen to 
illustrate various points which have not appeared in the worked examples in the 
text. Acknowledgements are due to the Universities of Cambridge, Bristol and 
Durham for pennission to use problems which have appeared in their 
examination papers. 

The authors have obtained such lmowledge as they possess from contact with 
the work of a large number of people. It would therefore be invidious to 
acknowledge their debt by mention of one or two names which the authors 
associate in their minds with particular aspects of the work. They would, however, 
like to express their gratitude in a corporate way to their former colleagues in the 
research teams of what were once the Turbine Division of the Royal Aircraft 
Establishment and Power Jets (R. & D.) Ltd, now the National Gas Turbine 
Establishment. 

In conclusion, the authors will welcome any criticisms both of detail and of the 
general scheme of the book. Only from such criticism can they hope to discover 
whether the right approach has been adopted in teaching the fundamentals of dlis 
new subject. 

Aprill950 H. C. 

G.F.C.R. 



1 Introduction 

Of the various means of producing mechanical power the turbine is in many 
respects the most satisfactory. The absence of reciprocating and rubbing members 
means that balancing problems are few, that the lubricating oil consumption is 
exceptionally low, and that reliability can be high. The inherent advantages of the 
turbine were first realized using water as the working fluid, and hydro-electric 
power is still a significant contributor to the world's energy resources. Around the 
turn of the twentieth century the steam turbine began its career and, quite apart 
from its wide use as a marine power plant, it has become the most important 
prime mover for electricity generation. Steam turbine plant producing well over 
1 000 MW of shaft power with an efficiency of 40 per cent are now being used. In 
spite of its successful development, the steam turbine does have an inherent 
disadvantage. It is that the production of high-pressure high-temperature steam 
involves the installation of bullcy and expensive steam generating equipment, 
whether it be a conventional boiler or nuclear reactor. The significant feature is 
that the hot gases produced in the boiler furnace or reactor core never reach the 
turbine; they are merely used indirectly to produce an intermediate fluid, namely 
steam. A much more compact power plant results when the water to steam step is 
eliminated and the hot gases themselves are used to drive the turbine. Serious 
development of the gas turbine began not long before the Second World War with 
shaft power in mind, but attention was soon transferred to the turbojet engine for 
aircraft propulsion. The gas turbine began to compete successfully in other fields 
only in the mid nineteen fifties, but since then it has made a progressively greater 
impact in an increasing variety of applications. 

In order to produce an expansion through a turbine a pressure ratio must be 
provided, and the first necessary step in the cycle of a gas turbine plant must 
therefore be compression of the working fluid. If after compression the working 
fluid were to be expanded directly in the turbine, and there were no losses in 
either component, the power developed by the turbine would just equal that 
absorbed by the compressor. Thus if the two were coupled together the 
combination would do no more than turn itself round. But the power developed 
by the turbine can be increased by the addition of energy to raise the temperature 
of the working fluid prior to expansion. When the working fluid is air a very 
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suitable means of doing this is by combustion of fuel in the air which has been 
compressed. Expansion of the hot working fluid then produces a greater power 
output from the turbine, so that it is able to provide a useful output in addition to 
driving the compressor. This represents the gas turbine or internal-combustion 
turbine in its simplest form. The three main components are a compressor, 
combustion chamber and turbine, connected together as shown diagrammatically 
in Fig. 1.1. 

In practice, losses occur in both the compressor and turbine which increase the 
power absorbed by the compressor and decrease the power output of the turbine. 
A certain addition to the energy of the working fluid, and hence a certain fuel 
supply, will therefore be required before the one component can drive the other. 
This fuel produces no useful power, so that the component losses contribute to a 
lowering of the efficiency of the machine. Further addition of fuel will result in a 
useful power output, although for a given flow of air there is a limit to the rate at 
which fuel can be supplied and therefore to the net power output. The maximum 
fuel/air ratio that may be used is governed by the working temperature of the 
highly stressed turbine blades, which temperature must not be allowed to exceed a 
certain critical value. This value depends upon the creep strength of the materials 
used in the construction of the turbine and the working life required. 

These then are the two main factors affecting the performance of gas turbines: 
component efficiencies and turbine working temperature. The higher they can be 
made, the better the all-round performance of the plant. It was, in fact, low 
efficiencies and poor turbine materials which brought about the failure of a 
number of early attempts to construct a gas turbine engine. For example, in 1904 
two French engineers, Armengaud and Lemale, built a unit which did little more 
than turn itself over: the compressor efficiency was probably no more than 60 per 
cent and the maximum gas temperature that could be used was about 7 40 K. 

It will be shown in Chapter 2 that the overall efficiency of the gas turbine cycle 
depends also upon the pressure ratio of the compressor. The difficulty of 
obtaining a sufficently high pressure ratio with an adequate compressor efficiency 
was not resolved until the science of aerodynamics could be applied to the 
problem. The development of the gas turbine has gone hand in hand with the 
development of this science, and that of metallurgy, with the result that it is now 
possible to find advanced engines using pressure ratios of up to 35:1, component 
efficiencies of85-90 per cent, and turbine inlet temperatures exceeding 1650 K. 

Fuel 

Air 

Compressor Turbine 

FIG. 1.1 Simple gas turbine system 
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In the earliest days of the gas turbine, two possible systems of combustion 
were proposed: one at constant pressure, the other at constant volume. 
Theoretically, the thermal efficiency of the constant volume cycle is higher than 
that of the constant pressure cycle, but the mechanical difficulties are very much 
greater. With heat addition at constant volume, valves are necessary to isolate the 
combustion chamber from the compressor and turbine. Combustion is therefore 
intermittent, which impairs the smooth running of the machine. It is difficult to 
design a turbine to operate efficiently under such conditions and, although several 
fairly successful attempts were made in Gennany during the period 1908-1930 to 
construct gas turbines operating on this system, the development of the constant 
volmne type has been discontinued. In the constant pressure gas turbine, 
combustion is a continuous process in which valves are unnecessary and it was 
soon accepted that the constant pressure cycle had the greater possibilities for 
future development. 

It is important to realize that in the gas turbine the process of compression, 
combustion and expansion do not occur iu a single component as they do in a 
reciprocating engine. They occur in components which are separate in the sense 
that they can be designed, tested and developed individually, and these com­
ponents can be linked together to form a gas turbine unit in a variety of ways. The 
possible number of components is not limited to the three already mentioned. 
Other compressors and turbines can be added, with intercoolers between the com­
pressors, and reheat combustion chambers between the turbines. A heat­
exchanger which uses some of the energy in the turbine exhaust gas to preheat the 
air entering the combustion chamber may also be introduced. These refinements 
may be used to increase the power output and efficiency of the plant at the 
expense of added complexity, weight and cost. The way in which these com­
ponents are linked together not only affects the maximum overall thermal effici­
ency, but also the vmiation of efficiency with power output and of output torque 
with rotational speed. One arrangement may be suitable for driving an alternator 
under varying load at constant speed, while another may be more suitable for 
driving a ship's propeller where the power varies as the cube of the speed. 

Apart from variations of the simple cycle obtained by the addition of these 
other components, consideration must be given to two systems distinguished by 
the use of open and closed cycles. In the much more common open cycle gas 
turbine which we have been considering up to this point, fresh atmospheric air is 
drawn into the circuit continuously and energy is added by the combustion of fuel 
in the working fluid itself. In this case the products of combustion are expanded 
tlrrough the turbine and exhausted to atmosphere. In the alternative closed cycle 
shown in Fig. 1.2 the same working fluid, be: it air or some other gas, is repeatedly 
circulated through the machine. Clearly in this type of plant the fuel cannot be 
burnt in the working fluid and the necessary energy must be added in a heater or 
'gas-boiler' wherein the fuel is burnt in a. separate air stream supplied by an 
auxiliary fan. The closed cycle is more akin to that of steam turbine plant in that 
the combustion gases do not themselves pass through the turbine. In the gas 
turbine the 'condenser' talces the fonn of a precooler for cooling of the gas before 
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Heater 

Precooler 

FIG. 1.2 Simple closed cycle 

it re-enters the compressor. Although little used, numerous advantages are 
claimed for the closed cycle and these will be put forward in section 1.3. 

Finally, various combined steam and gas cycles have been proposed, with the 
gas turbine exhaust supplying energy to the steam boiler. Figure 1.3 shows such a 
system. It makes the best use of the comparatively low grade heat by employing a 
dual-pressure steam cycle. This is similar to that used in nuclear power stations 
fuelled with natural uranium which also operate at a comparatively low 
temperature. Alternatively, because of the unused oxy:gen in the turbine's exhaust 
gas, it is possible to bum additional fuel in the steam boiler. This permits use of a 
single-pressure steam cycle, but at the expense of the added complexity of a 
combustion system in the boiler. With increasing cycle temperatures the exhaust 
gas entering the boiler is hot enough to permit the use of a triple-pressure steam 
cycle incorporating a stage of reheat. Although the characteristic compactness of 

Exhaust 

FIG. 1.3 Combined steam and gas cyde 
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the gas turbine is sacrificed in binary cycle plant, the efficiency is so much higher 
than is attainable with the simple cycle that they are becoming widely used for 
large electricity generating stations (see section 1.5). 

The gas turbine has proved itself to be an extremely adaptable source of power 
and has been used for a wide variety of functions, ranging from electric power 
generation and jet propulsion to the supply of compressed air and process heat, 
and the remainder of this Introduction is intended to emphasize this adaptability.t 
We shall commence, however, by discussing the various ways in which the 
components can be linked together when the object is the production of shaft 
power. In other words, we shall frrst have in mind gas turbines for electric power 
generation, pump drives for gas or liquid pipe lines, and land and sea transport. 
The vast majority of land-based gas turbines are in use for the first two of these, 
and applications to land and sea transport are still in their infancy, although the 
gas turbine is widely used in naval applications. 

Ll Open cycle single-shaft and twin-shaft arrangements 

If the gas turbine is required to operate at a fixed speed and fixed load condition 
such as in base-load power generation schemes, the single-shaft arrangement 
shown in Fig. 1.1 is the most suitable. Flexibility of operation, i.e. the rapidity 
with which the machine can accommodate itself to changes of load and rotational 
speed, is unimportant in this application. Indeed the effectively high inertia due to 
the drag of the compressor is an advantage because it reduces the danger of 
overspeeding in the event of a loss of electrical load. A heat-exchanger might be 
added as in Fig. 1.4(a) to improve the thermal efficiency, although for a given size 
of plant the power output could be reduced by as much as 10 per cent owing to 
frictional pressure loss in the heat-exchanger. As we will see in Chapter 2, a heat­
exchanger is essential for high efficiency when the cycle pressure ratio is low, but 
becomes less advantageous as the pressure ratio is increased. Aerodynamic de-

Heat-exchanger Combustion chamber 

Compressor Turbine output 

(a) (b) 

FIG. 1.4 Single-shaft open cycle gas tnrbines with beat-exchanger 

t Some of the remarks about the 'stability of operation' and 'part-load performance' will be more fully 
understood when the rest of the book, and Chapter 8 in particular, have been studied. lt is suggested 
therefore that the remainder of the Introduction be given a second readiog at that stage. 
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velopments in compressor design have permitted the use of such high pressure 
ratios that efficiencies of over 40 per cent can now be achieved with the simple 
cycle. The basic heat-exchange cycle is seldom considered for current gas turbine 
designs. 

Figure 1.4(b) shows a modified form proposed for use when the fuel, e.g. 
pulverized coal, is such that. the products of combustion contain constituents 
which con·ode or erode the turbine blades. It is much less efficient than the 
normal cycle because the heat-exchanger, inevitably less than perfect, is 
transferring the whole of the energy input instead of merely a small part of it. 
Such a cycle would be considered only if a supply of' dirty' fuel was available at 
very low cost. A serious effort was made to develop a coal burning gas turbine in 
the early nineteen fifties but with little success. More success has been achieved 
with residual oil, and provided that the maximmn temperature is kept at a 
sufficiently low level the straightforward cycle can be used. 

When flexibility in operation is of paramount importance, e.g. when driving a 
variable speed load such as a pipeline compressor, marine propeller or road 
vehicle, the use of a mechanically independent (or free) power turbine is 
desirable. In this twin-shaft arrangement, Fig. 1.5, the high-pressure turbine 
drives the compressor and the combination acts as a gas generator for the low­
pressure power turbine. Twin-shaft arrangements may be used for electricity 
generating units, with the power turbine designed to run at the alternator speed 
without the need for an expensive reduction gearbox; these would normally be 
derived from jet engines, with the exhaust expanded through a power turbine 
rather than the original exhaust nozzle. A significant advantage is that the starter 
unit needs only to be sized to tum over the gas generator. The starter may be 
electric, a hydraulic motor, an expansion turbine operated from a supply of 
pipeline gas or even a steam turbine or diesel. A disadvantage of a separate power 
turbine, however, is that a shedding of electrical load can lead to rapid 
overspeeding of the turbine, and the control system must be designed to prevent 
this. 

Variation of power for both single- and twin-shaft units is obtained by 
controlling the fuel flow supplied to the combustion chamber. Although they 
behave in rather different ways as will be explained in Chapter 8, in both cases the 
cycle pressure ratio and maximmn temperature decrease as the power is reduced 
from the design value with the result that the thermal efficiency deteriorates 
considerably at part load. 

J • Gas generator .J Power turbine 

FIG. 1.5 Gas turbine with separate power turbine 
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The performance of a gas turbine may be improved substantially by reducing 
the work of compression and/ or increasing the work of expansion. For any given 
compressor pressure ratio, the power required per unit quantity of working fluid is 
directly proportional to the inlet temperature. If therefore the compression process 
is carried out in two or more stages with intercooling, the work of compression 
will be reduced. Similarly, the turbine output can be increased by dividing the 
expansion· into two or more stages, and reheating the gas to the maximum 
permissible temperature between the stages. Although the power output is 
improved the cost in additional fuel will be heavy unless a heat-exchanger is also 
employed. One arrangement of a plant incorporating intercooling, heat-exchange 
and reheat is shown in Fig. 1.6. Complex ~Cycles of this type offer the possibility 
of varying the power output by controlling the fuel supply to the reheat chamber, 
leaving the gas generator operating closer to its optimum conditions. 

Complex cycles were proposed in the early days of gas turbines, when they 
were necessary to obtain a reasonable thermal efficiency at the low turbine 
temperatures and pressure ratios then possible. It can readily be seen, however, 
that the inherent simplicity and compactness of the gas turbine have been lost. In 
many applications low capital cost and small size are more important than 
thermal efficiency (e.g. electrical peaking, with low running hours), and it is 
significant that the gas turbine did not start to be widely used (apart from aircraft 
applications) until higher turbine inlet temperatures and pressure ratios made the 
simple cycle economically viable. 

The quest for higher efficiency as gas turbines become more widely used in 
base-load applications has led to a revival of interest in more complex cycles in 
the mid nineteen nineties. One example is the re-introduction of the reheat cycle, 
using a very high cycle pressure ratio with no intercooling or heat exchange; this 
can give a thermal efficiency of about 36 p1~r cent. The use of reheat also results in 
an exhaust gas temperature exceeding 6ooec, permitting the use of reheat steam 
cycles which can result in a combined cycle efficiency approaching 60 per cent. 
Another example is the intercooled regenerativet (ICR) cycle proposed for naval 
propulsion, giving both a high thermal efficiency at the design point and excellent 

Coolant Reheat chamber 

LP camp HP camp HP turb. LP turb. 

FIG. 1.6 Complex plant with intercooling, beat exchange and reheat 

t 'Regenerative' merely refers to the use of heat-exchange. It does not imply the use of a 'regenerator', 
which is a particular type of heat-exchanger wherein a rotating matrix is alternatively heated and 
cooled by the gas streams exchanging heat. 
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efficiency at part load, a very important feature for ships which generally cruise at 
much lower power levels than the design value. 

1.2 Multi-spool arrangements 

To obtain a high thermal efficiency without using a heat-exchanger, a high pres­
sure ratio is essential. A certain difficulty then arises which follows from the 
nature of the compression process. 

Because of the high air mass flow rates involved, non-positive displacement 
compressors are always used in gas turbines. Although the multi-stage centrifugal 
compressor is capable of producing a high pressure ratio for moderate powers, its 
efficiency is appreciably lower than that of the axial flow compressor. For this 
reason the axial compressor is normally preferred, particularly for large units. 
Unfortunately this type of compressor is more prone to instability when operating 
at conditions widely removed from its design operating point. When such a 
compressor operates at rotational speeds well below the design value, the air 
density in the last few stages is much too low, the axial flow velocity becomes 
excessive, and the blades stall. The unstable region, manifested by violent 
aerodynamic vibration, is likely to be encountered when a gas turbine is started 
up or operated at low power. 

The problem is particularly severe if an attempt is made to obtain a pressure 
ratio of more than about 8:1 in one compressor. One way of overcoming this 
difficulty is to divide the compressor into two or more sections. In this context 
division means mechanical separation, permitting each section to run at a 
different rotational speed, unlike the intercooled compressor shown in Fig. 1.6. 
When the compressors are mechanically independent, each will require its own 
turbine, a suitable arrangement being shown in Fig. 1.7. The low-pressure 
compressor is driven by the low-pressure turbine and the high-pressure 
compressor by the high-pressure turbine. Power is normally taken either from 
the low-pressure turbine shaft, or firom an additional free power turbine. The 
configuration shown in Fig. 1.7 is usually referred to as a twin-spool engine. It 
should be noted that although the two spools are mechanically independent, 
their speeds are related aerodynamically and this will be discussed further in 
Chapter 9. 

The twin-spool layout was primarily developed for the aircraft engines 
discussed in section 1.4, but there are many examples of shaft power derivatives 

LP HP HP LP 

FIG. 1.7 Twin-spool engine 
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of these; a free power turbine is common, but it is also possible to use the low­
pressure turbine to drive both the low-pressure compressor and the driven load. In 
some cases, especially with engines of small air flow, the high-pressure 
compressor is of the centrifugal type; this is because at the high pressures 
involved the volume flow rate is low and the blading required for an axial 
compressor would be too small for good efficiency. Twin-spool units were first 
introduced· at a pressure ratio of about 10:1 and are suitable for cycle pressure 
ratios of at least 35:1. Triple-spool arrangements can also be used in large 
turbofan engines, where there is a requirement for both very high pressure ratio 
and a low rotational speed for the fan. 

As an alternative to multiple spools, a high pressure ratio can be safely 
employed with a single compressor if several stages of variable stator blad~s are 
used. This approach was pioneered by General Electric and pressure ratios in 
excess of 20: 1 have been obtained in this manner. It may also be necessary to use 
blow-off valves at intermediate locations in the compressor to handle the serious 
flow mismatch occurring during start up. The single-spool variable geometry 
compressor is almost universally used in large electric power generation units. 

Advanced technology engines usually employ combinations of multiple­
spools, blow-off valves and variable stators. This is particularly true for the high 
bypass ratio turbofans discussed in section 1.4. 

1.3 Closed cycles 

Outstanding among the many advantages claimed for the closed cycle is the 
possibility of using a high pressure (and hence a high gas density) throughout the 
cycle, which would result in a reduced size of turbomachinery for a given output 
and enable the power output to be altered by a change of pressure level in the 
circuit. This form of control means that a wide range of load can be accommo­
dated without alteration of the maximum cycle temperature and hence with little 
variation of overall efficiency. The chief disadvantage of the closed cycle is the 
need for an external heating system, which involves the use of an auxiliary cycle 
and introduces a temperature difference between the combustion gases and the 
working fluid. The allowable working temperature of the surfaces in the heater 
will therefore impose an upper limit on the maximum temperature of the main 
cycle. A typical arrangement of a closed cycle gas turbine is shown in Fig. 1.8. 
The cycle includes a water cooled pre-cooler for the main cycle fluid between the 
heat-exchanger and compressor. In this particular arrangement the gas heater 
forms part of the cycle of an auxiliary gas turbine set, and power is controlled by 
means of a blow-off valve and an auxiliary supply of compressed gas as shewn. 

Besides the advantages of a smaller compressor and turbine, and efficient 
control, the closed cycle also avoids erosion- of the turbine blades and other 
detrimental effects due to the products of combustion. Also, the need for filtration 
of the incoming air, which is a severe problem in the use of open cycle units 
operating in contaminated atmospheres, is eliminated. The high density of the 
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working fluid improves heat transfer, so that more effective heat-exchange is 
possible. Finally, the closed circuit opens up the field for the use of gases other 
than air having more desirable thermal properties. As will be seen in the next 
chapter, the marked difference in the values of the specific heats for air and a 
monatomic gas such as helium does not affect the efficiency as much as might be 
supposed. But higher fluid velocities can be used with helium and optimum cycle 
pressure ratios are lower, so that in spite of the lower density the turbomachinery 
may not be much larger. On the credit side, the better heat transfer characteristics 
of helium mean that the size of the heat-exchanger and precooler can be about 
half that of units designed for use with air. The capital cost of the plant should 
therefore be less when helimn is the working fluid. 

At the time of writing only a small number of closed-cycle plants have been 
built, mostly by Escher-Wyss, and few are still in service. They were within the 
2-20 MW power range. All used air as the working fluid, with a variety of fuels 
such as coal, natural gas, blast furnace gas, and oiL A pilot plant of 25 MW using 
helimn was built in Germany, and it was thought that with this working fluid large 
sets of up to 250 MW would be feasible. They might have been required for use 
in nuclear power plant, if efforts to develop a reactor capable of operating at a 
sufficiently high core temperature had been successfuL Considerable advantage 
accrues when the working fluid of the power cycle can be passed directly through 
the reactor core, because the reactor coolant circulating pumps are no longer 
required and the unwanted temperature drop associated with an intermediate fluid 
(e.g. C02 temperature-steam temperature) is eliminated. Helimn is a particularly 
suitable working fluid in this application because it absorbs neutrons only weakly 
(i.e. it has a low neutron absorption cross-section). Attempts to develop the high 
temperature reactor (HTR) have been discontinued, however, and conventional 
nuclear reactors operate at much too low a temperature to be a possible source of 
heat for a gas turbine. It follows that gas turbines are unlikely to be used in any 
nuclear power plant in the foreseeable future. 
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A variety of small closed-cycle gas turbines (of 20-100 leW electrical output) 
have been considered for use in both aerospace and underwater applications. 
Possible heat sources include a radioactive isotope such as plutonium 238, 
combustion of hydrogen, and solar radiation. To date, none have been built. 

1.4 Aircraft propulsion 

Without any doubt the greatest impad of the gas turbine has been in the field of 
aircraft propulsion. The most impontant landmark in this development was the 
first experimental Whittle engine in 1937. Since then the gas turbine has com­
pletely supplanted the reciprocating errgine, for all but light aircraft, because of its 
much higher powerjweight ratio. Th.e cycle for the simple turbojet engine is 
virtually that shown in Fig. 1.1 except that the turbine is designed to produce just 
sufficient power to drive the compr<:ssor. The exhaust gas is then expanded to 
atmospheric pressure in a propelling nozzle to produce a high velocity jet. Figure 
1.9 shows a sectional view of a Rolls-Royce Olympus jet engine. This engine is 
of historical importance, being the first twin-spool engine in production; early 
versions were used in the Vulcan bomber arrd the advanced derivative shown is 
used to power the Concorde supersonic trarrsport. (The Olympus has also been 
used widely as a gas generator to drive a power turbine, both for electricity 
generation and marine propulsion.) 

For low-speed aircraft a combination of propeller and exhaust jet provides the 
best propulsive efficiency. Figure 1.10 shows a single-shaft turboprop engine 
(Rolls-Royce Dart) chosen to illustrate the use of a centrifugal compressor (two 
stage) and 'can' type combustion cluimbers. It is notable that this engine entered 
airline service around 1953 at a power of about 800 kW, and was still in 
production in 1985 with the latest version producing about 2500 kW with an 

FIG. 1.10 Single-shaft turboprop engine [by conrtesy of Rolls-Royce] 
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improvement in specific fuel consumption of about 20 per cent. Turboprops are 
also designed with a free turbine driving the propeller or propeller plus LP 
compressor. The Pratt and Whitney Canada PT-6, shown in Fig. 1.11, uses a free 
turbine; the use of a combined axial-centrifugal compressor and a reverse-flow 
ammlar combustor can also be seen. This engine is available in versions ranging 
from 450 to 1200 kW for aircraft ranging in size from single-engined trainers to 
four-engined STOL transport aircraft. Another variant using a free turbine is the 
turboshafl engine for use in helicopters; in this case the power turbine drives the 
helicopter and tail rotors through a complex gearbox and frequently two engines 
are coupled to a single rotor. 

At high subsonic speeds a propulsive jet of smaller mass flow but higher 
velocity is required. This was originally provided by the turbojet engine, but these 
have now largely been superseded by turbofan (or bypass) engines in which pa.'i 
of the air delivered by an LP compressor or fan by-passes the core of the engine 
(HP compressor, combustion chamber and turbines) to form an annular 
propulsive jet of cooler air surrounding the hot jet. This results in a jet of lower 
mean velocity which provides not only a better propulsive efficiency but also 
significantly reduces exhaust noise. Figure 1.12(a) is an example of a small 
turbofan engine, the Pratt and Whitney Canada JT-15D. This is an extremely 
simple mechanical design giving good performance, intended for small business 
aircraft where capital cost is critical. A twin-spool arrangement is used, again 
with a centrifugal HP compressor and a reverse flow annular combustor. The 
reverse flow combustor is well suited for use with the centrifugal compressor, 
where the flow must be diffused from a very high tangential velocity to a low 
axial velocity at entry to the combustor, and this configuration is widely used. 
Figure 1.12(b) shows an advanced turbofan designed for use with large civil 
aircraft, the V2500 engine designed by a consortium of five nations. In this 
application the fuel consumption is of paramount importance, requiring the use of 
both high bypass ratio and high pressure ratio. It can be seen that all of the 
turbomachinery is of the axial type and a straight-through annular combustion 
chamber is used. 

Heat-exchangers have as yet found no place in aircraft engines for reasons of 
bulk and weight, although they remain feasible for turboprop engines. This is 
because, with much of the net power output delivered to the propeller, the 
velocity of the gas leaving the turbine is relatively low and the frictional pressure 
loss need not be prohibitively high in a heat-exchanger of acceptable size. Around 
1965 Allison developed a regenerative turboprop for the U.S. Navy, the object 
being to obtain an engine of exceptionally low specific fuel consumption for use 
on long endurance anti-submarine patrols. In this kind of application it is the total 
engine plus fuel weight which is critical, and it was thought that the extra weight 
of the heat-exchanger would be more than compensated by the low fuel 
consumption. It was proposed that the heat-exchanger should be by-passed on 
take-off to give maximum power. The engine did not go into production, but it is 
not impossible that regenerative units will appear in the future, perhaps in the 
form of turboshaft engines for long endurance helicopters. 
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FIG. 1.11 Turboprop engine [by courtesy of Pratt and Whitney Canada) 
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FIG. 1.12(a) Small turbofan engine [by conrtesey of Pratt and Whitney Canada] 
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FIG. 1.12(b) Large twin-spool turbofan engine [by courtesy of International Aero-Engines) 
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1.5 Industrial applications 

Sometimes in this book we shall find it necessary to use the distinguishing 
terms 'aircraft gas turbine' and 'industrial gas turbine'. The first tenn is self­
explanatory, while the second is intended to include all gas turbines not included 
in the first category. This broad distinction has to be made for three main reasons. 
Firstly, the ·Jife required of an industrial plant is of the order of I 00 000 hours 
without major overhaul, whereas this is not expected of an aircraft gas turbine. 
Secondly, limitation of the size and weight of an aircraft power plant is much 
more important than in the case of most other applications of the gas turbine. 
Thirdly, the aircraft power plant can make use of the kinetic energy of the gases 
leaving the turbine, whereas it is wasted in other types and consequently must be 
kept as low as possible. These three differences in the requirements can have a 
considerable effect on design and, in spite of the fact that the fundamental theory 
applies to both categories, it will be necessary to make the distinction from time 
to time. Turbomachinery of gas turbines designed specifically for industrial pur­
poses tends to look more like that of traditional steam turbines in mechanical 
appearance than the familiar lightweight constructions used in aircraft practice. 
Figure 1.13 shows the rugged construction employed in the Ruston Tornado 
designed for long life and to operate on either liquid or gaseous fuel; a separate 
power turbine is used and both variable and fixed speed loads can be accom­
modated. Figure 1.14 shows a large single-shaft machine, the Siemens V94, 
designed specifically for driving a constant speed generator. This machine is 
capable of around 150 MW, and uses two large 'off-board' combustors. 

When gas turbines were originally proposed for industrial applications, unit 
sizes tended to be 10 MW or less and, even with heat exchangers, the cycle 
efficiency was only about 28-29 per cent. The availability of fully developed 
aircraft engines offered the attractive possibility of higher powers; the fact that a 
large part of the expensive research and development cost was borne by a military 
budget rather than an industrial user gave a significant advantage to the 
manufacturers of aircraft engines. The early aero-derivative engines, produced by 
substituting a power turbine for the exhaust nozzle, produced about 15 MW with 
a cycle efficiency of some 25 per cent. Modifications required included 
strengthening of the bearings, changes to the combustion system to enable it to 
bum natural gas or diesel fuel, the addition of a power turbine and a de-rating of 
the engine to give it a longer life; in some cases a reduction gearbox was required 
to match the power turbine speed to that of the driven load, e.g. a marine 
propeller. For other types ofload, such as alternators or pipeline compressors, the 
power turbine could be designed to drive the load directly. The Olympus, for 
example, had a single-stage power turbine for naval applications resulting in a 
very compact and lightweight design. For electric power generation a larger 
diameter two- or three-stage power turbine running at 3000 or 3600 rev /min was 
directly connected to the generator, requiring an increased length of ducting 
between the two turbines to allow for the change in diameter. Figure 1.15 shows a 
typical installation for a small power station using a single aero-delivative gas 



FIG. 1.13 Industrial gas turbine with separate power turbine [courtesy European Gas Turbines] 
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FIG. 1.14 Large single-shaft gas tnrbine [cou~rtesy Siemens] 

FIG. 1.15 Compact generating set [courtesy Rolls-Royce] 
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turbine; it should be noted that the air intake is well above ground level, to 
prevent the ingestion of debris into the engine. The aircraft and industrial versions 
of the Rolls-Royce Trent are shown in Fig. 1.16. The Trent is a large three-spool 
turbofan with the single-stage fan driven by a five-stage low-pressure turbine. The 
industrial version, designed to drive a generator, replaces the fan with a two-stage 
compressor of similar pre~sure ratio but much lower flow; as a result, the low­
pressure turbine can provide a large excess of power which can be used to drive 
the generator. The low-pressure rotor speed of the aircraft engine is restricted by 
the tip speed of the fan to about 3600 rpm; this permits the shaft of the industrial 
version to be directly connected to a 60 Hz generator, avoiding the need for a 
gearbox. The industrial version of the Trent is capable of 50 MW at a thermal 
efficiency of 4 2 per cent, resulting from the high pressure ratio and turbine inlet 
temperature. Figure 1.16 also shows the major changes in the design of the 
combustion system; the aircraft version uses a conventional fully annular 
combustor while the industrial engine uses separate radial cans. This radical 
change is caused by the need for low emissions of oxides of nitrogen, which will 
be dealt with further in Chapter 6. 

The widest applications of !the aero-derivative gas turbine have been in 
pumping sets for gas and oil transmission pipelines, electricity generation and 
naval propulsion. In the case of natural gas pipelines, the turbines use the fluid 
being pumped as fuel and a typical pipeline might consume 7-10 per cent of the 
throughput for compression purposes. In recent years the value of gas has 
increased dramatically and this has led to a demand for high-efficiency pumping 
units. A major pipeline might have as much as 1500 MW of installed power and 
the fuel bills are comparable to those of a medium-sized airline. Pumping stations 
may be about 1 00 km apart and the gas turbines used range in power from 5 to 
25 MW. Many compressor stations are in remote locations and aircraft derivative 
units of 15 to 25 MW are widely used. Other operators may prefer the use of 
industrial gas turbines and in recent years a number of heat-exchangers have been 
retrofitted to simple cycle units. With oil pipelines the oil is often not suitable for 
burning in a gas turbine without expensive fuel treatment and it becomes 
necessary to bring a suitable liquid fuel in by road. 

The use of gas turbines for electrical power generation has changed 
dramatically in recent years. In the nineteen seventies, gas turbines (particularly 
in Great Britain and North America) were primarily used for peaking and 
emergency applications; aero-derivative units with a heavy-duty power turbine 
were widely used. One of the outstanding advantages of this type was its ability to 
produce full power from cold in under two minutes, although this capability 
should be used only for emergencies because thermal shock will greatly reduce 
the time between overhauls. In the mid nineteen sixties, a major blackout of the 
eastern seaboard of the USA resulted in investment in gas turbines capable of a 
'black' start, i.e. completely independent of the main electricity supply. In Great 
Britain, over 3000 MW of emergency and peak-load plant based on the Rolls­
Royce Avon and Olympus engines was installed; these formed a key part of the 
overall electricity generating system, but only ran for a very small number of 



FIG. 1.16 Comparison between turbofan and industrial versions of R-R Trent [courtesy Rolls-Royce Gas Turbine Engines (Canada)) 

~ 
~ 
~ 
1::: ; 
"' 

N 



22 INTRODUCTION 

hours. Similar plant were built in large numbers in North America using the Pratt 
and Whitney FT-4. The aero-derivative units had a ma.xllnum rating of about 
35 MW: their efficiency was about 28 per cent and they burned expensive fuel so 
they were not considered for applications involving long running hours. 

In marked contrast, countries like Saudi Arabia, with a very rapidly expanding 
electrical system and abunqant cheap fuel, used heavy-duty gas turbines for base­
load duty; a particular advantage of the gas turbine in desert conditions is its 
freedom from any requirement for cooling water. Imtially, the ratings of the aero­
derivative and heavy-duty units were sirllilar, but as cycle conilltions improved 
over the years, the designers of industrial gas turbines were able to scale up their 
designs to give much higher power. The principal manufacturers are ABB, 
General Electric, Siemens and Westinghouse, all of whom design single-shaft 
engines which are capable of delivering over 200 MW per unit; the upper lirllit is 
fixed by considerations such as the size of disc forging and the maximmn width to 
permit transport by rail. Unlike steam turbines, gas turbines are not often erected 
on site but are delivered as complete packages ready to run. Single-shaft uruts 
running at 3000 and 3600 rpm respectively can drive 50 or 60 Hz generators 
directly without the need for an expensive gearbox. Compressor designs suitable 
for operation at these speeds result in 60 Hz machines of around 150 MW and 
50 Hz machines of around 225 MW, with the power largely determined by the air 
flow; North America is standarillzed on 60 Hz, while Europe and much of Asia 
operates at 50 Hz. Smaller machines may be designed to run at around 5-
6000 rpm with ratings of about 50-60 MW, with gearboxes capable of either 
3000 or 3600 rpm output speeds to meet market requirements. Many heavy-duty 
units have run well in excess of 15 0 000 hours and a substantial number have 
exceeded 200 000 hours. 

Another major market for electricity generation is the provision of power for 
off-shore platforms, where gas turbines are used to provide base-load power. 
Many Solar and Ruston units of 1-5 MW have been used, but for larger powers 
aero-derivatives such as the Rolls-Royce RB-211 and General Electric LM 2500 
have been installed at ratings of 20-25 MW; a big platfonn may require as much 
as 125 MW and both surface area and volun1e are at a premium. The installed 
weight is also of prime importance because of cranage requirements, and 
considerable savings accrue if the rig's own cranes can handle the complete 
machinery package. The aero-derivative dominates this market because of its 
compact nature. 

The availability of gas turbines with an output of 100-200 MW has made 
large combined cycle plant a major factor in thermal power generation. Japan, 
because of its total dependence on imported fuel, was the first large-scale user of 
combined cycles, building several 2000 MW stations burning imported liquefied 
natural gas (LNG). A typical installation may be made up of 'blocks' consisting 
of two gas turbines with their own waste heat boilers and a single steam turbine; 
in general, using an unfired boiler the steam turbine power is about half that of the 
gas turbine. Thus, a single block of two 200 MW gas turbines and a 200 MW 
steam turbine provides 600 MW; a complete station may use three or four blocks. 
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At the time of writing several 2000 MW plant have been built, yielding effici­
encies of about 55 per cent, and the largest on order has a rating of 2800 MW. 

Privatization of the electricity supply in Great Britain led to the installation of 
a large number of combined cycle plant of 225-18 50 MW burning natural gas. In 
the longer term it is quite feasible that units burning natural gas could be 
converted to gas obtained from the gasification of coal. 

Gas turbine power stations are remarkably compact. Figure 1.17(a) shows the 
comparison between the size of a 1950s era steam turbine station of 128 MW and 
a peak-load gas turbine plant of 160 MW shown ringed; the latter used 8 
Olympus 20 MW units. The steam plant required three cooling towers to cope 
with the heat rejected from the conderrsers. This plant has now been 
decommissioned and replaced by a 700 MW combined cycle base-load plant, 
shown in Fig. 1.17(b). The new plant consists of three blocks, each comprising a 
Siemens V94 gas turbine of 150 MW and a waste heat boiler, and a single steam 
turbine of 250 MW An air-cooled condenser is used in place of the three cooling 
towers, because of restrictions on the use of river cooling water; the condenser is 
the large rectangular structure to the left of the picture, and can be seen to be 
much less visually intrusive than the cooling towers. A small performance penalty 
is paid, because the condenser temperature (and hence back pressure on the steam 
turbine) is higher than could be obtained with a river-cooled condenser. The 
station, however, has a thermal efficiency of 51 per cent, which is much higher 
than that of a conventional steam turbine plant. 

Gas turbines were,used successfully in a few high-speed container ships, but 
the rapid increase in fuel prices in the mid seventies led to these ships being re­
engined with diesels; the converted ships suffered a major loss in both speed and 
cargo capacity, but high speed could no longer be justified. The picture with 
respect to naval operations is quite different, however, and many navies (e.g. 
Britain, U.S.A., Canada, Netherlands) have now accumulated a large amount of 
gas turbine experience. A gas turbine was first used in a Motor Gun Boat in 194 7, 
and aero-type engines (Rolls-Royce Proteus) were first used in fast patrol boats in 
1958. The potential of aero-derivative engines for main propulsion of warships 
was soon realized and the Canadian DDH-280 class were the first all gas turbine 
powered warships in the western world, using a combination of Pratt and Whitney 
FT-4's for 'boost' power and FT-12's for 'crnise'. The Royal Navy selected the 
Olympus as boost engine and the Rolls-Royce Tyne for cruise duties; this 
machinery arrangement was also selected by the Royal Netherlands Navy. The 
Olympus and Tyne are the only naval gas turbines to have been proved in battle, 
operating with great success in the Falklands War. The U.S. Navy adopted the GE 
LM 2500, derived from the TF39 advanced turbofan, and this engine has been 
widely used around the world. With the increasing electrical needs of warships, 
and the absence of steam for use in turbogenerators, gas turbine driven generators 
also offer a very compact source of electricity. 

A major disadvantage of the gas turbine in naval use is its poor specific fuel 
consumption at part load. If we consider a naval vessel having a maximwn speed 
of, say, 36 knots and a cruise speed of 118 !mots, with the power required 
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FIG. 1.17(a) Comparative size of steam and gas turbine power stations [courtesy 
Rolls-Royce] 

FIG. 1.17(b) Combined cycle plant with air-cooled condenser (courtesy Siemens] 
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proportional to the cube of the speed, the cruise power will be only one eighth of 
the maximum power; indeed, much time would be spent at speeds less than 18 
knots. To overcome this problem, combined power plant consisting of gas 
turbines in conjunction with steam turbines, diesel engines and other gas turbines 
have been used. These go by names such as COSAG, CODOG, COGOG, 
COGAG, etc. CO stands for 'combined'; S, D, G for 'steam', 'diesel' and 'gas 
turbine'; the final A or 0 for 'and', 'or'. The 'or' requires explanation. The 
earliest arrangement used by the Royal Navy was COSAG where a ship's shaft 
was driven by both steam and gas turbines; the gearing was such that the ship 
could use either steam or gas turbine or both. The gas turbines were originally 
intended only for boost purposes, or for rapid starts, but in practice proved so 
versatile and popular with the operators that they became used for much longer 
periods. Another alternative is to combine a boost gas turbine with a cruise diesel; 
in this case the diesel power is so small relative to the gas turbine power that there 
is little advantage in adding the powers. The vessel therefore operates in either the 
diesel or gas turbine mode, i.e. as CODOG. For naval use the diesel engine has 
the advantage of very good cruise fuel consumption, with the disadvantages of 
large bulle for the power available and a loud underwater noise level. The 
COGOG arrangement, with a small cruise gas turbine and a large boost gas 
turbine, has been widely used; 1he aim is to keep any gas turbine running near fhll 
power where its efficiency is a maximum. The small (4--5 I\1W) cruise gas 
turbines, however, are not competitive with diesels regarding specific fuel 
consumption and there appears to be a trend away from COGOG to CODOG. 
The COGAG arrangement, using gas turbines of the same size, has been used by 
the U.S. Navy, using four LM 2500 engines in large destroyers; this arrangement 
has also been used in the Royal Navy with four Olympus engines in the Invincible 
class of aircraft carrier. 

For many years the gas turbine has been considered for road and rail transport, 
without malcing any real impact. Union Pacific successfully operated large freight 
trains with gas turbine power from about 1955 for 15-20 years, but these have 
now given way to diesels. Several high-speed passenger trains were built using 
helicopter-type gas turbines, but only with limited success; the most successful 
were those built by the French, but the high-speed TGV (Train a Grand Vitesse) 
has electric traction. A considerable amount of work was done on gas turbines for 
long haul trucks, with engines of 200-300 leW being developed. P.Jl used the 
low-pressure ratio cycle with a centrifugal compressor, free turbine and rotarf 
heat-exchanger. Similar efforts were expended on gas turbines for cars and, 
although these continue under U.S. government sponsorship, the automobile gas 
turbine still appears to be far over the horizon and may never appear. There is no 
doubt that the cost of gas turbines could be significantly reduced if they were built 
in numbers approaching those of piston engines. The major problem is still that of 
part-load fuel consumption. The one brealcthough achieved by the gas turbine is 
its choice for propulsion of the Ml tank built for the U.S. Army, but it has still not 
been proved that the gas turbine is superior to the diesel in this application. Ml 
tanks obtained considerable battlefield experience in desert conditions in the Gulf 
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War, and appear to have been quite successful. The fact remains, however, that no 
other nation has selected gas turbine propulsion for the most recent generation of 
tanks. 

Another concept of growing importance is that of the combined production of 
heat and power, in what are variously known as cogeneration or CHP plant. The 
gas turbine drives a genera,tor and the exhaust gases are used as a source of low 
grade heat. Heat at a relatively low temperature is required for heating buildings 
and operating air-conditioning systems. It is also required in many process 
industries-paper drying for example. Chemical industries often need large 
quantities of hot gas containing a high proportion of free oxygen at a pressure 
sufficient to overcome the pressure loss in chemical reactors. The temperature 
limitation in the gas turbine cycle means that high air /fuel ratios must be 
employed resulting in a large proportion of unused oxygen in the exhaust. The 
exhaust from a gas turbine is therefore often suitable. The unit can be designed to 
meet the hot gas requirement, with or without shaft power for other purposes, and 
sometimes to burn a fuel which is a by-product of the chemical process. Figure 
1.18 illustrates an application of a cogeneration plant using Ruston gas turbines. 
It provides the whole of the electricity, process steam, heating steam, and chilled 
water required for a factory. The use of eight gas turbines feeding four auxiliary­
fired waste-heat boilers enables the changing power and heat demands during the 
day to be met by running the necessary nmnber of units at substantially full power 
and therefore at peak efficiency. 

1.6 Environmental issues 

The first major application of the gas turbine was for jet propulsion for military 
aircraft, towards the end of World War II. The jet engine led to much higher 
aircraft speeds, and this was sufficiently important that serious deficiencies in fuel 
consmnption and engine life could be ignored; the jet exhaust was noisy but this 
mattered little in military applications. When jet engines were considered for use 
in civil transport aircraft both fuel consmnption and longer overhaul lives became 
of great importance, although noise was not then an issue. The appearance of 
significant nmnbers of jet propelled aircraft at civil airports in the late nineteen 
fifties rapidly resulted in noise becoming a problem that would severely inhibit 
the growth of air transport. The need to reduce engine noise was originally met by 
adding silencers, which were not very effective and caused serious loss of per­
formance; it was clear that engine noise had to be properly understood and that 
engine design had to cater for noise reduction from the start of an aircraft design 
project. Mathematicians deduced that jet noise was proportional to Get velocity)8

, 

so the basic requirement was inunediately recognized to be provision of the 
necessary thrust at a reduced jet velocity with a resultant increase in airflow. This 
was precisely what the turbofan did to obtain high propulsive efficiency. It was 
fortunate indeed that the search for higher efficiency also resulted in lower noise. 
The bypass ratio on early turbofans was restricted by both lack of knowledge of 
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tlrree-dimensional flow effects in the longer fan blades and installation problems, 
particularly for engines buried in the wing; it was the advent of the pod mounted 
engine that permitted the move Ito steadily increasing the bypass ratio. As bypass 
ratios increased, however, it was soon found that the high fluid velocities at the 
fan blade tips was another source of noise that was particularly troublesome 
during the landing approach, with the noise spread over a very wide area. This 
problem was attacked by the use of sound absorbing materials in the intake duct 
and careful choice of spacing between rotor and stator blades. Aircraft noise 
reduction has required a vast amount of research and capital expenditure, but it 
can safely be said that current and future designs of aero engine will result in 
airport noise being greatly reduced. The exhaust of industrial gas turbines leaves 
at a low velocity and is discharg,~d through a chimney, so the main source of noise 
occurring in the jet engine is absent. Owing to their compact nature and ease of 
installation, however, gas turbines may be located close to industrial areas and a 
low noise level is commonly specified; the requirement may be met by acoustic 
treatment of the intake system and baffles in the exhaust ducting. 

When gas turbines were first considered for non-aircraft applications, the 
combination of rotating machinery with steady flow combustion and large 
amounts of excess air seemed to offer a relatively clean-burning power plant. In 
the late nineteen sixties it was discovered that the notorious 'smog' occurring in 
Los Angeles was caused by a photo-chemical reaction between sunlight and 
oxides of nitrogen produced by automobile exhausts. This led to major research 
programs to reduce oxides of nitrogen (referred to as NOx) and unburned 
hydrocarbons (UHC) for piston engines. When gas turbines began to enter the 
market in applications such as pipelines, electricity generation and mechanical 
drives, they soon became subjec:t to regulations limiting emissions and these have 
become steadily more stringent. The same is now true of emissions from aircraft 
engines. It will be apparent from section 6.7, where methods of reducing 
emissions are described, that different approaches are used for industrial plant and 
aircraft engines because of the variation in operational requirements. Oxides of 
nitrogen occur at very high combustion temperatures, and also increase with 
combustion inlet temperature; in other words, the very factors needed for high 
efficiency cause increased NOx formation. In the early nineteen nineties the 
design of low NOx combustion systems was one of the key drivers in producing 
competitive gas turbines. The easiest approach for industrial plant was to use 
water or steam injection to reduce the peak combustion temperature, but this 
introduced a host of other problems and costs related to engine durability and 
provision of treated water. Emphasis was placed on the development of dry low 
NOx systems, and the principal manufacturers have developed various solutions 
which are due to enter service in the mid nineteen nineties. Owing to the large 
amount of excess air used in combustion the production of UH C was less critical, 
but still subject to stringent restrictions. The main combustion product of any 
hydrocarbon fuel is carbon dioxide, which is believed to contribute significantly 
to global warming due to its 'greenhouse effect'. C02 emissions can be reduced 
only by improving engine efficiencies so that less fuel is burned, or by developing 
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sources of power that do not entail the combustion of fossil fuels. To encourage 
this some countries, notably in Scandinavia, have introduced a C02 tax. 

With the successful taclding of the noise and emission problems, the gas 
turbine once again offers the same promise of an environmentally benign power 
plant. Figure 1.19 shows an installation of a 70 MW combined cycle base-load 
plant located between two hospitals and inunediately adjacent to a prime 
residential area. 

The increasing scarcity and therefore cost of high-grade fossil fuels will neces­
sitate the wider use of poor-quality coal and heavy fuel oil with a high sulphur 
content. Such fuel can be burnt in steam power stations, but only with expensive 
boiler maintenance and the costly cleaning of stack gases to meet ever more 
stringent anti -pollution regulations. Two other quite distinct approaches exist, 
both involving the use of gas turbines. The first makes use of the idea of .fluidized 
bed combustion, and the second involves the transformation of the low-quality 
solid or liquid fuel into a clean gaseous fuel. 

FIG. 1.19 70 MW combined cycle plant [conrtesy Stewart and Stevenson] 
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A fluidized bed combustor consists essentially of a refractory-brick lined 
cylinder containing sand-sized refractory particles kept in suspension by an 
upward flow of air. When used in conjunction with a gas turbine, the required air 
can be bled from the compressor. If coal is being burnt, the oxides of sulphur 
formed are trapped in the ash, and if oil is the fuel they can be trapped by particles 
of limestone or dolomite in the bed. Figure 1.20 shows one possible scheme. It 
makes use of the fact that heat is transferred between a fluidized bed and any solid 
surface immersed in it with very high heat transfer coefficients. In this scheme, 
most of the compressor air is heated in a tubular heat-exchanger in the bed and 
only the small amount of air bled for fluidization need be cleaned of dust in 
cyclone separators before being passed to the turbine. Corrosion and erosion 
problems are holding up development, but if they can be overcome the fluidized 
bed combustor opens up the possibility of buming coal mined by remote­
controlled methods, or even the material in colliery spoil heaps. In the latter case 
not only would useful power be developed from hitherto unusable fuel, but 
valuable land would be reclaimed. 

A prototype combined cycle plant using fluidized bed combustion was brought 
into service in Sweden in 1991. It was built to provide both power and heat, with 
a capacity of 135 MW of power and a district heating load of 224 MW. Two gas 
turbines generated 34 MW of power, the balance being provided by the steam 
turbine. This design did not use a heat-exchanger in the bed as shown in Fig. 
1.20, and all the compressor air passed through the combustion system before 
being cleaned in cyclone separators prior to entry to the turbine. 

Before leaving the subject of fluidized bed combustion it is worth mentioning 
another possible application: the incineration of municipal waste. The waste is 
shredded and useful recoverable materials (steel, tin, aluminium etc.) are 
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~ 
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FIG. 1.20 Fluidized bed combustion 
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separated out using magnetic and flotation techniques, and vibrating screens. The 
remainder, about 85 per cent, is burnt in a fluidized bed combustor. Combustion 
of the waste maintains the temperature somewhere between 700 ac and 800 °C, 
which is high enough to consume the material without causing the bed to 
agglomerate. Supplementary oil burners are provided for starting the unit. The hot 
gases pass through several stages of cleaning to prevent erosion of the turbine and 
to satisfy air pollution standards. Income from the electricity generated and sale 
of recyclable materials is expected to reduce substantially the cost of waste 
disposal compared with the conventional land-fill method. It must be emphasized 
that the maximum temperature that can be used in a fluidized bed is unlikely to be 
very high so that the gas turbine efficiency will be low. Fluidized bed combustors 
are likely to be used only for burning cheap or otherwise unusable fuels. 

The second approach to the problem of using poor-quality coal or heavy oil is 
its transfonnation into a clean gaseous fiiel. Figure 1.21 illustrates a possible 
scheme in which a gasification plant is integrated with a combined cycle. The 
gasification process removes troublesome vanadium and sodium impurities which 
cause corrosion in the turbine, and also the sulphur which produces polluting 
oxides in the stack gases. Compressed air required for the process is bled from the 
gas turbine compressor. To overcome the pressure loss in the gasification plant the 
pressure is boosted in a separate compressor driven by a steam turbine. This 
would use some of the steam from the waste heat boiler, the major fraction 
supplying the power steam turbine. The gas produced by such a plant would have 
a very low calorific value-perhaps only 5000 lcJ jm3 compared with about 
39 000 kJ jm3 for natural gas. This is because of dilution by the nitrogen in the air 
supplied by the gasifier. The low calorific values carries little penalty, however, 
because all gas turbines operate with a weak mixture to limit the turbine inlet 
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temperature. It simply means that the nitrogen normally fed directly to the 
combustion chamber in the compressor delivery air, now enters as part of the fuel 
already at the pressure required. F1Lirther discussion of this type of plant is given in 
section 6.8. 

One other possible future application of the gas turbine should be mentioned: 
its use as an energy storage, device. The overall efficiency of a country's electricity 
generating system can be improved if sufficient energy storage capacity is 
provided to enable the most effici<:nt base-load stations to run night and day under 
conditions yielding peak efficiency. This provision will become of particular 
importance as the contribution of the capital-intensive nuclear power stations 
increases. So far hydro-electric pumped storage plant have been built to meet the 
need, but suitable sites in Great Britain have virtually all been used. A possible 
alternative is illustrated in Fig. 1.22. Here a reversible motor/generator is coupled 
either to the compressor or turbine. During the night, off-peak power is used to 
drive the compressor which delivers air to an underground cavern via a 'pebble 
bed' regenerator. The regenerator stores the heat in pebbles of alumina or silica. 
During the day the compressed air is released through the regenerator, picking up 
stored energy on its way to the turbine. To satisfy peak demand it may prove 
desirable also to burn some fuel in a combustion chamber to make up for heat 
losses in the regenerator. If the cavern is to be sufficiently small to make such a 
scheme economic, the pressure must be high-perhaps as high as 1 00 bar. This 
implies a high compressor delive1y temperature of about 900 oc. By cooling the 
air in the regenerator the volume is further reduced, and at the same time the walls 
of the cavern are protected from the high temperature. Salt caverns excavated by 
washing have been proposed, and disused mine workings are another possibility 
if economic means can be found of sealing them adequately. 

The first air-storage gas turbine plant was built by Brown Boveri and 
commissioned in Germany in 1978. It has no regenerator, but it does incorporate 
a heat-exchanger and has two-stage compression with intercooling. An after­
cooler protects the salt cavern walls from high temperature. The plant is for peale 
load generation and produces up to 290 MW for periods of 1-1·5 hours three 
times a day, using about 12 hours for pumping the reservoir up to pressure. 

NIGHT DAY 

FIG. 1.22 Energy storage scheme 
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1.8 Gas turbine design procedure 

It must be emphasized that this book provides an introduction to the theory of the 
gas turbine, and not to the design of gas turbines. To place the contents of the 
book in proper perspective, a schematic diagram representing a complete design 
procedure is shown in Fig. 1.23. This gives some idea of the interrelationships 
between thermodynamic, aerodynamic, mechanical and control system design 
and emphasizes the need for feedback between the various specialists. The dotted 
lines enclose the areas covered in subsequent chapters: where they cut a block it 
indicates that the topic has received attention, but only in a cursory manner. Thus 
when dealing with the thermodynamic and aerodynamic theory which forms the 
core of this book, the reader will be reminded only of those mechanical aspects 
which interact directly with it. 

The design process is shown as starting from a specification, resulting from 
either market research or a customer requirement. The development of a high­
performance gas turbine is extremely costly, and so expensive that most large aero 
engines are developed by multi-national consortia. There are very few customers 
who are powerful enough to have an engine built to their requirement, and the 
specification usually results from market research. Successful engines are those 
which find a variety of applications, and their life-cycle from design to final 
service use may be in excess of 50 years. When the first edition of this book was 
written in 1950, the Rolls-Royce Dart was in the design stage and remained in 
production until 1986; in late 1993 there were still nearly 2000 Darts in service 
and the engine can certainly expect to continue into the 21 st Century. 

The specification is rarely a simple statement of required power and efficiency. 
Other factors of major importance, which vary with the application, include 
weight, cost, volume, life and noise, and many of these criteria act in opposition. 
For example, high efficiency inevitably incurs high capital cost, and a simple 
engine of lower efficiency may be perfectly acceptable if the running hours are 
low. An important decision facing the designer is the choice of cycle, and this 
aspect will be covered in Chapters 2 and 3. It is essential to consider at an early 
stage what type of turbomachinery to use, and this will in large measure depend 
on the size of the engine: turbomachinery and combustor design will be dealt 
with in Chapters 4-7. The layout of the engine must also be considered, for 
example, whether a single or multi-shaft design should be used, and the behaviour 
of these different types of engine will be covered in Chapters 8 and 9. 

The first major design step is to carry out thermodynamic design point studies. 
These are detailed calculations taking into account all important fuctors such as 
expected component efficiencies, air-bleeds, variable fluid properties and pressure 
losses, and would be carried out over a range of pressure ratio and turbine inlet 
temperature. A value for the specific output (i.e. power per unit mass flow of air) 
and specific fuel consumption will be determined for various values of the cycle 
parameters listed above. Although in industry these calculations would be done 
on a digital computer, it should be clearly understood that there is not a 
mathematically defined optimum. For example, at a given turbine inlet 
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temperature a large increase in pressure ratio may give a minimal improvement in 
thermal efficiency, and the resulting engine would be too complex and expensive 
to be practical. Once the designer has s,ettled on a suitable choice of cycle 
parameters, he can make use of the specific output to determine the airflow 
required to give the specified power. 

It should be clearly understood that the choice of cycle parameters is strongly 
influenced 'by the engine size, and in particular by the air flow required. The 
turbine of a 500 kW engine, for example, would have very small blades which 
could not be cooled for reasons of manufacturing complexity and cost; the 
pressure ratio would be restricted to allow blading to be of a reasonable size, and 
it might be necessary to use a centrifugal compressor of somewhat reduced 
efficiency. A 50 MW unit, on the other harrd, could use sophisticated air-cooled 
blades and operate at a turbine inlet temperature of over !500 K, some 300 K 
higher than the uncooled turbine in the 500 leW engine. The large unit would also 
use an axial compressor with a pressure ratio that could be as high as 30: I. 

Knowing the airflow, pressure ratio and turbine inlet temperature, attention can 
be turned to the aerodynamic design of the turbomachinery. It is now possible to 

determine annulus dimensions, rotational speeds and number of stages. At this 
point it may well be found that diffi,;ulties arise which may cause the 
aerodynamacist to consult with the thermodynamacist to see if a change in the 
design point could be considered, perhaps a slight increase in temperature or 
decrease in pressure ratio. The aerodynamic design of the turbomachinery must 
take into account manufacturing feasibility from the outset. In the case of a 
centrifugal impeller for a small engine, for example, the space required for 
milling cutters between adjacent passages is of prime importance. In large 
turbofans, in contrast, the weight of the fan blade and the imbalance caused by 
loss of a blade plays an important role in th1~ design of the bearing support system 
and the structure required for fan containn1ent. 

The mechanical design can start only after aerodynamic and thermodynamic 
designs are well advanced. It will then likely be found that stress or vibration 
problems may lead to further changes, the requirements of the stress and 
aerodynamics groups often being in opposition. At the same time as these studies 
are proceeding, off-design performance and control system design must be 
considered; off-design operation will include the effects of varying ambient 
conditions, as well as reduced power operation. When designing a control system 
to ensure the safe and automatic operation of the engine, it is necessary to be able 
to predict temperature and pressure levels throughout the engine and to select 
some of these for use as control parameters. 

Once the engine has entered service, there will be demands from customers for 
more powerful or more efficient versions, leading to the development ofuprated 
engines. Indeed, such demands may often arise before the design process has 
been completed. When engines have to b1~ uprated, the designer must consider 
such methods as increasing the mass flow, turbine inlet temperature and 
component efficiencies, while maintaining the same basic engine design. A 
successful engine may have its power tripled during a long development cycle. 
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Eventually, however, the engme will become dated and no longer competitive. 
The timing of a decision to start a new design is of critical importance for the 
economic well-being of the manufacturer. References (1) and (2) describe the 
choice of design for an induslrial gas turbine and turboprop respectively. 
References (3) and (4) trace the design evolution of industrial gas turbines over an 
extended period, showing how the power and efficiency are continuously 
improved by increasing pr~ssure ratio, turbine inlet temperature and airflow. The 
evolution of the Westinghouse 501 gas turbine from 1968 to 1993 is described in 
Ref. (4), and the table below shows how the power increased from 42 to 160 MW 
Aerodynamic development allowed the pressure ratio to be raised from 7.5 to 
14.6, while improvements in materials and blade cooling permitted a significant 
increase in cycle temperature; the net result was an improvement in thermal 
efficiency from 27.1 to 35.6 per cent. The 1968 engine had only the first nozzle 
row cooled, whereas the 1993 version required the cooling of six rows. The 
steady increase in exhaust gas temperature should be noted, this being an 
important factor in obtaining high thermal efficiency in a combined cycle appli-
cation. 

Year 1968 1971 1973 1975 1981 1993 

Power (MW) 42 60 80 95 107 160 
Thermal efficiency (%) 27.1 29.4 30.5 31.2 33.2 35.6 
Pressure ratio 7.5 10.5 11.2 12.6 14.0 14.6 
Turbine inlet temp. (K) 1153 1161 1266 1369 1406 1533 
Air flow (kg/s) 249 337 338 354 354 435 
Exhaust gas temp. CCC) 474 426 486 528 531 584 
No. of comp. stages 17 17 17 19 19 !6 
No. of turbine stages 4 4 4 4 4 4 
No. of cooled rows I 3 4 4 6 

The foregoing should give th,~ reader an overall, if superficial, view of the 
design process and may lead to the realization that the gas turbine industry can 
provide an exciting and rewarding technical career for a wide variety of highly 
skilled engineers. 
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Enough has been said in the foregoing chapter for the reader to realize how great 
is the nmnber of possible varieties of gas turbine cycle when multi-stage com­
pression and expansion, heat-exchange, reheat and intercooling are incorporated. 
A comprehensive study of the performance of all such cycles, allowing for the 
inefficiencies of the various components, would result in a very large nmnber of 
performance curves. We shall here concentrate mainly on describing methods of 
calculating cycle performance. For convenience the cycles are treated in two 
groups-shaft power cycles (this chapter) and aircraft propulsion cycles (Chapter 
3). An important distinction between the two groups arises from the fact that the 
performance of aircraft propulsion cycles depends very significantly upon for­
ward speed and altitude. These two variables do not enter into performance 
calculations for marine and land-based power plant to which this chapter is 
confined. 

Before proceeding with the main task, it will be useful to review the 
performance of ideal gas turbine cycles in which perfection of the individual 
components is assmned. The specific work output and cycle efficiency then 
depend only on the pressure ratio and maximmn cycle temperature. The limited 
number of performance curves so obtained enables the major effects of various 
additions to the simple cycle to be seen clearly. Such curves also show the upper 
limit of performance which can be expected of real cycles as the efficiency of gas 
turbine components is improved. 

2.1 Ideal cycles 

Analyses of ideal gas turbine cycles can be found in texts on engineering ther­
modynamics [e.g. Ref. (1)] and only a brief resmne will be given here. The 
assmnption of ideal conditions will be taken to imply the following: 

(a) Compression and expansion processes are reversible and adiabatic, i.e. 
isentropic. 

(b) The change of kinetic energy of the working fluid between inlet and outlet 
of each component is negligible. 
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(c) There are no pressure losses in the inlet ducting, combustion chambers, 
heat-exchangers, intercoolers, exhaust ducting, and ducts connecting the 
components. 

(d) The working fluid has the same composition throughout the cycle and is a 
perfect gas with constant specific heats. 

(e) The mass flow of gas. is constant throughout the cycle. 
(f) Heat transfer in a heat-exchanger (assmned counterflow) is 'complete', so that 

in conjunction with (d) and (e) the temperature rise on the cold side is the 
maximmn possible and exactly equal to the temperature drop on the hot side. 

Assmnptions (d) and (e) imply that the combustion chamber, in which fuel is 
introduced and bmned, is considered as being replaced by a heater with an 
external heat source. For this reason, as far as the calculation of performance of 
ideal cycles is concerned, it makes no difference whether one is thinking of them 
as 'open' or 'closed' cycles. The diagrammatic sketches of plant will be drawn 
for the former, more usual, case. 

Simple gas turbine cycle 

The ideal cycle for the simple gas turbine is the Joule (or Brayton) cycle, i.e. cycle 
1234 in Fig. 2.1. The relevant steady flow energy equation is 

Q = (hz- h1) +i(C~- ci) + w 
where Q and Ware the heat and work transfers per unit mass flow. Applying this 
to each component, bearing in mind assmnption (b), we have 

W12 = -(h2 - h1) = -cp(T2 - T1) 

Qz3 = (h3 - hz) = cp(T3 - Tz) 

W34 = (h3 - h4) = cp(T3 - T4) 

T 
Fuel= Heat 

Compressor Turbine 

FIG. 2.1 Simple cycle 
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The cycle efficiency is 

net work output cp(T3 - T4)- cp(T2 - T1) 
11- -

- heat supplied - cp(T3 - T2) 

Making use of the isentropic p - T relation, we have 

Tz/Ti = r(r-IJ/r = TlfT4 

39 

where r is the pressure ratio Pz/PI=r=;pl/P4· 
readily shown to be given by 

The cycle efficiency is then 

(

l)(y-l)(y 
1]= 1- -

r 
(2.1) 

The efficiency thus depends only on the pressure ratio and the nature of the gas. 
Figure 2.2(a) shows the relation between 11 and r when the working fluid is air 
(y = 1-4), or a monatomic gas such as argon (y = 1·66). For the remaining curves 
in this section air will be assumed to be the working fluid. The effect of using 
helimn instead of air in a closed cycle is studied in section 2.6, where it is shown 
that the theoretical advantage indicated in Fig. 2.2(a) is not realized when com­
ponent losses are talcen into account. 

The specific work output W, upon which the size of plant for a given power 
depends, is found to be a function not only of pressure ratio but also of maximum 
cycle temperature T3. Thus 

W = cp(T3 - T4)- cp(T2 - T1) 

which can be expressed as 

-=t 1--- -(r(y-I)/y __ l) w ( 1 ) 
cPT1 r(y-l)/r 
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FIG. 2.2 Efficiency and specific work output-simple cycle 
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where t = T3f T1; T1 is normally atmospheric temperature and is not a major 
independent valiable. It is therefore convenient to plot the specific work output in 
non-dirilensional fonn (WfcpT1) as a function of r and t as in Fig. 2.2(b). The 
value of T3, and hence t, that can be used in practice, depends upon the maximum 
temperature which the highly stressed parts of the turbine can stand for the 
required working life: it is often called the 'metallurgical limit'. Early gas turbines 
used values oft between 3·5 and 4, but the introduction of air-cooled turbine 
blades allowed t to be raised to between 5 and 6. 

A glance at the T- s diagram of Fig. 2.1 will show why a constant t curve 
exhibits a maximum at a certain pressure ratio: W is zero at r = 1 and also at the 
value of r for which the compression and expansion processes coincide, namely 
r=ty/(y- 1

). For any given value oft the optimum pressure ratio for maximum 
specific work output can be found by differentiating equation (2.2) with respect to 
r<Y -l)/Y and equating to zero: the result is 

,(Y-1)/Y = Jt 
opt 

Since ,Cy- 1
)/1' = T2 fT1 = T3/T4 , this is equivalent to writing 

Tz T3 
-x-=t 
T1 T4 

But t= T3/T1 and consequently it follows that Tz = h Thus the specific work 
output is a maximum when the pressure ratio is such that the compressor and 
turbine outlet temperatures are equal. For all values of r between 1 and tY!2<l'-ll, 

T4 will be greater than T2 and a heat-exchanger can be incorporated to reduce the 
heat transfer from the external source and so increase the efficiency. 

Heat-exchange cycle 

Using the nomenclature of Fig. 2.3, the cycle efficiency now becomes 

cp(T3 - T4 ) - cp(T2 -- T1) 

11= 
cp(T3- Ts) 

With ideal heat-exchange T5 = T4, and on substituting the isentropic p- T 
relations the expression reduces to 

r<y-1)/1' 
11 = 1--- (2.3) 

t 

Thus the efficiency of the heat-exchange cycle is not independent of the maxi­
mum cycle temperature, and clearly it increases as tis increased. Furthermore it is 
evident that, for a given value ,Jf t, the efficiency increases with decrease in 
pressure ratio and not with increase in pressure ratio as for the simple cycle. The 
full lines in Fig. 2.4 represent the equation, each constant t curve starting at r = 1 
with a value of 11 = 1 - 1/t, i.e. the Carnot efficiency. This is to be expected 
because in this limiting case the Carnot requirement of complete external heat 
reception and rejection at the upper and lower cycle temperature is satisfied. 
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T 3 

FIG. 2.3 Simple cycle with heat-exchange 

The curves fall with increasing pressure ratio until a value corresponding to 
r(y-IJ/1' =Jt is reached, and at this point equation (2.3) reduces to (2.1). This is 
the pressure ratio for which the specific work output curves of Fig. 2.2(b) reach a 
maximum and for which it was shown that T4 = T2. For higher values of r a heat­
exchanger would cool the air leaving the compressor and so reduce the efficiency, 
and therefore the constant t lines have not been extended beyond the point where 
they meet the efficiency curve for the simple cycle which is shown dotted in 
Fig. 2.4. 

The specific work output is unchanged by the addition of a heat-exchanger and 
the curves of Fig. 2.2(b) are still applicable. From these curves and those in Fig. 
2.4 it can be concluded that to obtain an appreciable improvement in efficiency by 
heat-exchange, (a) a value of r appreciably less than the. optimum for maximum 
specific work output should be used and (b) it is not necessary to use a higher 
cycle pressure ratio as the maximmn cycle temperature is increased. Later it will 
be shown that for real cycles conclusion (a) remains true but conclusion (b) 
requires modification. 
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FIG. 2.4 Efficiency-simple cycle with heat-exchange 
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Reheat cycle 

A substantial increase in specific work output can be obtained by splitting the 
expansion and reheating the gas between the high-pressure and low-pressure 
turbines. Figure 2.5(a) shows the relevant portion of the reheat cycle on the T- s 
diagram. That the turbine work is increased is obvious when one remembers that 
the vertical distance between any pair of constant pressure lines increases as the 
entropy increases: thus (T3 - T4) + (Ts - T6) > (T3 - T~). 

Assuming that the gas is reheated to a temperature equal to T3, differentiation 
of the expression for specific work output shows that the optimum point in the 
expansion at which to reheat is when the pressure ratios (and hence temperature 
drops and work transfers) for the HP and LP turbines are equal. With this 
optimum division, it is then possible to derive expressions for the specific output 
and efficiency in terms of r and t as before. Writing c = r(y-l)fy they become 

w 2t 
-=2t-c+l-­
cPT1 Jc 

2t - c + 1 - 2t 1 J c 
1]= 

2t-c-t/Jc 

(2.4) 

(2.5) 

Comparison ofthe WjcPT1 curves of Fig. 2.6 with those of Fig. 2.2(b) shows that 
reheat markedly increases the specific output. Figure 2.5(b ), however, indicates 
that this is achieved at the expense of efficiency. This is to be expected because 
one is adding a less efficient cycle (4'456 in Fig. 2.5(a)) to the simple cycle-less 
efficient because it operates over a smaller temperature range. Note that the 
reduction in efficiency becomes less severe as the maximum cycle temperature is 
increased. 
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FIG. 2.5 Reheat cycle 
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FIG. 2.6 Work output-reheat cycle 

Cycle with reheat and heat-exchange 

The reduction in efficiency due to reheat can be overcome by adding heat­
exchange as in Fig. 2.7. The higher exhauslt gas temperature is now fully utilized 
in the heat-exchanger and the increase in work output is no longer offset by the 
increase in heat supplied. In fact, when a heat-exchanger is employed, the effi­
ciency is higher with reheat than without as shown by a comparison of Figs. 2.8 
and 2.4. The family of constant t lines exhibit the same features as those for the 
simple cycle with heat-exchange-each curve having the Camot value at r= 1 

3 

FIG. 2.7 Reheat cycle with beat-exchange 
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FIG. 2.8 Efficiency-reheat cycle with beat-exchange 
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and falling with increasing r to meet the corresponding efficiency curve of the 
reheat cycle without heat-exchange at the value of r corresponding to maximum 
specific work output. 

Cycles with intercooled compression 

A similar improvement in specific work output to that obtained by reheat can be 
achieved by splitting the compression and intercooling the gas between the LP 
and HP compressors; and, assuming that the air is intercooled to Tb it can be 
shown that the specific work output is a maximum when the pressure ratios of the 
LP and HP compressors are equal. The use of intercoolers is seldom contem­
plated in practice because they are bulky and need large quantities of cooling 
water. The main advantage of the gas turbine, that it is compact and self­
contained, is then lost. For this n~ason no performance curves for cycles with 
inter-cooling are included: suffice it to say that they are similar to Figs 2.5(b) and 
2.6, although the increase in specific work output and reduction in efficiency with 
respect to the simple cycle are not so marked. (A modification to the low 
temperature region of a cycle is normally less significant than a comparable 
modification to the high temperature region.) As with reheat, intercooling in­
creases the cycle efficiency only when a heat-exchanger is also incorporated, and 
then curves almost identical to those of Fig. 2.8 are obtained. 

This discussion of ideal cycles 8hould be sufficient to indicate the main effects 
of additions to the simple gas turbine. We have seen that the choice of pressure 
ratio will depend on whether it is high efficiency or high specific work output (i.e. 
small size) which is required; and that in cycles without heat-exchange a higher 
pressure ratio must be used to take advantage of a higher permissible turbine inlet 
temperature. It will be evident from what follows that these conclusions are also 
broadly true of practical cycles in which component losses are taken into account. 



METHODS OF ACCOUNTING FOR COMPONENT LOSSES 45 

2.2 Methods of accounting for component losses 

The performance of real cycles differs from that of ideal cycles for the following 
reasons. 

(a) Because fluid velocities are high in turbomachinery the change in kinetic 
energy between inlet and outlet of each component cannot necessarily be 
ignored. A further consequence is that the compression and expansion 
processes are irreversible adiabatics and therefore involve an increase in 
entropy. 

(b) Fluid friction results in pressure losses in combustion chambers and heat­
exchangers, and also in the inlet and exhaust ducts. (Losses in the ducts 
connecting components are usually included in the associated component 
losses.) 

(c) If a heat-exchanger is to be of economic size, terminal temperature 
differences are inevitable; i.e. the compressed air cannot be heated to the 
temperature of the gas leaving the turbine. 

(d) Slightly more work than that required for the compression process will be 
necessary to overcome bearing and 'windage' friction in the transmission 
between compressor and turbine, and to drive ancillary components such as 
fuel and oil pumps. 

(e) The values of cP and·y of the working fluid vary throughout the cycle due to 
changes of temperature and, with internal combustion, due to changes in 
chemical composition. 

(f) The definition of the efficiency of an ideal cycle is unambiguous, but this is 
not the case for an open cycle with internal combustion. Knowing the 
compressor delivery temperature, composition of the fuel, and turbine inlet 
temperature required, a straightforward combustion calculation yields the 
fueljair ratio necessary; and a combustion efficiency can also be included to 
allow for incomplete combustion. Thus it will be possible to express the 
cycle performance unambiguously in terms of fuel consumption per m1it net 
work output, i.e in terms of the specific fuel consumption. To convert this to 
a cycle efficiency it is necessary to adopt some convention for expressing 
the heating value of the fuel. 

(g) With internal combustion, the mass flow through the turbine might be 
thought to be greater than that through the compressor by virtue of the fuel 
added. In practice, about 1-2 per cent of the compressed air is bled off for 
cooling turbine discs and blade roots, and we shall see later that the fueljair 
ratio employed is in the region 0·01-0·02. For many cycle calculations it is 
sufficiently accurate to assume that the fuel added merely compensates for 
this loss. We will assume in the numerical examples which follow that the 
mass flows through the compressor and turbine are equal. When turbine 
inlet temperatures higher than about 1350 K are used, the turbine blading 
must be internally cooled as well as the disc and blade roots. We then have 
what is called an air-cooled turbine. Up to 15 per cent of the compressor 
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delivery air might be bled for cooling purposes, and for an accurate estimate 
of cycle performance it is necessruy to account explicitly for the variation of 
mass flow through the engine. 

Methods of accounting for factors (a) to (f) must be discussed before giving 
examples of cycle calculations. We will also say a little more in general terms 
about cooling bleed flows. 

Stagnation properties 

The kinetic energy terms in the steady flow energy equation can be accounted for 
implicitly by making use of the concept of stagnation (or total) enthalpy. Phy­
sically, the stagnation enthalpy h0 is the enthalpy which a gas stream of enthalpy h 
and velocity C would possess when brought to rest adiabatically and without 
work transfer. The energy equation then reduces to 

(h0 -h)+!(O-C2)=0 

and thus h0 is defined by 

h0 = h + C2/2 (2.6) 

When the fluid is a perfect gas, cPT can be substituted for h, and the corres­
ponding concept of stagnation (or total) temperature T0 is defined by 

T0 = T + C2 j2cP (2.7) 

CZ j2cP is called the dynamic temperature and, when it is necessruy to emphasize 
the distinction, Tis referred to as the static temperature. An idea of the order of 
magnitude of the difference between T0 and T is obtained by considering air at 
atmospheric temperature, for which cP = 1·005 kJ /kg K, flowing at 100 m/ s. 
Then 

1002 

To - T = 2 x 1·005 x 103 ::::: 
5 K 

It follows from the energy equation that if there is no heat or work transfer T0 will 
remain constant. If the duct is varying in cross-sectional area, or friction is 
degrading directed kinetic energy into random molecular energy, the static tem­
perature will change-but T0 will not. Applying the concept to an adiabatic 
compression, the energy equation becomes 

W = -cP(T2 - T1)- !CC~- Cf) = -cp(T0z- T01 ) 

Similarly for a heating process without work transfer, 

Q = cP(Toz - Tal) 

Thus if stagnation temperatures are employed there is no need to refer explicitly 
to the kinetic energy term. A practical advantage is that it is easier to measure the 
stagnation temperature of a high-velocity strerun than the static temperature (see 
section 6.5). 
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When .a gas is slowed down and the temperature rises there is a simultaneous 
rise in pressure. The stagnation (or total) pressure p0 is defined in a similar way 
to T0 but with the added restriction that the gas is imagined to be brought to rest 
not only adiabatically but also reversibly, i.e. isentropically. The stagnation 
pressure is thus defined by 

~ = (~ r(y-1) (2.8) 

Stagnation pressure, unlike stagnation temperature, is constant in a stream flow­
ing without heat or work transfer only if friction is absent: the drop in stagnation 
pressure can be used as a measure of the fluid friction. 

It is worth noting that p0 is not identieal with the usual pitot pressure p~ 
defined for incompressible flow by 

p~ =p+ pC2 j2 

Substituting equation (2.7) in (2.8), and making use of cp=yRj(y- 1) and 
p = pRT, we have 

( 
pCz 1'- l)l'/Cy-I) 

Po=P 1+-x--
2p y 

p~ is seen to be given by the first two terms of the binomial expansion. Thus p 0 

approaches p~ as the velocity is decreased and compressibility effects become 
negligible. As an example of the difference at high velocities, for air moving with 
sonic velocity (Mach number M = 1), p0jp = 1-89 whereas P51P = 1·7. Thus by 
assuming the flow to be incompressible the stagnation pressure would be under­
estimated by about 11 per cent. 

Applying equation (2.8) to an isentropic compression between inlet 1 and 
outlet 2 we have the stagnation pressure ratio given by: 

Poz = Po2 x !!J... x f!:!:. = _Jg x _1__ x ___2_ = _Jg 
(

T. T T )J'/(y-1) (T. )y/(y-1) 

Po1 Pz Po1 P1 Tz Tal T1 To1 

Similarly, if required, 

Poz (Toz)l'/(y-I) 
p;= r; 

Thus p0 and T0 can be used in the same way as static values in isentropic p-T 
relations. Stagnation pressure and temperature are properties of the gas stream 
which can be used with static values to det,~rmine the combined thermodynamic 
and mechanical state of the stream. Such state points can be represented on the 
T-s diagram, as shown in Fig. 2.9 which depicts a compression process between 
'static' states 1 and 2; the differences between the constant p and p0 lines have 
been exaggerated for clarity. The ideal stagnation state which would be reached 
after isentropic compression to the same, actual, outlet stagnation pressure is 
indicated by 02'. Primes will be attached to symbols to denote such ideal states 
throughout this book. 
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FIG. 2.9 Stagnation states 

Compressor and turbine efficiencies 

(a) Isentropic efficiency 

SHAFT POWER CYCLES 

The efficiency of any machine, the object of which is the absorption or pro­
duction of work, is normally expressed in terms of the ratio of actual and ideal 
work transfers. Because turbomachines are essentially adiabatic, the ideal process 
is isentropic and the efficiency is called an isentropic efficiency. Making use of the 
concept of stagnation enthalpy or temperature to take account of any change in 
kinetic energy of the fluid between inlet and outlet we have, for the compressor, 

W1 Ah~ 
1Jc = W = 11h

0 

For a perfect gas Ah0 = cpi1T0 and this relation is usually sufficiently accurate for 
real gases under conditions encountered in gas turbines if a mean cP over the 
relevant range of temperature is used-see under heading 'Variation of specific 
heat' below for further discussion of this point. Furthermore, because the ideal 
and actual temperature changes are not very different, the mean cP can be as­
sumed the same for both so that the compressor isentropic efficiency is normally 
defined in terms of temperature a8 

T~2 - Ta1 
1J = 

c Toz- To1 

Similarly the turbine isentropic efficiency is defined as 

W Tm- To4 
1Jt = wr = T. - T/ 

03 04 

(2.9) 

(2.10) 

When performing cycle calculations, values of 1Jc and 1]1 will be assumed and 
the temperature equivalents of the work transfers for a given pressure ratio are 
then found as follows: 
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and finally 

T. _ T. _ _2_!_ Poz _ 1 
T. [( )(y-l)(y ] 

02 01 - 11c Po1 

Similarly 

. [ ( 1 )(y-l)(y] 
T03 - To4 = ry,Tm 1 - --­

P031Po4 
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(2.11) 

(2.12) 

When the compressor is part of a stationary gas turbine, having a short intake 
fairing that can be regarded as part of the compressor, p 01 and T01 in equation 
(2.11) will be equal to Pa and Ta respectively because the velocity of the ambient 
air is zero. This will be assmned to be the case throughout this chapter. Industrial 
gas turbine plant usually incorporate a long inlet duct and air filter, however, 
in which case an inlet pressure loss (Ap;) must be deducted, i.e. p01 will be 
(pa- Ap;). Inlet losses vary with installation configurations and engine manu­
facturers often quote performance figures for zero inlet loss, with corrections for 
different levels of loss. The situation is rather different when the compressor is 
part of an aircraft propulsion unit because then there will be an intake duct of 
significant length in which ram compression takes place due to the forward speed 
of the aircraft. In this situation p01 and T01 would differ from Pa and Ta even if 
there were no friction losses, and it is always necessary to consider the intake and 
compressor as separate components. A discussion of how intake losses are then 
taken into account will be deferred until the next chapter. 

In defining 11 1 according to (2 .1 0) and thus taking the ideal work as 
proportional to (T03 - T~4), we are implying that the kinetic energy in the exhaust 
gas is going to be utilized, e.g. in a subsequent turbine or in the propelling nozzle 
of a jet engine. But if the turbine is part of an industrial plant exhausting directly 
to atmosphere this kinetic energy is wasted. The ideal quantity of turbine work 
would then seem to be taken more appropriately as that produced by an isentropic 
expansion from p03 to the static outlet pressure p4, with p4 equal to the ambient 
pressure Pa· Thus ry, would be defined by 

1), = [ T.(o3 -1 To4)(J'-l)/1'] 
To3 1- --

Po3!Pa 

(2.13) 

In practice, even in such a case the kinetic energy of the gas innnediately leaving 
the turbine is largely recovered in an exhaust diffuser which in effect increases the 
pressure ratio across the turbine: Fig. 2.10 indicates this for a diffuser which 
reduces the final velocity to a negligible value so that p04 =p4 = Pa· The turbine 
pressure ratio is seen to be increased from p03 /pa to Po3/Px· The temperature 
equivalent of the turbine work (T03 - Tox) is still given by (T03 - T04), because 
no work is done in the diffuser and Tox = T04, but T04 is less than it would be if a 
diffuser were not fitted and Px was equal to Pa· For ordinary cycle calculations 
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FIG. 2.10 Turbine with exhaust diffuser 

there is no need to consider the turbine expansion 3 --+ x and diffusion process 
x-+ 4 separately. We may put Po4=Pa in equation (2.12) and regard 1]1 as ac­
counting also for the friction pressure loss in the diffuser (pax - p 0 ). We then 
have equation (2.13), but must interpret it as applying to the turbine and exhaust 
diffuser combined rather than to the turbine alone. In this book, equation (2.12) 
with p04 put equal to Pa will be used for any turbine exhausting direct to the 
atmosphere: for any turbine delivering gas to a propelling nozzle, or to a second 
turbine in series, equation (2.12) will be employed as it stands. 

(b) Polytropic efficiency 
So far we have been referring to overall efficiencies applied to the compressor or 
turbine as a whole. When performing cycle calculations covering a range of 
pressure ratio, say to determine the optimum pressure ratio for a particular ap­
plication, the question arises as to whether it is reasonable to assume fixed typical 
values of 1Jc and 1]1• In fact it is found that 1Jc tends to decrease and 1] 1 to increase as 
the pressure ratio for which the compressor and turbine are designed increases. 
The reason for this should be clear from the following argument based on Fig. 
2.11. p and Tare used instead of p0 and T0 to avoid a multiplicity of suffixes. 

Consider an axial flow compressor consisting of a number of successive 
stages. If the blade design is similar in successive blade rows it is reasonable to 
assume that the isentropic efficiency of a single stage, 1]., remains the same 
through the compressor. Then the overall temperature rise can be expressed by 

AT= LAT; =~LAT; 
1Js 1Js 

Also, AT= AT' /1Jc by definition of 1Jc, and thus 

1Js LAT; 
11c AT' 
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FIG. 2.11 

But, because the vertical distance between a pair of constant pressure lines in the 
T -s diagram increases as the entropy increases, it is clear from Fig. 2.11 that 
"f.AT; > Ar. It follows that 11c < 1Js and that the difference will increase with the 
number of stages, i.e. with increase of pressure ratio. A physical explanation is 
that the increase in temperature due to friction in one stage results in more work 
being required in the next stage: it might be termed the 'preheat' effect. A similar 
argument can be used to show that for a tUITbine 1]1 > 11s· In this case frictional 
'reheating' in one stage is partially recovered as work in the next. 

These considerations have led to the concept of polytropic (or small-stage) 
efficiency 1100, which is defined as the isentropic efficiency of an elemental stage 
in the process such that it is constant throughout the whole process. For a 
compression, 

dr 
11ooc = dT =constant 

But Tjp(l'- 1
)/Y =constant for an isentropic process, which in differential form is 

dT' y- 1 dp 

T 1' p 

Substitution of dT' from the previous equation gives 

dT y-ldp 
IJ -=---

ooc T y p 

Integrating between inlet 1 and outlet 2, with 11 coc constant by definition, we have 

ln(p2/Pd1'-1)/J• 

11coc = Jn(T2/T1) 
(2.14) 

This equation enables 11 ooc to be calculated from measured values of p and Tat 
inlet and outlet of a compressor. Equation (2.14) can also be written in the form 

T2 = (l!J:.)(y-1)/Y'loo, (2.15) 

T1 P1 
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Finally, the relation between 'lcoc and 1Jc is given by, 

Tf/Tl - 1 (P2/PJy-l)/J'- 1 
1Jc = T2/TI - 1 = (pz/pdy-1)/Y~oo, - 1 

(2.16) 

Note that if we write (y -l)/Y17mc as (n -1)/n, equation (2.15) is the familiar 
relation between p and T for a polytropic process, and thus the definition of 1J co 

implies that the non-isentropic process is polytropic. This is the origin of the term 
polytropic efficiency. 

Similarly, since 17 001 is dTjdT', it can be shown that for an expansion between 
inlet 3 and outlet 4, 

(2.17) 

and (2.18) 
11t = ( 1 )(y-l)(y 

1- --
P3IP4 

Making use of equations (2.16) and (2.18) with 1' = 1·4, Fig. 2.12 has been drawn 
to show how 1Jc and 1]1 vary with pressure ratio for a fixed value of polytropic 
efficiency of 85 per cent in each case. 

In practice, as with 1Jc and 1]1, it is normal to define the polytropic efficiencies 
in terms of stagnation temperatures and pressures. Furtllermore, when employing 
iliem in cycle calculations, the most convenient equations to use will be shown to 
be those corresponding to (2.11) and (2.12), i.e. from equations (2.15) and (2.17), 

[
(P )(n-l)(n ] 

T02- To1 = To1 ~~~ -1 

where (n- 1)/n=(y -l)IY1Jooc 
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FIG. 2.12 Variation of tnrbine and compressor isentropic efficiency with pressure 
ratio for polytropic effidency of 85% 
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[ 0 1 )(n-1)/n] 
Tm - To4 = Tm 1 - ---

o31Po4 
(2.20) 

where (n- 1)/n=IJoot(Y- 1)/y. 

And again, for a compressor of an industrial gas turbine we shall take p 01 =pa 
and T01 = Ta, while for turbines exhausting to atmosphere p04 will be put equal 

to Pa· 
We end this sub-section with a reminder that the isentropic and polytropic 

efficiencies present the same information in different forms. When performing 
calculations over a range of pressure ratio, it is reasonable to assume constant 
polytropic efficiency; this automatically allows for a variation of isentropic 
efficiency with pressure ratio. In simple terms, the polytropic efficiency may be 
interpreted as representing the current state-of-the-art for a particular design 
organization. When determining the performance of a single cycle of interest, or 
analyzing engine test data, it is more appropriate to use isentropic efficiencies. 

Pressure losses 

Pressure losses in the intake and exhaust ducting have been dealt with in the 
previous sub-section. In the combustion chamber a loss in stagnation pressure 
(!J.pb) occurs due to the aerodynamic resistance of flame-stabilizing and mixing 
devices, and also due to momentum changes produced by the exothermic reac­
tion. These sources of loss are referred to in detail in Chapter 6. When a heat­
exchanger is included in the plant there will also be frictional pressure losses in 
the passages on the air-side (APha) and gas-side (Aphg)· As shown in Fig. 2.13, 
the pressure losses have the effect of decreasing the turbine pressure ratio relative 
to the compressor pressure ratio and thus reduce the net work output from the 

FIG. 2.13 Pressure losses 
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plant. The gas turbine cycle is very sensitive to irreversibilities, because the net 
output is the difference of two large quantities (i.e. the 'work ratio' is low), so that 
the pressure losses have a siguificant effect on the cycle performance. 

Fixed values of the losses can be fed into the cycle calculation directly. For 
example, for a simple cycle with heat-exchange we may determine the turbine 
pressure ratio p03 fpa4 from. 

Pa3 =Paz - llpb - f¥lha and Pa4 = Pa + f¥Jhg 

But again the question arises as to whether it is reasonable to assume constant 
values for the pressure drops when cycles of different pressure ratio are being 
compared. The frictional pressure losses will be roughly proportional to the local 
dynamic head of the flow (~ pC for incompressible flow), as with ordinary pipe 
flow. It might therefore be expected that the pressure drops Apha and !lpb will 
increase with cycle pressure ratio because the density of the fluid in the air-side of 
the heat-exchanger and in the combustion chamber is increased. Even though pis 
not proportional top because T increases also, a better approximation might be to 
take Apha and !lpb as fixed proportions of the compressor delivery pressure. The 
turbine inlet pressure is then found from 

( 
Apb flpha) 

Po3 =Paz l-----
P02 Poz 

We shall express the pressure loss data in this way in subsequent nmnerical 
examples. 

The pressure loss in the combustor can be minimized by using a large 
combustion chamber with consequent low velocities, which is feasible in an 
industrial unit where size is not critical. For an aero engine, where weight, volume 
and frontal area are all important, higher pressure losses are inevitable. The 
designer also has to consider pressure losses at a typical flight condition at high 
altitude, where the air density is low. Typical values of /¥Jb/Paz would be about 
2-3 per cent for a large industrial unit and 6-8 per cent for an aero engine. 

Heat-exchanger effectiveness 

Heat-exchangers for gas turbines can talce many fonns, including counter-flow 
and cross-flow recuperators (where the hot and cold streams exchange heat 
through a separating wall) or regenerators (where the streams are brought cyc­
lically into contact with a matrix which alternately absorbs and rejects heat). In all 
cases, using the notation of Fig. 2.13, the fundamental process is that the turbine 
exhaust gases reject heat at the rate of mt.Cp46 (T04 - Ta6) while the compressor 
delivery air receives heat at the rate of mccpz5(Ta5 - Ta2). For conservation of 
energy, assuming that the mass flows m, and me are equal, 

cp46(To4- Ta6) = cpzs(Tos- Taz) (2.21) 

But both T05 and T06 are unknown and a second equation is required for their 
evaluation. This is provided by the equation expressing the efficiency of the heat­
exchanger. 
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Now the maximmn possible value of T05 is when the 'cold' air attains the 
temperature of the incoming hot gas T04, and one possible measure of petfonn­
ance is the ratio of actual energy received by 1he cold air to the maximum possible 
value, i.e. 

mccp25 (Tos - Toz) 

mcc;z4(To4- Toz) 

The mean specific heat of air will not be very different over the two temperature 
ranges, and it is usual to define the efficiency in terms of temperature alone and to 
call it the effectiveness (or thermal-ratio) of the heat-exchanger. Thus 

effectiveness = Tos - Toz 
To4- Toz 

(2.22) 

When a value of effectiveness is specified, equation (2.22) enables the tempera­
ture at inlet to the combustion chamber T05 to be determined. Equation (2.21) 
then yields T06 if required. Note that the mean specific heats cP46 and cpzs are not 
approximately equal and cannot be cancelled, because the fonner is for turbine 
exhaust gas and the latter for air. 

In general, the larger the volmne of the heat-exchanger the higher can be the 
effectiveness, but the increase in effectiveness becomes asymptotic beyond a 
certain value of heat transfer sutface area; the cost of heat-exchangers is largely 
determined by their sutface area, and with tlris in nrind modem heat-exchangers 
are designed to have an effectiveness of about 0-90. The maxirnmn pernrissible 
turbine exit temperature is fixed by the materials used for the construction of the 
heat-exchanger. With stainless steel, this temperature should not be much above 
900 K. It follows that the turbine inlet temperature of a regenerative cycle is 
limited for this reason. Heat-exchangers are subjected to severe thermal stresses 
during start up and are not used where frequent starts are required, e.g. for peak­
load electricity generation. They are best suited for applications where the gas 
turbine operates for extended periods at a steady power, as may occur on a 
pipeline. It should be noted, however, that many pipeline stations are located in 
remote areas where transportation and installation of a heat-exchanger present 
major problems; for this reason, some modem heat-exchangers are built up from 
a series of identical modules. In recent year~; heat-exchangers have seldom been 
used, because they no longer offer an advantage relative to simple cycles of high 
pressure ratio or, in the case of base-load applications, relative to combined cycle 
plant. In the future, however, the search for cycle efficiencies exceeding 60 per 
cent may see the return of the heat-exchanger in complex cycles. A survey of the 
possibilities is given in Ref. (2). 

Mechanical losses 

In all gas turbines, the power necessary to drive the compressor is transnritted 
directly from the turbine without any intermediate gearing. Any loss that occurs is 
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therefore due only to bearing friction and windage. This loss is very small and it 
is normal to assume that it amounts to about 1 per cent of .the power necessary to 
drive the compressor. If the transmission efficiency is denoted by 11"" we have the 
work output required to drive the compressor given by 

1 
W = -cpn(To2- .Tat) 

11m 

We shall take 11m to be 99 per ce:nt for all numerical examples. 
Any power used to drive ancillary components such as fuel and oil pumps can 

often be accounted for simply by subtracting it from the net output of the unit. 
Power absorbed in any gearing between the gas turbine and the load can be dealt 
with similarly. Except to say that such losses can be significant, especially for 
small gas turbines of low power, we shall not consider them further. Their 
consideration would not require the method of cycle performance estimation to be 
modified except when the gas turbine has a separate power turbine. Power for fuel 
and oil pumps will then be takt:n from the compressor turbine (because under 
some operating conditions the power turbine is stationary). 

Variation of specific heat 

The properties cP and y play ar important part in the estimation of cycle per­
formance, and it is necessary to take account of variations in values due to 
changing conditions through the cycle. In general, for real gases over normal 
working ranges of pressure and temperature, cP is a function of temperature alone. 
The same is true of 1' because it is related to cP by 

y-1 R 

y Mcp 
(2.23) 

where R is the molar (universal} gas constant and M the molecular weight. The 
variation of cP andy with tempemture for air is shown in Fig. 2.14 by the curves 
marked zero fuel/air ratio. Only the left-hand portion is of interest because even 
with a pressure ratio as high as 3 5 the compressor delivery temperature will be no 
more than about 800 K. 

In the turbine of an open cyde plant the working fluid will be a mixture of 
combustion gases. Most gas turbines run on kerosene which has a composition to 
which the formula CnH2n is a good approximation. If some such composition is 
assumed, the products analysis can be calculated for various fuel/ air ratios. 
Knowing the specific heats and molecular weights of the constituents it is then a 
simple matter to calculate the mean values of cP andy for the mixture. Figure 2.14 
shows that cP increases and y de,~reases with increase in fuel/ air ratio. It is worth 
noting that the mean molecular weight of the combustion products from typical 
hydrocarbon fuels is little different from that of air, and therefore cP and y are 
closely related by equation (2.23) with RjM = Rair = 0-287 kJjkg K. 
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14 1.4 

Cp 
y 

[ I(~JK ]1.2 
1.3 

1.1 

Temperature/K 

FIG. 2.14 cP and 'I for air and typical combustion gases 

The calculation of the products analyses is very lengthy when dissociation is 
taken into account and then, because pressure has a significant effect on the 
amount of dissociation, cP and y become a function of pressure as well as 
temperature. Accurate calculations of this kind have been made, and the results 
are tabulated in Ref. (3). Dissociation begins to have a significant effect on cP and 
y at a temperature of about 1500 K, and above this temperature the curves of Fig. 
2.14 are strictly speaking applicable only to a pressure of 1 bar. In fact at 1800 K, 
both for air and products·of combustion corresponding to low values offueljair 
ratio, a reduction of pressure to 0·01 bar increases cP by only about 4 per cent and 
an increase to 100 bar decreases cP by only about 1 per cent: the corresponding 
changes in y are even smaller. In this book we will ignore any effect of pressure, 
although many aircraft and industrial gas turbines are designed to use turbine inlet 
temperatures in excess of 1500 K. 

Now compressor temperature rises and turbine temperature drops will be 
calculated using equations such as (2.11) and (2.12) or (2.19) and (2.20). For 
accurate calculations a method of successive approximation would be required, 
i.e. it would be necessary to guess a value of y, calculate the temperature change, 
take a more accurate mean value of y and recalculate the temperature change. In 
fact, if this degree of accuracy is required it is better to use tables or curves of 
enthalpy and entropy as described, for example, in Ref. (1 ). For preliminary 
design calculations and comparative cycle calculations, however, it has been 
found to be sufficiently accurate to assume the following fixed values of cP and 1' 
for the compression and expansion processes respectively, 

air: Cpa= 1·005 kJjkg K, 1'a = 1·40 or c ~ l)a = 3·5 

combustion gases: cpg = 1·148 kJjkg K, 1'g = 1·333 or C ~ 
1
)g = 4-0 

The reason why this does not lead to much inaccuracy is that cP and y vary in 
opposing senses with T. For cycle analysis we are interested in calculating com-
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pressor and turbine work from the product cpi1T. Suppose that the temperature for 
which the above values of cP and y are the true values is lower than the actual 
mean temperature. y is then higher than it should be and flT will be overestim­
ated. Jhis will be compensated in the product cPAT by the fact that cP will be 
lower tha11 it should be. The actual temperatures at various points in the cycle will 
not be very accurate, howeve~, and for the detailed design of the components it is 
necessary to !mow the exact conditions of the working fluid: the more accurate 
approaches mentioned above must then be employed. 

Fueljair ratio, combustion efficiency and cycle efficiency 

The performance of real cycles can be unambiguously expressed in terms of the 
specific fuel consumption, i.e. fuel mass flow per unit net power output. To obtain 
this the fueljair ratio must be found. In the course of calculating the net outpUll 
per unit mass flow of air the temperature at inlet to the combustion chamber (T02) 

will have been obtained; and the temperature at outlet (T03), which is the max­
imum cycle temperature, will normally be specified. The problem is therefore to 
calculate the fue!jair ratio/required to transform unit mass of air at T02 andfkg 
of fuel at the fuel temperature fJ to (I +f) kg of products at T03 . 

Since the process is adiabatic with no work transfer, the energy equation is 
simply 

'L,(mihim)- (hao2 + fhf) = 0 

where m1 is the mass of product i per unit mass of air and h1 its specific enthalpy. 
Making use of the enthalpy of reaction at a reference temperature of 25 °C, !JH25 , 

the equation can be expanded in the usual way [see Ref. (!)]to become 

(1 + f)cpg(T03 - 298) + f !JH25 + cpa(298 - T02 ) + fcp/298 - Tf) = 0 

where Cpg is the mean specific heat of the products over the temperature range 
298 K to T03 . !JH25 should be the enthalpy of reaction per unit mass of fuel with 
the H20 in the products in the vapour phase, because T03 is high and above the 
dew point. For common fuels !JH25 may be taken from tables, or alternatively it 
may be evaluated from the enthalpies of formation of the reactants. It is usual to 
assume that the fuel temperature is the same as the reference temperature, so that 
the fourth term on the L.H.S. of the equation is zero. The term will certainly be 
small because f is low ( r::o 0·02) and Cpf for liquid hydrocarbon fuels is only about 
2 kJ jkg K. Finally, we have already discussed in the previous section, 'Variation 
of specific heat', the calculation of the mean specific heat of the products Cpg as a 
function off and T, so we are left with an equation from whichfcan be obtained 
for any given values of T02 and T03 . 

Such calculations are too lengthy to be undertaken for every individual cycle 
calculation-particularly if dissociation is significant because then the f!J.Hz 5 term 
must be modified to allow for the incompletely burnt carbon and hydrogen arising 
from the dissociated C02 and H20. It is usually sufficiently accurate to use tables 
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or charts which have been compiled for a typical fuel composition. Figure 2.15 
shows the combustion temperature rise (7'03 - T02) plotted against fueljair ratio 
for various values of inlet temperature (7'02), and these curves will be used for all 
nmnerical examples in this book. It is a 1;mall-scale version of larger and more 
accurate graphs given in Ref. (4). The reference fuel for which the data have been 
calculated is a hypothetical liquid hydrocarbon containing 13·92 per cent Hand 
86-08 per cent C, for which the stoichiomdric fuel/air ratio is 0-068 and Ml25 is 
-43 100 kJjkg. The curves are certainly adequate for any kerosene burnt in dry 
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air. Methods are given in Ref. (4) whereby the data can be used for hydrocarbon 
fuels which differ widely in composition from the reference fuel, or where the 
fuel is burnt in a reheat chamber, i.e. not in air but in the products of combustion 
from a previous chamber in the cycle. 

The data for Fig. 2.15 have been calculated on the assumption that the fuel is 
completely burnt, and thus !]le abscissa could be labelled 'theoretical fuel/air 
ratio'. The most convenient method of allowing for combustion loss is by 
introducing a combustion efficiency defined by 

theoretical! for given AT 
1Jb = actual! for given I:J.T 

This is the definition used in this book. An alternative method is to regard the 
ordinate as the theoretical AT for a given f and define the efficiency in terms of 
the ratio: actual AT/theoretical AT. Neither definition is quite the same as the 
fundamental definition based on the ratio of actual energy released to the theo­
retical quantity obtainable. (1Jb differs from it because of the small additional heat 
capacity of the products arising from the increase in fuel needed to produce the 
given temperature.) But in practice combustion is so nearly complete-98-99 per 
cent-that the efficiency is difficult to measure accurately and the three defini­
tions of efficiency yield virtually the same result. 

Once the fueljair ratio is !mown, the fuel consumption mf is simply f x m 

where m is the air mass flow, and the specific fuel consumption can be found 
directly from 

SFC=L 
WN 

Since the fuel consmnption is normally measured in kgjh, while WN is in kW per 
kg/s of air flow, the SFC in kgjkW h is given by the following numerical 
equation:t 

SFC f [s] 3600 f 
=----:-:=-:-:: = X - = ---:::-~:----:: 
[kgjkW h] WN/[kW s/kg] [h] WNf[kW sjkg] 

If the thermal efficiency of the cyde is required, it must be defined in the form 
'work outp)lt/heat supplied' even though the combustion process is adiabatic and 
in the thermodynamic sense no heat is supplied. We !mow that if the fuel is burnt 
under ideal conditions, such that the products and reactants are virtually at the 
same temperature (the reference temperature 25 °C), the rate of energy release in 
the fonn of heat will be 

t The fundamental principle employed here: is that a physical quantity, or the symbol representing it, is 
equal to (pure number x unit) and never tbe number alone. Consequently an equation relating 
numbers only will, in addition to pure mrrnbers and dimensional ratios, contain only quotients of 
symbols and units, e.g. WN /[leW sfkg]. 
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where m1 is the fuel flow and Qgr,p is the gross (or higher) calorific value at 
constant pressure. In the gas turbine it is not possible to utilize the latent heat of 
the H20 vapour in the products and the convention of using the net calorific value 
has been adopted in most countries. Thus the cycle efficiency may be defined as 

WN 
1]=--

.JQnet.p 

With the units used here, the equivalent nmne1ical equation becomes 

WNf[kW sjkg] 
1J = "7""""--,--=:....::._--'-=---,--., 

f X Qnet,p/[kJ or leW sjkg] 

or, using the above numerical equation for SFC 

3600 
1J = -::=-=:-:::---:::-::-:~:----=----=----=--= 

SFCj[kg/kW h] X Qnet,p/UcJ/kg] 

Qnet,p is sensibly equal in magnitude but opposite in sign to the enthalpy of 
reaction AH25 referred to earlier, and the value of 43 100 lcJ jkg will be used for 
allnmnerical examples. 

When referring to the thermal efficiency of actual gas turbines, manufacturers 
often prefer to use the concept of heat rate rather than efficiency. The reason is 
that fuel prices are norm~lly quoted in terms of pounds sterling (or dollars) per 
megajoule, and the heat rate can be used to evaluate fuel cost directly. Heat rate is 
defined as (SFC x Qnet,p), and thus expresses fue heat input required to produce a 
unit quantity of power. It is normally expressed in kJ /kW h, in which case the 
corresponding thermal efficiency can be found from 3600/(heat rate). 

Bleed flows 

In section 2.1 the importance of high turbine inlet temperature was demonstrated. 
Turbine inlet temperatures, however, are limited by metallurgical considerations 
and many modem engines make use of air-cooled blades to permit operation at 
elevated temperatures. It is possible to operate wifu uncooled blades up to about 
1350-1400 K; and fuen it can be assumed that the mass flow remains constant 
throughout as explained earlier. At higher temperatures it is necessary to extract 
air to cool bofu stator and rotor blades. The required bleeds may amount to 15 per 
cent or more of the compressor delivery flow in an advanced engine, and must be 
properly accounted for in accurate calculations. The overall air cooling system for 
such an engine is complex, but the methods of dealing with bleeds can be 
illustrated using a simplified example. A single-stage turbine with cooling of both 
fue stator and rotor blades will be considered, as shown schematically in Fig. 
2.16; /30 , f3s and fJR denote bleeds for cooling the disc, stator and rotor respec­
tively. Bleeds are normally specified as a percentage of the compressor delivery 
flow. 

Note that bleed /30 acts to prevent the flow of hot gases down the face of the 
turbine disc, but it does pass through the rotor. The stator bleed also passes 
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FIG. 2.16 Cooling air schematic 

through the rotor and both contribute to the power developed. The rotor bleed, 
however, does not contribute to the work output and the reduction in mass flow 
results in an increase in both temperature drop and pressure ratio for the specified 
power. Useful work would be done by the rotor bleed only if there was another 
turbine downstream. 

If the airflow at compressor delivery is rna, then the flow available to the rotor, 
mR, is given by 

The fuel flow is found from the fuel/air ratio required for the given combustion 
temperature rise and combustion inlet temperature, and the air available for 
combustion, i.e. 

Hence the fuel flow is given by 

It should be noted that the cooling flows from the stator and disc, at the com­
pressor delivery temperature, will cause some reduction in the effective temper­
ature at entry to the rotor. This effect can be estimated by carrying out an enthalpy 
balance assuming complete mixing of the flows. Such perfect mixing does not 
occur in practice, but accurate cycle calculations would require a good estimate to 
be made of this cooling of the main flow. 

In a typical cooled stator with a fJs of 6 per cent, the stator outlet temperature 
may be reduced by about 1 00 K. Since the rotor inlet temperature is equal to the 
stator outlet temperature this implies a reduction in turbine power output. In 
addition there will be a small drop in efficiency due to the mixing of the bleeds 
with the main stream. 
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2.3 Design point performance calcullations 

Before assessing the effect of component losses on the general performance 
curves for the various cycles considered in section 2.1, it is necessary to outline 
the method of calculating the performance in any particular case for specified 
values of the design parameters. These parameters will include the compressor 
pressure ratio, turbine inlet temperature, c:omponent efficiencies and pressure 
losses. 

Several examples will be used to show how these effects are incorporated in 
realistic cycle calculations. For the first example we consider a single-shaft unit 
with a heat-exchanger, using modest values of pressure ratio and turbine inlet 
temperature, and typical isentropic efficiences. A second example shows how to 
calculate the performance of a simple cycle of high pressure ratio and turbine 
temperature, which incorporates a free power turbine. Finally, we will evaluate the 
performance of an advanced cycle using reheat, suitable for use in both simple 
and combined cycle applications: this example will illustrate the use of polytropic 
efficiencies. 

EXAMPLE 2.1 

Determine the specific work output, specific fuel consumption and cycle effici­
ency for a heat-exchange -cycle, Fig. 2.17, having the following specification: 

Compressor pressure ratio 
Turbine inlet temperature 
Isentropic efficiency of compressor, IJc 
Isentropic efficiency of turbine, 111 

Mechanical transmission efficiency, '1m 
Combustion efficiency, 1Jb 
Heat-exchanger effectiveness 
Pressure losses-

Combustion chamber, Apb 
Heat-exchanger air-side, Apha 
Heat-exchanger gas-side, Aphg 

Ambient conditions, Pa, Ta 

FIG. 2.17 Heat-exchange cycle 

4·0 
llOOK 
0-85 
0·87 
0-99 
0-98 
0-80 

2% comp. deliv. press. 
3% comp. deliv. press. 
0-04 bar 
1 bar. 288 K 
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Since T01 = Ta and Po1 = Pa• and y = 1-4, the temperature equivalent of the 
compressor work from equation (2.ll) is 

T. - T =- - --1 Ta [(Po2)(y-l)!Jo J 
02 a 1Jc Pa 

= 288 
[41/ 35·- I]== 164·7 K 

0·85 

Turbine work required to drive compressor per unit mass flow is 

W: = cpa(Toz- T.) = 1·005 x 164·7 = 167.2 kJ/l 
~ 1J ~w ~ 

m 

( 
!J.pb !J.pha) Pm = p02 1 ---- = 4·0(1 - 0·02 - 0·03) = 3·8 bar 
Poz Poz 

Po4 = Pa +!J..phg = 1·04 bar., andhencep03 /p04 = 3·654 

Since y = 1·333 for the expanding gases, the temperature equivalent of the total 
turbine work from equation (2.13) is 

Total turbine work per unit mass flow is 

wt = Cpg(Tm- To4) = 1·148 X 264·8 = 304·0 kJjkg 

Remembering that the mass flow is to be assumed the same throughout the unit, 
the specific work output is simply 

w;- W1c = 304- 167·2 = 136·8 kJjkg (or kW s/kg)t 

(It follows that for a 1000 kW plant an air mass flow of 7·3 kg/s would be 
required.) To find the fuel/air ratio we must first calculate the combustion tem­
perature rise (To3 - Tos). 

From equation (2.22), 

T.s-T. 
heat-exchanger effectiveness= 0·80 = 0 02 

To4- Toz 

T02 = 164·7 + 288 = 452·7 K, and T04 = 1100- 264·8 = 835·2 K 

t Note: I kW sfkg = 0·6083 hp sjlb. 
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Hence 

T05 = 0·80 x 382·5 +452·7 = 758·7 K 

From Fig. 2.15, for a combustion chamber inlet air temperature of759 Kanda 
combustion temperature rise of (1100 -759)=341 K, the theoretical fuel/air 
ratio required is 0·0094 and thus 

f =theoretical!= 0-0094 = 0_0096 
'h 0·98 

The specific fuel consumption is therefore 

SFC = f = 3600 x 0·0096 = 0-253 kg/leW ht 
w;- wtc 136·8 

Finally, the cycle efficiency is 

11 = 3600 3600 = 0-331 
SFC X Qnet,p 0·253 X 43 100 

EXAMPLE 2.2 

Determine the specific work output, specific fuel consumption and cycle effici­
ency for a simple cycle gas turbine with a free power turbine (Fig. 2.18) given the 
following specification: 

Compressor pressure ratio 
Turbine inlet temperature 
Isentropic efficiency of compressor, 11c 
Isentropic efficiency of each turbine, 11t 
Mechanical efficiency of each shaft, 11m 
Combustion efficiency 
Combustion chamber pressure loss 
Exhaust pressure loss 
Ambient conditions, Pa, Ta 

Gas generator 

FIG. 2.18 Free turbine unit 

Power turbine 

t Note: 1 kgjkW h = 1·644lb/hp h. 

12-0 
1350 K 
0·86 
0·89 
0-99 
0-99 
6% comp. de1iv. press 
0·03 bar 
1 bar, 288 K 
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Proceeding as in the previous example, 

288 1(3 5 
Toz - T01 = 

0
_
86 

[12 - 1] = 346·3 K 

1·005 X 346·3 
wtc = = 351·5 kJ/kg 

0·99 ' 

p02 = 12·0(1 - 0·06) = 11·28 bar 

The intermediate pressure between the two turbines, p 04, is unknown, but can be 
determined from the fact that the compressor turbine produces just sufficient 
work to drive the compressor. The temperature equivalent of the compressor 
turbine work is therefore 

wtc 351·5 
T03 - T04 =- = -

1 
-
1

- = 306-2 K 
Cpg · 48 

The corresponding pressure ratio can be found using equation (2.12) 

[ 
(_ 1 )y-l(y] 

Tm - To4 = 1JtT03 1 - \Pm1Po4 

306·2 = 0·89 X 1350 1 - --
[ ~ 1 )0·25] 

m/Po4 

Po3 = 3·243 
Po4 

T04 = 1350- 306·2 = 1043·8 K 

The pressure at entry to the power turbine, p 04, is then found to be 11.28/ 
3·243 = 3-478 bar and the power turbine pressure ratio is 3.478/(1 + 0-03) = 
3-377. 

The temperature drop in the power turbine can now be obtained from equation 
(2.12), 

and the specific work output, i.e. power turbine work per unit air mass flow, is 

wtp = Cpg(To4 - Tos)1Jm 

Wtp = 1·148(243·7)0·99 = 277-0 kJjkg(or kW sjkg) 

The compressor delivery temperature is 288 + 346-3 = 634·3 K and the com­
bustion temperature rise is 1350-634·3=715·7K; from Fig. 2.15, the 
theoretical fuel/air ratio required is 0-0202 giving an actual fueljair ratio of 
0·0202/0·99 = 0-0204. 
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The SFC and cycle efficiency, 11, are then given by 

j 3600 X 0-0204 , 
SFC =-= = 0-.i65 kg/leW h wtp 277-9 

3600 
1J = 0·265 X 43100 = 

0"
315 

It should be noted that the cycle calculations have been carried out as above to 
determine the overall performance. It is important to realize, however, that they 
also provide information that is needed by other groups such as the aerodynamic 
and control design groups, as discussed in section 1.8. The temperature at entry to 
the power turbine, T04 , for example, may be required as a control parameter to 
prevent operation above the metallurgical limiting temperature of the compressor 
turbine. The exhaust gas temperature (EGT),T05 , would be important if the gas 
turbine were to be considered for combined cycle or cogeneration plant, which 
were first mentioned in Chapter 1, and will also be discussed in section 2.5. For 
the cycle of Example 2.2, T05 = 1043·8 - 243·7 = 800·1 K or 527 °C, which is 
suitable for use with a waste heat boiler. When thinking of combined cycle plant, 
a higher TIT might be desirable because there would be a consequential increase 
in EGT, permitting the use of a higher steam temperature and a more efficient 
steam cycle. If the cycle pressure ratio were increased to increase the efficiency of 
the gas cycle, however, the EGT would be decreased resulting in a lower steam 
cycle efficiency. The next example will illustrate how the need to make a gas 
turbine suitable for more than one application can affect the choice of cycle 
parameters. 

EXAMPLE 2.3 

Consider the design of a high pressure ratio, single-shaft cycle with reheat at 
some point in the expansion when used either as a separate unit, or as part of a 
combined cycle. The power required is 240 MW at 288 K and 1·0 1 bar. 

Compressor pressure ratio 
Polytropic efficiency 
(compressor and turbines) 
Turbine inlet temperature 
(both turbines) 
!J.pfpoz (1st combustor) 
!J.pfpo4 (2nd combustor) 
Exhaust pressure 

30 

0-89 

1525 K 
0-02 
0·04 
1-02 bar 

The plant is shown in Fig. 2.19. A heat e~changer is not used because it would 
result in an exhaust temperature that would be too low for use with a high­
efficiency steam cycle. 

----------------------------------
To simplify the calculation it will be assumed that the mass flow is constant 
throughout, ignoring the effect of the substantial cooling bleeds that would be 
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Reheat chamber 

3m/56 Fuel 

1====1 

HP turb. LP turb. 

FIG. 2.19 Reheat cycle 

required with the high turbine inlet temperatures specified. The reheat pressure is 
not specified, but as a starting point it is reasonable to use the value giving the 
same pressure ratio in each turbine. (As shown in section 2. I, this division of the 
expansion leads to equal work in e:ach turbine and a maximum net work output 
for the ideal reheat cycle). 

It is convenient to start by evaluating (n - I )/n for the polytropic compression 
and expansion. Referring to equations (2.19) and (2.20), we have: 

for compression, n- 1 
= -

1
- (y- 1

) =_I_ (0-4) = 0-3210 
n '1ooc y 0·89 1·4 

for expansion, n-
1 = 11 ( 1'-

1
) = 0·89(

0
'
333

) = 0·2223 
n 001 y 1·333 

Making the usual assumption that POi = Pa and To 1 = Ta, we have 

Toz = (30)0·3210 Tw. = 858-1 K 
Tal 

T02 - T01 = 570·1 K 

p 02 = 30 x J.OJ = 30·3 bar 

p03 = 30·3(1·00 - 0·02) = 29·69 bar 

Po6 = 1·02 bar, so Po3 = 29·11 
Po6 

Theoretically, the optimum pressure ratio for each turbine would be J(29.11) = 
5·395. The 4 per cent pressure loss in the reheat combustor has to be considered, 
so a value of 5.3 for pa3/Po4 could be assumed. Then 

T03 = (5·3)0-2223 To4 '= 1052·6 K 
To4 

p04 = 29·69 /5·3 = 5·602 bar 

p05 = 5-602(1-00- 0·04) = 5·378 bar 

Pos!Po6 = 5-378/1·02 = 5·272 

T06 = I 053-8 K 



DESIGN POINT PERFORMANCE CALCULATIONS 

Assuming unit flow of 1·0 kgjs, and a mechanical efficiency of 0·99 

Turbine output, w; = 1·0 x 1·148{(1525 -1052·6) 

+ (1525- 1053·8)} X 0·99 

:::: 1072-3 kJ/kg 

Co~pressor input, we = 1·0 X 1·005 X 570·1 

= 573·0 kJ/kg 

Net work output, WN = 1072-3- 573-0 = 499·3 kJ/kg 

Flow required for 240 MW is given by 

240000 
m = --= 480·6 kg/s 

499·3 

69 

The combustion temperature rise in the first combustor is (1525- 858)=667 
K, and with an inlet temperature of 858 K the fueljair ratio is found from 
Fig. 2.15 to be 0·0197. For the second combustor the temperature rise is 
(1525- 1052·6)=472-4 K giving a fueljair ratio of0·0142. The total fuel/air 
ratio is then 

0·0197 + 0·0142 0 0 2 f = = . 34 
0·99 

and the thermal efficiency is given by 

499·3 0 

'1 = 0·0342 X 43100 = 33 '9 Yo 

This is a reasonable efficiency for simple cycle operation, and the specific output 
is excellent. Examination of the temperature at turbine exit, however, shows that 
T06 = 1 053·8 K or 780·8 °C. This temperature is too high for efficient use in a 
combined cycle plant. A reheat steam cycle using conventional steam tempera­
tures of about 550-575 oc would require a turbine exit temperature of about 
600 oc. 

The turbine exit temperature could be reduced by increasing the reheat 
pressure, and if the calculations are repeated for a range of reheat pressure the 
results shown in Fig. 2.20 are obtained. It can be seen that a reheat pressure of 13 
bar gives an exhaust gas temperature (EGT) of 605 oc; the specific output is 
about 10 per cent lower than the optimum value, but the thermal efficiency is 
substantially improved to 3 7 · 7 per cent. Further increases in reheat pressure 
would give slightly higher efficiencies, but the EGTwould be reduced below 
600 oc resulting in a less efficient steam cycle. With a reheat pressure of 13 bar, 
the first turbine has a pressure ratio of2·284 while the second has a pressure ratio 
of 12·23, differing markedly from the equal pressure ratios we assumed at the 
outset. This example illustrates some of the problems that arise when a gas 
turbine must be designed for more than one application. 
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2.4 Comparative performance of practical cycles 

The large number of variables involved make it impracticable to derive algebraic 
expressions for the specific output and efficiency of real cycles. On the other 
hand, the type of step-by-step calculation illustrated in the previous section is 
ideally suited for computer programming, each of the design parameters being 
given a set of values in tum to elicit their effect upon the performance. 

Some performance curves will now be presented to show the main differences 
between practical and ideal cycles, and the relative importance of some of the 
parameters. The curves are definitely not a comprehensive set from which 
designers can make a choice of cycle for a particular application. To emphasize 
that too much importance should not be attached to the values of specific output 
and efficiency the full specification of the parameters has not been given: it is 
sufficient to note that those parameters which are not specified on the curves are 
kept constant. All the curves use compressor pressure ratio r c as abscissa, the 
turbine pressure ratio being less than l'c by virtue of the pressure losses. The cycle 
efficiency has been evaluated to facilitate comparison with the ideal curves of 
section 2.1. In practice it is usual to quote SFC rather than efficiency, not only 
because its definition is unambiguous, but also because it provides both a direct 
indication of fuel consumption and a measure of cycle efficiency to which it is 
inversely proportional. 

Simple gas turbine cycle 

When component losses are taken into account the efficiency of the simple cycle 
becomes dependent upon the maximmn cycle temperature T03 as well as pressure 
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ratio, Fig. 2.21. Furthermore, for each temperature the efficiency has a peale value 
at a particular pressure ratio. The fall in effic:iency at higher pressure ratios is due 
to the fact that the reduction in fuel supply to give the fixed turbine inlet temp­
erature, resulting from the higher compressor delive1y temperature, is outweighed 
by the increased work necessary to drive the compressor. Although the optimum 
pressure ratio for maximum efficiency diffi~rs from that for maximum specific 
output, the curves are fairly fiat near the peak and a pressure ratio between the two 
optima can be used without much loss in efficiency. It is perhaps worth pointing 
out that the lowest pressure ratio which willl give an acceptable performance is 
always chosen: it might even be slightly lower than either optimmn value. Me­
chanical design considerations beyond the scope of this book may affect the 
choice: such considerations include the number of compressor and turbine stages 
required, the avoidance of excessively small blades at the high pressure end of the 
compressor, and whirling speed and bearing problems associated with the length 
of the compressor-turbine combination. 

The advantage of using as high a value of T03 as possible, and the need to use a 
higher pressure ratio to talce advantage of a higher permissible temperature, is 
evident from the curves. The efficiency increases with T03 because the component 
losses become relatively less important as !the ratio of positive turbine work to 
negative compressor work increases, although the gain in efficiency becomes 
marginal as T03 is increased beyond 1200 K (particularly if a higher temperature 
requires a complex turbine blade cooling system which incurs additional losses). 
There is nothing marginal, however, about the gain in specific work output with 
increase in T03 . The consequent reduction in size of plant for a given power is 
very marked, and this is particularly important for aircraft gas turbines as will be 
emphasized in the next chapter. 

The following figures illustrate the relative importance of some of the other 
parameters. Changes in efficiency are quoted as simple differences in percentages. 
With a T03 of 1500 K, and a pressure ratio n1!ar the optimum value, an increase of 
5 per cent in the polytropic efficiency of either the compressor or turbine would 
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FIG. 2.21 Cycle efficiency and specific output of simple gas turbine 



72 SHAFT POWER CYCLES 

increase the cycle efficiency by about 4 per cent and the specific output by about 
65 kW s/kg. (If isentropic efficiences had been used, the turbine loss would have 
been seen to be more important than the compressor loss but the use of polytropic 
efficiencies obscures this fact.) A reduction in combustion chamber pressure loss 
from 5 per cent of the compressor delivery pressure to zero would increase the 
cycle efficiency by about 1· 5 per cent and the specific output by about 
12 kW sjkg. The remaining parameter of importance is the ambient temperature, 
to which the performance of gas turbines is particularly sensitive. 

The ambient temperature affects both the compressor work (proportional to Ta) 
and the fuel consumption (a function of To3 - Toz). An increase in Ta reduces 
both specific output and cycle efficiency, although the latter is less affected than 
the fonner because for a given To:: the combustion temperature rise is reduced. 
Considering again the case of 7'03 = 1500 K and a pressure ratio near the 
optimum, an increase in Ta from IS to 40 oc reduces the efficiency by about 2·5 
per cent and the specific output by about 62 leW s/kg. The latter is nearly 20 per 
cent of the output, which emphasiz1~s the importance of designing a gas turbine to 
give the required power output at the highest ambient temperature likely to be 
encountered. 

Heat-exchange (or regenerative) cycle 

As far as the specific work output is concerned, the addition of a heat-exchanger 
merely causes a slight reduction due to the additional pressure losses: the curves 
retain essentially the same form as those in Fig. 2.21. The efficiency curves are 
very different, however, as shown in Fig. 2.22. Heat-exchange increases the 
efficiency substantially and mark,~dly reduces the optimum pressure ratio for 
maximum efficiency. Unlike the corresponding curves for the ideal cycle, they do 
not rise to the Camot value at rc = 1 but fall to zero at the pressure ratio at which 
the turbine provides just sufficient work to drive the compressor: at this point 

FIG. 2.22 Heat-exchange cycle 
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there will be positive heat input with zero net work output. The spacing of the 
constant T03 curves in Fig. 2.22 indicate that when a heat-exchanger is used the 
gain in efficiency is no longer merely marginal as T03 is raised above 1200 K. 
This is a most important feature of the heat-exchange cycle, because progress in 
materials science and blade cooling techniques has enabled the permissible 
temperature to be increased at an average rate of about I 0 K per year and there is 
every hope that this will continue. It should also be noted that the optimum 
pressure ratio for maximum efficiency increases as To3 is increased. Our study of 
the ideal heat-exchange cycle suggested that no such increase in pressure ratio 
was required: this was the conclusion under the heading 'Heat-exchange cycle' in 
section 2.1 which it was stated would have to be modified. Nevertheless, it 
remains true to say that no very high pressure ratio is ever required for a heat­
exchange cycle, and the increase in weight and cost due to a heat-exchanger is 
partially offset by the reduction in size of the compressor. 

The dotted curves have been added to show the effect of heat-exchanger 
effectiveness. Not only does an increase in effectiveness raise the cycle efficiency 
appreciably, but it also reduces the value of the optimum pressure ratio still 
further. Since the optimmn rc for maximum efficiency is below that for maximmn 
specific output, it is inevitable that a plant designed for high efficiency will suffer 
a space and weight penalty. For example, with a T03 of 1500 K and an 
effectivenes of0·75, the optimum rc for maximum efficiency is about 10 at which 
(from Fig. 2.21) the specific output is not far short of the peak value. But with the 
effectiveness increased to 0·875 the optimum rc is reduced to about 6, at which 
the specific output is only about 90 per cent of the peak value. The position is 
similar at the lower (and at present more realistic) values of T03 . 

An alternative method of presenting performance characteristics is to plot the 
variation of specific fuel consumption and specific output on a single figure for a 
range of values of pressure ratio and turbine inlet temperature. Examples for 
realistic values of polytropic efficiency, pressure losses and heat-exchanger 
effectiveness are shown in Figs 2.23(a) and (b) for simple and heat-exchange 
cycles respectively. The marlced effect of increasing T03 on specific output in both 
cases is clearly evident. Such plots also contrast clearly the small effect of T03 on 
SFC for the simple cycle with the much greater effect when a heat-exchanger is 
used. 

Heat-exchange (regenerative) cycle with reheat or intercooling 

Our study of ideal cycles suggested that there is no virtue in employing reheat 
without heat-exchange because of the deleterious effect on efficiency. Tllis is 
generally true of practical cycles also, and so we will not include perfonnance 
curves for this case here. (Exceptions to the rule will be discussed at the end of 
this section.) With heat-exchange, addition of reheat improves the specific output 
considerably without loss of efficiency (cf. Figs 2.24 and 2.22). The curves of 
Fig. 2.24 are based on the assumption that the gas is reheated to the maximum 
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cycle temperature at the point in the expansion giving equal pressure ratios for the 
two turbines. The gain in efficiency due to reheat obtained with the ideal cycle is 
not realized in practice, partly because of the additional pressure loss in the reheat 
chamber and the inefficiency of the expansion process, but primarily because the 
effectiveness of the heat-exchanger is well short of unity and the additional 
energy in the exhaust gas is not wholly recowred. It is important to use a pressure 
ratio not less than the optimum value for maximmn efficiency, because at lower 
pressure ratios the addition of reheat can actually reduce the efficiency as indi­
cated by the curves. 

Reheat has not been widely used in practice because the additional combustion 
chamber, and the associated control problems, can offset the advantage gained 
from the decrease in size of the main components consequent upon the increase 
in specific output With the exception of the application mentioned at the end of 
this section, reheat would certainly be considered only (a) if the expansion had to 
be split between two turbines for other reasons and (b) if the additional flexibility 
of control provided by the reheat fuel supply was thought to be desirable. With 
regard to (a), it must be noted that the natural division of expansion between a 
compressor turbine and power turbine may not be the optimum point at which to 
reheat and if so the full advantage of reheat will not be realized. Finally, readers 
familiar with steam turbine design will understand that reheat also introduces 
additional mechanical problems arising from the decrease in gas density, and 
hence the need for longer blading, in the low-pressure stages. 

lntercooling, which has a similar effect upon the performance of the ideal heat­
exchange cycle as reheat, does not suffer from the same defects. When 
incorporated in a practical cycle, even allowing for the additional pressure loss 
there is, in addition to the marked increa11e in specific output, a worthwhile 
improvement in efficiency. Nevertheless, as pointed out in section 2.1, 
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intercoolers tend to be bulky, and if they require cooling water the self-contained 
nature of the gas turbine is lost. The cycle is attractive for naval applications, 
however, because cooling water is readily available-the ocean. Not only does the 
intercooled cycle with heat-exchange yield a thermal efficiency in excess of 40 
per cent, but it also has a good part-lioad efficiency. The latter feature means that it 
might be possible to use a single engine rather than a COGOG arrangement, thus 
offsetting the greater bulk and cost of the engine. 

We have already met one exception to the rule that there is little advantage in 
incorporating reheat without heat-ex:change-in example 2.3. In general, when a 
gas turbine is part of a combined cycle plant, or cogeneration scheme, a heat­
exchanger would be superfluous. The increase in the gas turbine exhaust 
temperature due to reheat is utilized by the bottoming steam cycle or waste-heat 
boiler. The addition of reheat to the gas cycle can then result in an increase in 
efficiency as well as specific output. Because of the need to reduce the 
environmental impact of burning fossil fuels, there is increasing pressure to seek 
the highest possible efficiency from our large base-load power stations. It may be 
that gas turbines with reheat will be found to be an economic solution in 
combined cycle plant, and ABB :introduced machines of this type in the mid 
1990s. Studies suggest efficiencies of over 60 per cent may be achieved by using 
complex cycles involving intercooling, heat-exchange and reheat (Ref. (5)). 

We may conclude this sectiol1l by emphasizing that in practice most gas 
turbines utilize a high-pressure ralio simple cycle. The only other widely used 
cycle is the low-pressure ratio heatt-exchange variety, but even so the number of 
engines built with heat-exchangers is only a small fraction of the output of the gas 
turbine industry. The other modifications mentioned do not normally show 
sufficient advantage to offset the increased complexity and cost. 

2.5 Combined cycles and cogeneration schemes 

In the gas turbine, practically all the energy not converted to shaft power is 
available in the exhaust gases for other uses. The only limitation is that the final 
exhaust temperature, i.e. the stack temperature, should not be reduced below the 
dewpoint to avoid corrosion problems arising from sulphur in the fuel. The 
exhaust heat may be used in a variety of ways. If it is wholly used to produce 
steam in a waste heat boiler for a steam turbine, with the object of augmenting the 
shaft power produced, the system is referred to as a combined gasjsteam cycle 
power plant or simply a combined cycle plant (Fig. 1.3). Alternatively, the exhaust 
heat may be used to produce hot water or steam for district or factory heating, hot 
gas or steam for some chemical process, hot gas for distillation plant, or steam for 
operating an absorption refrigerator in water chilling or air-conditioning plant. 
The shaft power will normally be used to produce electricity. In such circum­
stances the system is referred to 2LS a cogeneration or CHP plant (Fig. 1.18). We 
shall consider briefly the main characteristics of these two types of system in turn. 
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Combined cycle plant 

The optimization of binary cycles is too complex to be discussed in detail in this 
book, but the more important decisions that have to be taken when designing 
combined cycle plant can be described in broad terms. 

Figure 2.25(a) shows the gas and steam conditions in the boiler on a T-H 
diagram. The enthalpy rise between feed water inlet and steam outlet must equal 
the enthalpy drop of the exhaust gases in the waste heat boiler (WHB), and the 
pinch point and terminal temperature differences cannot be less than about 20 ac 
if the boiler is to be of economic size. It follows that a reduction in gas turbine 
exhaust temperature will lead to a reduction in the steam pressure that can be used 
for the steam cycle. In the combined cycle, therefore, selection of a higher 
compressor pressure ratio to improve the gas turbine efficiency may lead to a fall 
in steam cycle efficiency and a reduction in overall thermal efficiency. In practice, 
heavy industrial gas turbines must be acceptable both in simple and combined 
cycle markets and it appears that a pressure ratio of around 15, giving an exhaust 
gas temperature (EGT) of between 550 and 600 ac, is suitable for both. Aircraft 
derivative engines with design pressure ratios of 25-35, yield lower values of 
EGT of about 450 ac which result in the use of less efficient steam cycles. 

Combined cycle plant are used for large base-load generating stations and the 
overall thermal efficiency, while very important, is not the ultimate criterion, 
which is the cost of a unit- of electricity sent out. This will depend on both the 
efficiency and the capital cost of the plant. For example, if a dual-pressure steam 
cycle was used, as in the plant shown in Fig. 1.3, a higher efficiency would be 
obtained because the average temperature at which heat is transferred to the steam 
is increased. Figure 2.25(b) will make this clear. The additional complication 
would certainly increase the cost of the boiler and steam turbine, and a detailed 
study would be required to see if this would lead to a reduction in the cost of 
electricity produced. The results of such a study can be found in Ref. (6). Dual-

T 
Terminal temp. diff I]_ 

T -- HPsteam T4 
Gas T ---- LP steam 

I 
= 120'C I 

I 
I 
I 

I I 

5 'aJ 
'"'I ~ a; 1ti 1"8 

Latent heat 5 lo' 0 1ti 
D. lei D. "' "' 101 "' -E 1"1 > > 

" " " I~ c. 
Q_ a_ ::> 
_J :c :c Ul 

Enthalpy H Enthalpy H 
(a) (b) 

FIG. 2.25 1"-H diagrams for single and dual-pressure combined cycle plant 



78 SHAFf POWER CYCLES 

pressure cycles have, in fact, been widely used; with modem gas turbines yielding 
exhaust gas temperatures close to 600 °C, triple-pressure cycles with reheat have 
been found to be economic. 

Two other decisions have to be made at an early stage in the design process. 
There is the possibility of associating more than one gas turbine with a single 
WHB and steam turbine. Such an arrangement would permit each gas turbine to 
be fitted with its own diverter valve and stack so that any particular gas turbine 
could be shut down for maintenance. A second option requiring a decision is 
whether or not to arrange for extra fuel to be burnt in the WHB, referred to as 
supplementmy firing. This could be used for increasing the peak load for short 
periods, but would increase the capital cost of the WHB substantially. The 
exhaust gases from the supplementary firing do not pass through a turbine, which 
opens the possibility of burning heavy oil or coal in the WHB. This is usually 
ruled out by the logistic difficulty and cost of supplying a large plant with more 
than one fuel. It may become economic in the future, however, if the prices of oil 
and gas increase sharply relative to coal. 

We will conclude this subsection by showing how to estimate the improvement 
in performance resulting from the addition of an exhaust-heated Rankine cycle to 
a gas cycle. Only the simple case of a single-pressure superheat cycle (Fig. 
2.25(a)) will be dealt with. The heat transferred from the exhaust gas is mgepg 
(T4 - T,1ack) where T4 is the temperature at exit from the turbine. This is equal to 
m.(h- hw) where m8 is the steam flow and hand hw are the specific enthalpies at 
steam turbine inlet and WHB inlet respectively. The superheat temperature is 
fixed by T4 and the tenninal temperature difference, and the enthalpy will depend 
on the pressure. The pinch point temperature, TP, is fixed by the pinch point 
temperature difference and the saturation temperature of the steam. The mass flow 
of steam is obtained from 

m8(h- h1) = mgcpg(T4 - Tp) 

where hf is the saturated liquid enthalpy. The stack temperature can then be 
determined from 

mgcpg(Tp - Tstack) = m8(hf- hw) 

The total power from the combined cycle is Wg1 + w., but the heat input (from the 
fuel burned in the gas turbine) is unchanged. The overall efficiency is then given 
by 

wg,+ w., 
1]= 

Q 

It is useful to express this in terms of the gas turbine and steam turbine 
efficiencies to illustrate their individual effects. w., = 1]81 Q.,, where Q., is the 
notional heat supplied to the steam turbine: 

Q., = mgcpg(T4 - Tstack) 

This, in tum, can be expressed in terms of the heat rejection from the gas turbine 
assuming the turbine exhaust gas at T4 is cooled without useful energy extraction 
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from Tstack to the ambient temperature Ta, i .. e. mgepg (T4 - Ta) or Q (1 - 1Jg1). 

Thus 

Q = m c (T _ T)(T4- Tstack) = Q(1-, )(T4- Tstack) 
sl g pg 4 a (T4 - Ta) •tgl (T4 - Ta) 

The overall efficiency is then given by 

11 
= wgt + w., = wg, + 11.,Q., 

Q Q Q Q 
or 

(1 ) (T4 - Tsack) 
1J = 1Jgt +11st -1Jgt (T4- Ta) 

It can now be seen that the overall efficiency i1s influenced by both the gas turbine 
exhaust temperature and the stack temperature. A typical modem gas turbine used 
in combined cycle applications would have an exhaust gas temperature of around 
600 oc and a thermal efficiency of about 34 per cent. The stack temperature 
could be around 140 oc ifliquid fuel were being burned, or 120 oc when the fuel 
was natural gas, which has a very low sulphur content. A single-pressure steam 
cycle might give around 32 per cent thermal efficiency. Hence 

[
600- 120] 1J = 0·34 + 0-32(1 - 0·34) --~ 

. 600- b 

= 0·513 

Using a more complex steam cycle with 11st == 0·36, the overall efficiency would 
be raised to 53 ·5 per cent, which is typical of modem combined cycles. 

Cogeneration plant 

In a cogeneration plant, such as that in Fig. 1.18, the steam generated in the 
WHBs is used for several different purposes such as a steam turbine drive for a 
centrifugal water chiller, a heat source for absorption chillers, and to meet process 
and heating requirements. Each user, such as a hospital or paper making factory, 
will have different requirements for steam, and even though the same gas turbine 
may be suitable for a variety of cogeneration plant, the WHBs would be tailored 
to the specific requirements of the user. 

A major problem in the thermodynamic design of a cogeneration plant is the 
balancing of the electric power and steam loads. The steam requirement, for 
example, will depend on the heating and cooling loads which may be subject to 
major seasonal variations: the electrical demand may peak in either winter or 
summer depending on the geographical locattion. In some cases, the system may 
be designed to meet the primary heating load and the gas turbine selected may 
provide significantly more power than demanded by the plant; in this case, 
surplus electricity would be exported to the local utility. Another possibility is for 
electricity generation to be the prime requirement, with steam sold as a by­
product to an industrial complex for process use. The economics and feasibility 
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of a cogeneration plant are closely n:lated to the commercial arrangements that 
can be made with the local electric utility or the steam host. It would be necessary, 
for example, to negotiate rates at which the utility would purchase power and also 
to ensure that back-up power would be available during periods when the gas 
turbine was out of service; these could be planned outages, for maintenance, or 
forced outages resulting from system failure. Such considerations are crucial 
when the cogeneration plant forms the basis of a district heating system. 

When designing a cogeneration plant care must be taken in specifying the 
ambient conditions defining the site rating. In cold climates, for example, the gas 
turbine exhaust temperature would he significantly reduced, resulting in a loss of 
steam generating capacity; this may require the introduction of supplementary 
firing in the WHB. If the design were based on standard day conditions, it could 
be quite unsatisfactory on a very cold day. The site rating must take into account 
the seasonal variation of temperatme and ensure that the critical requirements 
can be met. The off-design performance of gas turbines will be discussed in 
Chapter 8. 

The overall efficiency of a cogeneration plant may be defined as the sum of the 
net work and useful heat output per mrit mass flow, divided by the product of the 
fuel/air ratio and Qnet,p of the fuel. For the purpose of preliminary cycle 
calculations it is sufficiently accurate to evaluate the useful heat output per unit 
mass flow as cpg (Tin- 393) bearing in mind the need to keep the stack 
temperature from falling much below 120 oc. Tin would be the temperature at 
entry to the WHB and would nom1ally be the exhaust gas temperature of the 
turbine. It is unlikely that a regene:rative cycle would be used in cogeneration 
plant because the low exhaust temperature would limit steam production. 

Repowering 

Another way in which gas turbine!! can be used with steam turbines is the re­
powering of old power stations. Stearn turbines have much longer lives than 
boilers, so it is possible to creat1: an inexpensive combined cycle plant by 
replacing an existing fired boiler with a gas turbine and WHB. The steam con­
ditions for which power stations were designed in the 1950s enable a good match 
to be achieved between the steam and gas cycles. The power output can be 
trebled, while the thennal efficiency is increased from about 25 per cent to better 
than 40 per cent. The result is a vastly superior power plant installed on an 
existing site. The problems, and cost, of finding a suitable location for a new 
power station are avoided, and this contributes to the reduction in cost of elec­
tricity sent out. A typical repowering project is described in Ref. (7). 

An interesting example of repawering is the conversion of an uncompleted 
nuclear plant to a base-load combined cycle plant, using the steam turbines and 
generators of the existing scheme but replacing the nuclear reactor as a heat 
source by twelve 85 MW gas turbines and WHBs. The net result in this instance 
is a total output of 1380 MW, plu:s a substantial supply of steam to a chemical 
plant. 
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2,6 Closed-cycle gas rurbines 

The main features of the closed-cycle gas turbine have been described in section 
1.3, where it was suggested that a monatomic gas would have advantages over air 
as the working fluid. Although, as we pointed out, closed-cycle gas turbines are 
unlikely to be widely used, it will be instructive to quantify some of these 
advantages. To this end, the perfommnce of a particular closed cycle will be 
evaluated for air and helium. 

Figure 2.26 is a sketch of the plant, annotated with some of the assumed 
operating conditions, viz. LP compressor inlet temperature and pressure, HP 
compressor inlet temperature, and turbine inlet temperature. The compressor inlet 
temperatures would be fixed by the temperature of the available cooling water and 
the required temperature difference between water and gas. A modest turbine inlet 
temperature of II 00 K has been chosen. (This might have been achievable in the 
core of the high temperature nuclear reactor (HTR) discussed in section 1.3). The 
higher we can make the pressure in the circuit the smaller the plant becomes, and 
we shall assume that a minimum pressure of 20 bar is practicable. Typical values 
of component efficiencies and pressure loss are: 1Jcoc=0-89, 1] 001 =0·88, heat 
exchanger effectiveness 0·7; pressure loss as percentage of component inlet 
pressure: in precooler and intercooler 1·0 per cent each, in hot and cold sides of 
heat exchanger 2·5 per cent each, in gas heater 3 per cent. 

The performance will be evaluated over a range of compressor pressure ratio 
Po4/Pot· It will be assumed that the compression is split between LP and HP 
compressors such that Poz/POJ = (p04jp01)

0
"
5 which leads to an approxinlately 

equal division of work input. The usual values of y = 1·4 and cP = 1·005 kJ jkg K 
are assumed to hold throughout the cycle when air is the working fluid, and for 
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Heat exchanger 

FIG. 2.26 Example of a closed-cycle plant 
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helium y = 1·666 and cP = 5·193 kJjkg K. The cycle efficiency is given by: 

[(To6- To7)- (To4- To3)- (Toz- To!)] 
1]= 

(To6 - Tos) 

When comparing the specific work output of cycles using fluids of different 
density, it is more useful to express it in terms of output per unit volume flow than 
per unit mass flow, because the size of plant is determined by the fonner. Here we 
shall evaluate the specific output from the product of the output per unit mass 
flow and the density at inlet to the compressor where T= 300 K and p = 20 bar. 
The density of air at this state is 23·23 kgjm3 whereas for helium (molar mass 
4 kgjkmol) it is only 3·207 kgjm3

. 

Figure 2.27 shows the results of the calculations and we will consider first the 
efficiency curves. They suggest that the helium cycle has a slightly lower 
efficiency. In fact more accurate calculations, allowing for the variation of cP and 
y with temperature in the case of air, lead to almost identical maximum 
efficiencies. (With helium, cP and 1' do not vary significantly with temperature 
over the range of interest.) As will be shown below, however, the heat transfer 
characteristics of helium are better than those of air so that it is probable that a 
higher heat-exchanger effectiveness can be used with helium without making the 
heat-exchanger excessively large. The portion of a dotted curve in Fig. 2.27 
indicates the benefit obtained by raising the effectiveness from 0· 7 to 0·8 for the 
helium cycle: the efficiency is then 39·5 per cent compared with about 38 per cent 
for the air cycle. 

That the heat transfer characteristics are better for helium can be deduced quite 
simply from the accepted correlation for heat transfer in turbulent flow in tubes 
[Ref. (1 )], viz. 

Nu = 0·023 Re0 8 Pr0
-4 

40 

30 
~E 

;f!- U; 

c [ c: 
"' s '13 20 D. :;:: 'S 
"' 0 

"' 0 g, ~ 0 " D. 

10 U'J 

0 0 
0 2 6 10 

Compressor pressure ratio (P04/P01 ) 

FIG. 2.27 Comparison of air and helium closed-cycle performance 
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where Nu is the Nusselt number (hdfk). The Prandtl number (cpJl./k) is 
approximately the same for air and helium, so that the heat transfer coefficients 
will be in the ratio 

(2.24) 

Suffixes h and a refer to helium and air respectively. From tables of properties, 
e.g. Ref. (8), it may be seen that the thermal conductivities vary with temperature, 
but the ratio k,j ka is of the order of 5 over the relevant range of temperature. The 
Reynolds number (pCdj Jl.) is a function of velocity as well as properties of the 
fluid, and the flow velocity in the heat-exchanger (and coolers) is determined by 
the pressure drop entailed. As may be found in any text on fluid mechanics, or 
Ref. (1 ), the pressure loss for turbulent flow in tubes is given by 

where r is the wall shear stress andfthe friction factor given by the Blasius law 

0·0791 0·0791 
f= Re0·25 = (pCd/Jl.)oz5 

It follows that for equal pressure losses, 

cl·75 cl·75 Jl.o 25), = (po 75 cl 75 Jl0·25)a 

Ph!Pa is 0·138 and Jl.h!Jl.a is approximately 1·10, so that 

___/!__ -2-3 c ( 1 )1/1·75 

Ca- 0·138° 75 X 1·100·25 - . 

Thus for similar pressure losses the flow velocity of helium can be double that of 
arr. 

Using this result we have 

0·138 X 2·3 
----=0·29' 

1·10 

Finally, from equation (2.24) 

~ = 0·29° 8 
X 5 = 1·86 

ha 

and the heat transfer coefficient for helium is therefore almost twice that for air. 
This implies that the heat-exchanger need have only half the surface area of 
tubing for the same temperature difference, or that a higher effectiveness can be 
used economically. 

Turning now to the specific work output curves of Fig. 2.27, from which the 
comparative size of plant can be deduced, it will be appropriate to make the 
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comparison at the pressure ratio yieliding maximum efficiency in each case, i.e. 
around 4 for helium and 7 for air. Evidently about 45 per cent greater volume 
flow is required with helium than wi1h air for a given power output. The reason is 
that under conditions of maximun1 efficiency, in each case the compressor 
temperature rises and turbine temperature drops are similar for helium and air, so 
that the specific outputs on a mass flow basis are in the ratio cph/ Cpa >::J 5. The 
density of helium is only 0-138 times that of air, however, so that on a volume 
flow basis the specific output with helium is about 0· 7 of that with air. 

The increase in size of the heat-exchanger and coolers due to this higher 
volume flow will be more than offset by the reduction arising from the better heat 
transfer coefficients and the higher now velocities that can be used with helium. 
Higher velocities will also reduce the diameter of the ducts connecting the 
components of the plant. A 45 per cent increase in volume flow with a doubling 
of the velocity would imply a 15 per cent reduction in diameter. 

The effect of using helium instead of air on the size of the turbomachinery will 
only be fully appreciated after the chapters on compressors and turbines have 
been studied. We have already noted that the work done per unit mass flow in 
these components is about five times as large with helium as with air. One might 
expect that five times the nmnber of stages of blading will be required. This is not 
so, however, because the Mach number limitation on flow velocity and peripheral 
speed (which determine the work that can be done in each stage) is virtually 
removed when helium is the working fluid. The reason is that the sonic velocity, 
(yRT)0"5, is much higher in helium. The gas constant is inversely proportional to 
the molar mass so that the ratio of sonic velocities at any given temperature 
becomes 

ah _ (yhRh)o.s _ (1·66 x 29)
0
.
5 

_ -- - - -2-94 
aa YaRa 1-40 X 4 

The work per stage of blading can probably be quadrupled with helimn, so that 
the number of stages is only increased in the ratio 5/4. On top of this we have a 
reduction in annulus area, and therefore height of blading, consequent upon the 
higher flow velocities through the turbomachinery. Only a detailed study would 
show whether the turbomachinery will in fact be much larger for the helium 
cycle. 

Because helimn is a relatively scarce resource, the decision to use it in large 
power plant will probably rest not so much on thermodynamic considerations as 
the satisfactory solution of the practical problem of sealing the system at the high 
pressures required. Experience with sealing high-pressure carbon dioxide in gas­
cooled reactors has shown that leakage is substantial, and helimn, being a lighter 
gas, will be even more difficult to contain. Although in section 1.6 it was stated 
that closed-cycle gas turbines are unlikely to be used in nuclear power plant, in­
depth studies of the technological requirements for future applications continue 
(Ref. (9)). 
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NOMENCLATURE 

The most widely used symbols in the book are introduced here and they will not 
be repeated in the lists at the end of other chapters. 

C velocity 
cP specific heat at constant pressure 
f fueljair ratio by weight 
h specific enthalpy 
Ml enthalpy of reaction 
m mass flow 
M molecular weight, Mach number 
n polytropic index 
p absolute pressure 
Q heat transfer per unit mass flow 
Qne!f> net calorific value at constant p 
R, R specific, molar (universal), gas constant 
r pressure ratio 
s specific entropy 
T absolute temperature 
t temperature ratio 
W specific work (power) output 
y ratio of specific heats 
11 efficiency 
p density 

Suffixes 

0 stagnation value 
1, 2, 3, etc. reference planes 
CJJ polytropic 
a ambient, air 
b combustion chamber 
c compressor 

f fuel 
g gas 
h heat-exchanger 

intake, mixture constituent 
m mechanical 
N net 
s stage 

turbine 



3 Gas turbine cycles 
for aircraft propulsion 

Aircraft gas turbine cycles differ from shaft power cycles in that the useful power 
output is in the form of thrust: the whole of the thrust of the turbojet and turbofan 
is generated in propelling nozzles, whereas with the turboprop most is produced 
by a propeller with only a small contribution from the exhaust nozzle. A second 
distinguishing feature is the need to consider the effect of forward speed and 
altitude on the performance. It was the beneficial aspect of these parameters, 
together with a vastly superior power/weight ratio, that enabled the gas turbine to 
so rapidly supplant the reciprocating engine for aircraft propulsion except for 
low-powered light aircraft. 

The designer of aircraft engines must recognize the differing requirements for 
take-off, climb, cruise and manoeuvring, the relative importance of these being 
different for civil and military applications and for long- and short-haul aircraft. 
In the early days it was common practice to focus on the take-off thrust, but this is 
no longer adequate. Engines for long-range civil aircraft, for example, require low 
SFC at cruise speed and altitude, while the thrust level may be determined either 
by take-off thrust on the hottest day likely to be encountered or by the thrust 
required at top of climb. Evidently the selection of design conditions is much 
more complex than for a land-based unit. As examples, 'design point' 
calculations will be shown for take-off (static) and cruise conditions. 

The chapter opens with a discussion of the criteria appropriate for evaluating 
the performance of jet propulsion cycles, and of the additional parameters 
required to allow the losses in the intake and propelling nozzle to be taken into 
account. The cycle performance of turbojet, turbofan and turboprop are then 
discussed in turn. Methods for calculating the variation of actual performance 
with altitude and forward speed for any specific engine will be presented in 
Chapter 8. For the analysis of other forms of jet power plant, such as ramjets and 
rockets, the reader must turn to specialized texts on aircraft propulsion such as 
Ref. (1). 
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3.1 Clriteria of performance 

Consider the schematic diagram of a propulsive duct shown in Fig. 3.1. Relative 
to the engine, the air enters the intake with a velocity Ca equal and opposite to the 
forward speed of the aircraft, and the powe:r unit accelerates the air so that it 
leaves with !fte jet velocity C1. The 'power unit' may consist of a gas turbine in 
which the turbine merely drives the compressor, one in which part of the expan­
sion is carried out in a power turbine driving a propeller, or simply a combustion 
chamber as in ramjet engines. For simplicity we shall assmne here that the mass 
flow m is constant (i.e. that the fuel flow is negligible), and thus the net thrust F 
due to the rate of change of momentum is 

(3.1) 

mC1 is called the gross momentum thrust and mCa the intake momen11an drag. 
When the exhaust gases are not expanded completely to Pain the propulsive duct, 
the pressure Pi in the plane of the exit will be greater than p a and there will be an 
additional pressure thrust exerted over the jet exit area A1 equal to Aip1 - Pa) as 
indicated in Fig. 3.1. The net thrust is then the smn of the momentum thrust and 
the pressure thrust, namely 

(3.2) 

When the aircraft is flying at a uniform speed Ca in level flight the thrust must be 
equal and opposite to the drag of the aircraft at that speed. 

In what follows we shall assmne there is complete expansion to Pa in the 
propelling nozzle and therefore that equation (3.1) is applicable. From this 
equation it is clear that the required thrust can be obtained by designing the 
engine to produce either a high velocity jet of small mass flow or a low velocity 
jet of high mass flow. The question arise:; as to what is the most efficient 
combination of these two variables and a qualitative answer is provided by the 
following simple analysis. 

The propulsion efficiency 1Jp can be defined as the ratio of the useful propulsive 
energy or thrust power (FCa) to the smn of that energy and the unused kinetic 
energy of the jet. The latter is the kinetic energy of the jet relative to the earth, 

Ambient pressure Pa 

FIG. 3.1 Propnlsive duct 
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namely m(Cj- Cai /2. Thus 

mCa(CJ- Ca) 2 

IJp = m[Ca(CJ·- Ca) +(C)·- Ca)2 /2] = 1 + (CJ·/Ca) 
(3.3) 

l)p is often called the Froude efficiency. Note that it is in no sense an overall power 
plant efficiency, because the unused enthalpy in the jet is ignored. From equations 
(3 .1) and (3 .3) it is evident that 

(a) F is a maximum when Ca=O, i.e. under static conditions, but l)p is then 
zero; 

(b) IJp is a maximum when Cj!Ca= 1 but then the thrust is zero. 

We may conclude that although Cj must be greater than Ca the difference should 
not be too great. This is the reason for the development of the family of 
propulsion units shown in Fig. 3.2. Taken in the order shown they provide 
propulsive jets of decreasing mass Jtiow and increasing jet velocity, and therefore 
in that order they will be suitable for aircraft of increasing design cruising speed. 
In practice the choice of power plant can be made only when the specification of 
the aircraft is known: it will depend not only on the required cruise speed but also 
on such factors as the desired range of the aircraft and maximum rate of climb. 
Because the thrust and fuel consumption of a jet propulsion unit vary with both 
cruise speed and altitude (air density), the latter is also an important parameter. 

(a) Piston engine (b) Turboprop engine 

(c) Turbofan engine 

~­
~ 

(d) Turbojet engine 

FIG. 3.2 Propulsion engines 

(e) Ramjet engine 



CRITERIA OF PERFORMANCE 89 

Figure 3.3 indicates the flight regimes found to be suitable for the broad 
categories of power plant installed in civil aircraft. 

The propulsion efficiency is a measure of the effectiveness with which the 
propulsive duct is being used for propelling the aircraft, and it is not the efficiency 
of energy conversion within the power plant itself that we will symbolize by 1Je· 
The rate of energy supplied in the fuel may be regarded as m/2net,p where mf is 
the fuel mas·s flow. This is converted into potentially useful kinetic energy for 
propulsion m(Cj- c;)/2, together with unusable enthalpy in the jet 
mcp(Tj - Ta)· 1Je is therefore defined by 

m(Cj- c;)/2 
1]= 0-~ 

e mfQnet,p 

The overall efficiency 1Jo ~s the ratio of the useful work done in overcoming drag 
to the energy in the fuel supplied, i.e. 

mCa(Cj- Ca) FCa 
ry- ---
0- mfQnet,p - mfQnet,p 

(3.5) 

It is easy to see that the denominator of equation (3.3), namely 
m[Ca(C]·- Ca) + (Cj- Cai /2] is equal to the numerator of equation (3.4), and 
hence that 

(3.6) 

The object of the simple analysis leading to equation (3 .6) is to make the point 
that the efficiency of an aircraft power plant is inextricably linked to the aircraft 
speed. A crude comparison of different engines can be made, however, if the 
engine performance is quoted at two operating conditions: the sea-level static 
performance at maximum power (i.e. at maximum turbine inlet temperature) that 
must meet the aircraft take-off requirements, and the cruise performance at the 
optimum cruise speed and altitude of the aircraft for which it is intended. The 
ambiguous concept of efficiency is discarded in favour of the specific fitel 
consumption which, for aircraft engines, is usually defined as the fuel 
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FIG. 3.3 Flight regimes 
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consumption per unit thrust (e.g. kglh N). The overall efficiency given by 
equation (3 .5) can be written in the form 

Ca 1 
1J =-X- (3.7) 

o SFC Qnet,p 

With a given fuel, the value of Qnet,p will be constant and it can be seen that the 
overall efficiency is proportional to CjSFC, rather than 1/SFC as for shaft power 
units. 

Another important performance parameter is the specific thrust F., namely the 
thrust per unit mass flow of air (e.g. N s/kg). This provides an indication of the 
relative size of engines producing the same thrust because the dimensions of 
the engine are primarily determined by the air flow. Size is important because 
of its association not only with weight but also with frontal area and the 
consequent drag. Note that the SFC and specific thrust are related by 

SFC=f 
Fs 

where f is the fuel/air ratio. 

(3.8) 

When estimating the cycle performance at altitude we shall need to know the 
way in which ambient pressure and temperature vary with height above sea level. 
The variation depends to some extent upon the season and latitude, but it is usual 
to work with an average or 'standard' atmosphere. The International Standard 
Atmosphere. corresponds to average values at middling latitudes and yields a 
temperature decreasing by about 3 · 2 K per 5 00 m of altitude up to 11 000 m after 
which it is constant at 216·7 K until20 000 m. Above this height the temperature 
starts to increase again slowly. Once the temperature is fixed, the variation of 
pressure follows according to the laws of hydrostatics. An abridged tabulated 
version of the I.S.A. is given at the end of this chapter, and this will be used for 
subsequent nmnerical examples; it should be appreciated, however, that actual 
ambient conditions can vary widely from I.S.A. values both at sea level and high 
altitude. For high-subsonic and supersonic aircraft it is more appropriate to use 

FIG. 3.4 
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Mach number rather than m/s for aircraft speed, because the drag is more a 
function of the former. It must be remembered that for a given speed in m/s the 
Mach number will rise with altitude up to 11 000 m because the temperature is 
falling. Figure 3.4 shows a plot of Ma versus Ca for sea level and 11 000 m 
obtained from I.S.A. data and Ma =Cal a, where a is the sonic velocity (yRTa) 112

• 

3.2 Intake and propelling nozzle efficiencies 

The nomenclature to be adopted is indicated in Fig. 3.5, which illustrates a simple 
turbojet engine and the ideal cycle upon which it operates. The turbine produces 
just sufficient work to drive the compressor, and the remaining part of the ex­
pansion is carried out in the propelling nozzle. Because of the significant effect of 
forward speed, the intake must be considered as a separate component: it cannot 
be regarded as part of the compressor as it often was in Chapter 2. Before 
proceeding to discuss the performance of aircraft propulsion cycles, it is neces­
sary to describe how the losses in the two additional components-intake and 
propelling nozzle-are to be taken into account. 

Intakes 

The intake is a critical pa.rt· of an aircraft engine installation, having a significant 
effect on both engine efficiency and aircraft safety. The prime requirement is to 
minimize the pressure loss up to the compressor face while ensuring that the flow 
enters the compressor with a uniform pressure and velocity, at all flight condi­
tions. Non-uniform, or distorted, flow may cause compressor surge which can 
result in either engine flame-out or sever'e mechanical damage due to blade 
vibration induced by unsteady aerodynarnit; effects. Even with a well designed 
intake, it is difficult to avoid some flow distortion during rapid manoeuvring. 

Successful engines will find applications in a variety of aircraft having widely 
different installations and inlet systems. Engines may be installed in the fuselage, 
in pods (wing or rear fuselage mounted), or buried in the wing root. Three­
engined aircraft will require a different arrangement for the centre engine than for 
the wing or tail mounted engines. The L-1 0 11 and DC-1 0 both have engines 

T 3 

aj 1

1 
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1 

Combustion 1 ; 5

1 
Intake Compressot chamber T~rbi~e Nozzle 

-[~4)7--} 
FIG. 3.5 Simple turbojet engine and ideal cyde 
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mounted at the rear, but use radically different forms of intake: the former has the 
engine mounted in the rear fuselage behind a long S-bend duct, while the latter 
has a straight-through duct with the e:ngine mounted in the vertical fin as shown in 
Fig. 3 .6. The design of the intake involves a compromise between aerodynamic 
and structural requirements. 

Current designs of compressor require the flow to enter the first stage at an 
axial Mach number in the region of 0·4--0·5. Subsonic aircraft will typically 
cruise at M 0-8-0·85, while supersonic aircraft may operate at speeds from M 2-
2·5. At take-off, with zero forward speed, the engine will operate at maximum 
power and airflow. The intake must therefore satisfy a wide range of operating 
conditions and the design of the intake requires close collaboration between the 
aircraft and engine designers. The aerodynamic design of intakes is covered in 
Ref. (2). 

Ways of accounting for the effect of friction in the intake, suitable for use in 
cycle calculations, can be found by treating the intake as an adiabatic duct. Since 
there is no heat or work transfer, the stagnation temperature is constant although 
there will be a loss of stagnation pressure due to friction and due to shock waves 
at supersonic flight speeds. Under static conditions or at very low forward speeds 
the intake acts as a nozzle in which the air accelerates from zero velocity or low 
Ca to C1 at the compressor inlet. At normal forward speeds, however, the intake 
performs as a diffuser with the air decelerating from Ca to C1 and the static 
pressure rising from Pa to p 1• Since it is the stagnation pressure at the compressor 
inlet which is required for cycle calculations, it is the pressure rise (p01 - Pa) that 
is of interest and which is referred to as the ram pressure rise. At supersonic 
speeds it will comprise the pressure rise across a system of shock waves at the 
inlet (see Appendix A.7) followed by that due to subsonic diffusion in the 
remainder of the duct. 

The intake efficiency can be expressed in a variety of ways, but the two most 
commonly used are the isentropic efficiency 1]; (defined in terms of temperature 
rises) and the ram efficiency '1r (defined in terms of pressure rises). Referring to 

FIG. 3.6 S-bend and straight-tbrolligh intakes 
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Fig. 3.7, we have 

and 

Po1 · (T6I)J'/(y-l) 
Pa = Ta 

93 

where Tb 1 is the temperature which would have been reached after an isentropic 
ram compression to p 01 . Tb 1 can be related to T01 by introducing an isentropic 
efficiency 11; defined by 

(3.9) 

It follows that 

, c~ 
Toi-T =I)-

a '2cp 

so that 1); can be regarded as the fraction of the inlet dynamic temperature which 
is made available for isentropic compression in the intake. The intake pressure 
ratio can then be found fi.:om 

Po1 = 1 +-O_I __ a = 1 +ry--"-
[ 

T.' - T JY/(J'-1) [ . c2 Jy/(J•-IJ 

Pa Ta '2cpTa 
(3.10a) 

Remembering that M = CI(]'RT)112 and yR = cp(Y-,- 1), this equation can be 
written as 

__!!! = 1 + ry--M2 P 
[ 

11 _ 1 ]Y/(y-1) 

Pa ' 2 a 
(3.10b) 

T Po a 

1 a 1 
: '---l.,. c1 

Pa~---F---
Ca I 1 

l,----:---
1 

FIG. 3. 7 Intake loss 
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The stagnation temperature can also be expressed in terms of Ma as 

T01 = [ 1 + 1' - 1 Mz] 
Ta 2 a 

(3.11) 

The ram efficiency 1J,. is defined by the ratio of the ram pressure rise to the inlet 
dynamic head, namely 

_Poi- Pa 
1],.-

Poa- Pa 

17,. can be shown to be almost identical in magnitude to 1]; and the two quantities 
~re interchangeable: curves relating them can be found in Ref. (2). Apart from the 
fact that 1J,. is easier to measure experimentally, it has no advantage over 1J; and we 
shall use the latter in this book. For subsonic intakes, both 1]; and 1],. are found to 
be independent of inlet Mach number up to a value of about 0-8 and thence their 
suitability for cycle calculations. They both suffer equally from the drawback of 
implying zero stagnation pressure loss when Ca is zero, because then p01 1pa = 1 
and Pa = Poa· This is not serious because under these conditions the average 
velocity in the intake is low, and the flow is accelerating, so that the effect of 
friction is very small. 

The intake efficiency will depend upon the location of the engine in the 
aircraft (in wing, pod or fuselage), but we shall assume a value of 0-93 for 1]1 in 
the numerical examples relating to subsonic aircraft that follow. It would be less 
than this for supersonic intakes, the value decreasing with increase in inlet Mach 
nmnber. In practice, neither 1]1 nor 1Jr is used for supersonic intakes and it is more 
usual to quote values of stagnation pressure ratio PoiiPoa as a function of Mach 
number. p011Poa is called the pressure recove1y factor of the intake. Knowing the 
pressure recovery factor, the pressure ratio p 011pa can be found from 

Poi = P01 x Poa 
Pa Poa Pa 

where p0afpa is given in terms of Ma by the isentropic relation (8) of Appendix A, 
namely 

Poa _ 1 +-1' -M2 
[ 

- 1 ]y/(J'-1) 

Pa - 2 a 

Some data on the performance of supersonic intakes can be found in Ref. (3); 
their design is the province of highly specialized aerodynarnicists and much of 
the information is classified. A rough working rule adopted by the American 
Department of Defense for the pressure recovery factor relating to the shock 
system itself is 

{Poi) = 1·0- 0-075(Ma- l)i"35 

\Poa shock 

which is valid when 1 < Ma < 5. To obtain the overall pressure recovery factor, 
CPoiiPoa)shock must be multiplied by the pressure recovery factor for the subsonic 
part of the intake. 
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Propelling nozzles 

We shall here use the tenn 'propelling nozzk' to refer to the component in which 
the working fluid is expanded to give a high velocity jet. With a simple jet engine, 
as in Fig. 3.5, there will be a single nozzle downstream of the turbine. The 
turbofan may have two separate nozzles for the hot and cold streams, as in Fig. 
3.15, or the flows may be mixed and leave from a single nozzle. Between the 
turbine exit and propelling nozzle there will be a jet pipe of a length determined 
by the location of the engine in the aircraft. In the transition from the turbine 
annulus to circular jet pipe some increase in area is provided to reduce the 
velocity, and hence friction loss, in the jet pipe. When thrust boosting is required, 
an afterburner may be incorporated in the jet pipe as indicated in Fig. 3.8. 
(Afterburning in a jet engine is sometimes referred to as 'reheating', although it is 
not equivalent to the reheating between turbines sometimes proposed for indus­
trial gas turbines which would be in constant operation.) Depending on the 
location of the engine in the aircraft, and on whether reheat is to be incorporated 
for thrust boosting, the 'propelling nozzle' will comprise some or all of the items 
shown in Fig. 3.8. 

The question immediately arises as to whether a simple convergent nozzle is 
adequate or whether a convergent-divergent nozzle should be employed. As we 
shall see from subsequent cycle calculation!;, even with moderate cycle pressure 
ratios the pressure ratio p041pa will be greater than the critical pressure ratiot over 
at least part of the operational range of forward speed and altitude. Although a 
convergent-divergent nozzle might therefore appear to be necessary, it must be 

Afterburner fuel 

' 
I Diffuser 

'( ) 1( 

FIG. 3.8 'Propelling nozzle' system 
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t An estimate of the value of the critical pressure ratio can be obtained by assuming isentropic flow, 
i.e. by putting y =I 333 in equation (12) of Appendix A, 

Po• (Y + l)';c,•-1) 
-= - =1-853 
p, 2 
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remembered that it is thrust which is required and not maximum possible jet 
velocity. Certainly it can be shown that for an isentropic expansion the thrust 
produced is a maximum when complete expansion to Pa occurs in the nozzle: the 
pressure thrust A5(p5 - Pa) arising from incomplete expansion does not entirely 
compensate for the loss of momentum thrust due to a smaller jet velocity. But this 
is no longer true when friction is taken into account because the theoretical jet 
velocity is not achieved. Furthermore, the use of a convergent-divergent nozzle 
would result in significant increases in engine weight, length and diameter which 
would in turn result in major installation difficulties and a penalty in aircraft 
weight. 

For values of p 0Jpa up to about 3 there is no doubt, from experiments 
described in Ref. ( 4), that the thrusil produced by a convergent nozzle is as large 
as that from a convergent-divergent nozzle even when the latter has an exit/throat 
area ratio suited precisely to the pressure ratio. At operating pressure ratios less 
than the design value, a convergent-divergent nozzle of fixed proportions would 
certainly be less efficient because of the loss incurred by the formation of a shock 
wave in the divergent portion. For these reasons aircraft gas turbines normally 
employ a convergent propelling nozzle. A secondary advantage of this type is the 
relative ease with which the following desirable features can be incorporated: 

(a) Variable area, which is essential when an afterburner is incorporated, for 
reasons discussed in section 3.6. Earlier engines sometimes used variable 
area to improve starting penormance, but this is seldom necessary today. 
Figure 3.9(a) illustrates the 'iris' and 'central plug' methods of achieving 
variation of propelling nozzle area. 

(b) Thrust reverser to reduce the length of runway required for landing, used 
almost universally in civil transport aircraft. 

(c) Noise suppression. Most of the jet noise is due to the mixing of the high 
velocity hot stream with the cold atmosphere, and the intensity decreases as 
the jet velocity is reduced. For this reason the jet noise of the turbofan is less 
than that of the simple turbcdet. In any given case, the noise level can be 

(a) 

'Clam' shut 
for reversal 

(b) 

FIG. 3.9 Variable area, thrust reversal and noise suppression 

Noise 
suppressor 
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reduced by accelerating the mixing process and this is normally achieved by 
increasing the surface area of the jet stream as shown in Fig. 3 .9(b ). 

It should not be thought that convergent-divergent nozzles are never used. At 
high supersonic speeds the large ram pressure rise in the intake results in a very 
high nozzle pressure ratio. The value of p041pa is then many times larger than the 
critical pressure ratio and may be as high as 10-20 for flight Mach nmnbers in the 
range 2-3. Variable exit/throat area is essential to avoid shock losses over as 
much of the operating range as possible, and the additional mechanical 
complexity must be accepted. The main linlitations on the design are: 

(a) the exit diameter must be within the overall diameter of the engine­
otherwise the additional thrust is offset by the increased external drag. 

(b) in spite of the weight penalty, the included angle of divergence must be kept 
below about 30° because the loss in thrust associated with divergence (non­
axiality) of the jet increases sharply at greater angles. 

The design of the convergent-divergent nozzle is especially critical for 
supersonic transport aircraft, such as the Concorde, which spend extended 
periods at high supersonic speeds. The range and payload are so strongly affected 
by the performance of the propulsion system as a whole, that it is necessary to use 
both a continuously variable intake, and a nozzle capable of continuous variation 
of both the throat and exit areas, as discussed in Ref. (5). Military aircraft 
normally operate subsonically with a supersonic 'dash' capability for only short 
periods, and supersonic fuel consmnption is not as critical. 

After these opening remarks, we may now turn our attention to methods of 
allowing for propelling nozzle loss in cycle calculations. We shall restrict our 
attention to the almost mliversally used convergent nozzle. Two approaches are 
commonly used: one via an isentropic efficiency 1JJ and the other via a specific 
thrust coefficient Kp. The latter is defined as the ratio of the actual specific gross 
thrust, namely [ mC5 + A5(p5 - Pa) ]/m, to that which would have resulted from 
isentropic flow. When the expansion to Pa is completed in the nozzle, i.e. when 
Po41Pa <Po41Pc, KF becomes simply the ratio of actual to isentropic jet velocity 
which is the 'velocity coefficient' often used by steam turbine designers. Under 
these conditions it will be easy to see from the following that 111 = K}. Although 
KF is the easier to measure on nozzle test rigs, it is not so useful for our present 

purpose as 1JJ· 
Figure 3.10 illustrates the real and isentropic processes on the T-s diagram; 

and 1JJ is defined by 

To4- Ts 
111 = T - T' 04 5 

It follows that for given inlet conditions (p04, T04) and an assmned value of 1JJ, T5 

is given by 

[ ~ 
1 )(J•-1)/y] 

To4 - Ts = 1JJTo4 1 - -­
o4/Ps 

(3.12) 
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FIG. 3.10 Nozzle loss for uncboked and choked flows 

Pos 

Pc for is en flow 
/ _ ( _1_) yi(J'- I) 

-Po4 
y+ 1 

Pc 

Po4 
>­

Pc 

s 

This is also the temperature equivalent of the jet velocity cq;2cp) because 
To5 = T04. For pressure ratios up to the critical value, p5 will be put equal to Pa in 
equation (3.12), and the pressure thrust is zero. Above the critical pressure ratio 
the nozzle is choked, p5 remains at the critical value Pc, and C5 remains at the 
sonic value (yRT5)

112
. The outstanding question is how the critical pressure should 

be evaluated for non-isentropic flow. 
The critical pressure ratio Po41p c is the pressure ratio p041ps which yields 

Ms = 1. Consider the corresponding critical temperature ratio T041Tc: it is the 
same for both isentropic and irreversible adiabatic flow. This follows from the fact 
that T04 = T05 in all cases of adiabatic flow with no work transfer, and thus 

Putting M5 = 1 we have the familiar expression 

To4 1' + 1 
Tc 2 

(3.13) 

Having found Tc from equation (3.13), we see fi·om Fig. 3.10(b) that the value of 
1Jj yields T~ which is the temperature reached after an isentropic expansion to the 
real critical pressure Pc, namely 

1 1 
Tc = To4 --(To4- Tc) 

1Jj 

Pc is then given by 

_ (T~)Y/(y-IJ_ [ 1( Tc)]y/(J'-l) 
Pc -Po4 - -Po4 1-- l--

To4 1Jj To4 
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On substituting for TciT04 from equation (3.13), we have the critical pressure ratio 
in the convenient form 

Po4 

Pc 

[
I _I_ (L=l)]y/ly-1) 

1JJ 1' +I 

(3.14) 

This method of using 1JJ to determine the critical pressure ratio yields results 
consistent with a more detailed analysis involving the momentum equation given 
in Ref. ( 6). In particular, it shows that the effect of friction is to increase the 
pressure drop required to achieve a Mach number of unity. 

The remaining quantity necessary for evaluating the pressure thrust 
As(pc - Pa), is the nozzle area A5. For a given mass flow m, this is given 
approximately by 

m 
A5 =- (3.15) 

PcCc 

with Pc obtained from p)RTc and Cc from l2cp(T04 - Tc)J! or ()!RTc)!. It is only 
an approximate value of the exit area because allowance must be made for the 
thickness of the boundary layer in the real flow. Furthermore, for conical nozzles, 
the more complete analysis in Ref. (6) shows that the condition M =I is reached 
just downstream of the plane of the exit when the flow is irreversible. In practice, 
the exit area necessary to give the required engine operating conditions is found 
by trial and error during development tests. Furthermore, it is found that indiv­
idual engines of the same type will require slightly different nozzle areas, due to 
tolerance build-ups and small changes in component efficiencies. Minor changes 
to the nozzle area can be made using nozzle trimmers, which are small tabs used 
to block a portion of the nozzle area. 

The value of 1JJ is obviously dependent on a wide variety of factors, such as the 
length of the jet pipe, and whether the various auxiliary features mentioned earlier 
are incorporated because they inevitably i111troduce additional frictional losses. 
Another factor is the amount of swirl in the gases leaving the turbine, which 
should be as low as possible (see Chapter 7). We shall assmne a value of 0·95 for 
1JJ in the following cycle calculations. 

3.3 Simple turbojet cycle 

Figure 3.11 shows the real turbojet cycle on the T-s diagram for comparison with 
the ideal cycle of Fig. 3.5. The method of calculating the design point perfor­
mance at any given aircraft speed and altitude is illustrated in the following 
example. 

EXAMPLE 3.1 

Determination of the specific thrust and SFC for a simple turbojet engine, having 
the following component performance at the design point at which the cruise 
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T 

5 

FIG. 3.11 Turbojet cycle with losses 

speed and altitude are M 0-8 and I 0 000 m. 

Compressor pressure ratio 
Turbine inlet temperature 
Isentropic efficiency: 

of compressor, 1Jc 
of turbine, 1], 

of intake, 1Jt 
of propelling nozzle, ;71 

Mechanical transmission efficiency 1Jm 
Combustion efficiency 1Jb 
Combustion pressure loss !1pb 

From the I.S.A. table, at 10 000 111 

8·0 
1200 K 

0·87 
0·90 
0-93 
0-95 
0·99 
0-98 
4% comp. deliv. press. 

Pa = 0·2650 bar, Ta = 223·3 K and a= 299·5 mjs 

The stagnation conditions after the intake may be obtained as follows: 

C~ = (0·8 X 299·5)
2 

== 28 _6 K 
2cp 2 X J-005 X 1000 

cz 
To1 =Ta+-

2
a =223·3+28·6=251·9K 

cP 

[ 

2 ]Y/(J'-1) 35 
Po1 = I _ _!;___ =[I 0·93 x 28·6] _ . 

+1J,2 T + 223·3 - 1482 
Pa CP a 

p01 = 0·2650 x 1·482 = 0·393 bar 



SIMPLE TURBOJET CYCLE 

At outlet from the compressor, 

Po2 = ~::)Po1 = 8·0 x 0·393 = 3·144 bar 

T02 - T01 = __!ll Poz -1 = --· [ 8·01f3·S - 1 J = 234·9 K 'l [~ )(y-l)/y ] 251 9 

'1c 01 0·87 

T02 = 251·9 + 234·9 = 486·8 K 

W1 = Wcl'f/m and hence 

'~" _ '~" _ cpa(T02 - T01 ) _ 1·005 x 234·9 _ 
207 

, 
103 1 o4- - - ·7,( 

Cpg'l'/m 1·148 X 0.99 

T04 = 1200- 207·7 = 992·3 K 

p03 =p02 (1- Apb) = 3·144(1- 0·04) = 3·018 bar 
Poz 

I I 207·7 
T04 = T03 - ~(T03 - T04 ) = 1200-

0
.
90 

= 969·2 K 

(
T.' )y/(J•-l) (969 2)

4 

Po4=Po3 r:: =3·018 
120

'
0 

=1·284bar 

The nozzle pressure ratio is therefore 

Po4 = 1·284 = 4·.845 
Pa 0·265 

The critical pressure ratio, from equation (3.14), is 

Po4= 1 = 1 =1·914 

Pc [ 1 (y _ 1)]y/(y-I) [r __ I (0·333)]
4 

1 -- -- 0·95 2·333 
'1'/j y +I 

Since Po41Pa > Po41Pc the nozzle is choking.t 

( 
2 ) 2 X 992·3 

Ts=Tc= y+l T04 = 
2

.
333 

=850·7K 

( 1 ) 1·284 
Ps = Pc = Po4\Po

4
/Pc = 1.914 = 0·671 bar 

Pc 100 X 0·671 3 
Ps = RTc = 0·287 x 850·7 = 0'275 kgjm 

l l 

C5 = (yRTc)' = (1·333 X 0·287 X 850·7 X 1000)2 = 570·5 mjs 

A5 1 1 
- =-= 

0 
= 0·00 6374 m2sjkg 

m p5C5 ·275 x 570·5 
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j The next example m this chapter shows how the calculation is performed when the nozzle is 
unchoked 
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The specific thrust is 

As 
Fs = (Cs- Ca) + -(pc -pa) 

m 

= (570·5- 239·6) + 0-00 6347(0·671 - 0-265)105 

= 330·9 + 258-8 = 589·7 N s/kg 

From Fig. 2.15, with T02 =486·8 K and T03 - T02 = 1200- 486·8 =713·2 K, 
we find that the theoretical fuel/air ratio required is 0·0194. Thus the actual fuel/ 
air ratio is 

= 0·0194 = 0-01 8 
f 0·98 

9 

The specific fuel consumption is therefore 

SFC = ~s = 0-01~~9~ /600 = 0·121 kgjh N 

Optimization of the turbojet cycle 

When considering the design of a turbojet the basic thermodynamic parameters at 
the disposal of the designer are the turbine inlet temperature and the compressor 
pressure ratio. It is common practice to carry out a series of design point cal­
culations covering a suitable range of these two variables, using fixed polytropic 
efficiencies for the compressor and turbine, and to plot SFC versus specific thrust 
with turbine inlet temperature T03 and compressor pressure ratio rc as parameters. 
Such calculations may be made for several appropriate flight conditions of for­
ward speed and altitude. Typical results applying to a subsonic cruise condition 
are shown in Fig. 3.12. The effects of turbine inlet temperature and compressor 
pressure ratio will be considered in turn. 

It can be seen that specific thrust is strongly dependent on the value of T03 , and 
utilization of the highest possible temperature is desirable in order to keep the 
engine as small as possible for a given thrust. At a constant pressure ratio, 
however, an increase in T03 will cause some increase in SFC. This is in contrast to 
the effect of T03 on shaft power cycle performance, where increasing T03 

improves both specific power and SFC as discussed in section 2.4. Nevertheless 
the gain in specific thrust with increasing temperature is invariably more 
important than the penalty in increased SFC, particularly at high flight speeds 
where small engine size is essential to reduce both weight and drag. 

The effect of increasing the pressure ratio rc is clearly to reduce the SFC. At a 
fixed value of T03 , increasing the pressure ratio initially results in an increase in 
specific thrust but eventually leads to a decrease; and the optimum pressure ratio 
for maximum specific thrust increases as the value of T03 is increased. Evidently 
the effects of pressure ratio follow the pattern already observed to hold for shaft 
power cycles and need no further comment. 
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FIG. 3.12 Typical turbojet cycle performance 
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Figure 3.12 applies to.a particular subsonic cruise condition. When such 
calculations are repeated for a higher cruising speed at the same altitude it is 
found that in general, for any given values of rc and T03 , the SFC is increased and 
the specific thrust is reduced. These effects are due to the combination of an 
increase in inlet momentum drag and an increase in compressor work consequent 
upon the rise in inlet temperature. Corresponding curves for different altitudes 
show an increase in specific thrust and a decrease in SFC with increasing altitude, 
due to the fall in temperature and the resulting reduction in compressor work. 
Perhaps the most notable effect of an increase in the design cruise speed is that 
the optimum compressor pressure ratio for maximum specific thrust is reduced. 
This is because of the larger ram compression in the intake. The higher 
temperature at the compressor inlet and the need for a higher jet velocity make 
the use of a high turbine inlet temperature desirable-and indeed essential for 
economic operation of supersonic aircraft. 

The thermodynamic optimization of the turbojet cycle cannot be isolated from 
mechanical design considerations, and the choice of cycle parameters depends 
very much on the type of aircraft. While high turbine temperatures are 
thermodynamically desirable they mean the use of expensive alloys and cooled 
turbine blades leading to an increase in complexity and cost, or to the acceptance 
of a decrease in engine life. The thermodynamic gains of increased pressure ratio 
must be considered in the light of increased weight, complexity and cost due to 
the need for more compressor and turbine stages and perhaps the need for a 
multispool configuration. Figure 3.13 illustrates the relation between performance 
and design considerations. A small business jet or trainer, for example, needs a 
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SFC 

Business iei 

Specific thrust 

FIG. 3.13 Performance and design considerations 

Lifting engine 

range subsonic 

simple, reliable engine of low cos1: SFC is not critical because of the relatively 
small amount of flying done, and a low pressure ratio turbojet of modest turbine 
inlet temperature would be satisfactory. In recent years, however, noise 
restrictions have led to the displacement of the turbojet by the turbofan. For 
the business jet, this change has also been driven by the need for longer range. 
Another example of interest was the development of specialized lifting engines 
for Vertical Take Off and Landing (VTOL ), where the prime requirement was for 
maximum thrust per unit weight and volume, with SFC less critical because of 
the very low running times: these requirements were met using a low pressure 
ratio unit with a very high turbine inlet temperature (permissible because of the 
short life required). The compressor pressure ratio was governed by the maximum 
that could be handled by a singl,e-stage turbine. This type of engine was not 
widely used because of the inereased aircraft complexity, but engines of 
exceptionally high thrust/weight ratio were built in the early 1960s. Lastly, 
turbojets of high pressure ratio were used in early commercial aircraft and 
bombers because of the need for 1 ong range and hence low SFC. The increased 
engine weight was acceptable because of the large reduction in (engine plus fuel) 
weight for a long range. Turbojets have now been superseded by turbofans for 
commercial subsonic aircraft. Turbojets are no longer suitable for commercial 
supersonic aircraft because of the take-off noise. In future, such aircraft will need 
an engine with take-off noise comparable to that of conventional turbofans. This 
will require the design and development of variable cycle engines capable of 
operating as turbofans during take-off and as turbojets (or very low bypass 
turbofans) at supersonic cruise conditions. The subsonic fuel consumption of a 
supersonic transport is important because a considerable portion of any journey is 
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flown at subsonic speeds, and it follows that the optimization procedure cannot be 
carried out around a single cruise condition. 

Variation of thrust and SFC with flight conditions for a given engine 

The reader is reminded that we have been discussing the results of design point 
cycle calcUlations. Curves such as those of Fig. 3.12 do not represent what 
happens to the performance of a particular engine when the turbine inlet tem­
perature, forward speed or altitude differ from the design values. The method of 
arriving at such data is described in Chapter 8: here we will merely note some of 
the more important aspects of the behaviour of a turbojet. 

At different flight conditions both the thrust and SFC will vary, due to the 
change in air mass flow with density and the variation of momentum drag with 
forward speed. Furthermore, even if the engine were run at a fixed rotational 
speed, the compressor pressure ratio and turbine inlet temperature will change 
with intake conditions. Typical variations of thrust and SFC with change in 
altitude and Mach number, for a simple turbojet operating at its maximum 
rotational speed, are shown in Fig. 3.14. It can be seen that thrust decreases 
significantly with increasing altitude, due to the decrease in ambient pressure and 
density, even though the specific thrust increases with altitude due to the 
favourable effect of the lower intake temperature. Specific fuel consmnption, 
however, shows some improvement with increasing altitude. It will be shown in 
Chapter 8 that SFC is dependent upon ambient temperature, but not pressure, and 
hence its change with altitude is not so marked as that of thrust. It is obvious from 
the variation in thrust and SFC that the fuel consmnption will be greatly reduced 
at high altitudes. Reference to Fig. 3.14 shows that with increase of Mach number 
at a fixed altitude the thrust initially decreases, due to increasing momentum drag, 
and then starts to increase due to the beneficial effects of the ram pressure ratio; at 
supersonic Mach nmnbers this increase in thrust is substantial. 

Flight Mach number Flight Mach number 

FIG. 3.14 Variation of thrust and SFC with Mach number and altitude for typical 
turbojet .engine 
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3.4 The turbofan engine 

The turbofan engine was originally conceived as a method of improving the 
propulsion efficiency of the jet engine by reducing the mean jet velocity, par­
ticularly for operation at high subsonic speeds. It was soon apparent, however, 
that a lower jet velocity also resulted in less jet noise, an important factor when 
large nmnbers of jet propelled aircraft entered commercial service. In the turbofan 
a portion of the total flow by-passes part of the compressor, combustion chamber, 
turbine and nozzle before being ejected through a separate nozzle as shown in 
Fig. 3.15. Thus the thrust is made up of two components, the cold stream (orfan) 
thrust and the hot stream thrust. Figure 3.15 shows an engine with separate 
exhausts, but it is sometimes desirable to mix the two streams and eject them as a 
single jet of reduced velocity. 

Turbofan engines are usually described in terms of bypass ratio, defined as the 
ratio of the flow through the bypass duct (cold stream) to the flow at entry to the 
high-pressure compressor (hot stream). t With the notation of Fig. 3.15 the bypass 
ratio B is given by 

B= me 
mh 

It innnediately follows that 

mB m 
me = B + 1 , mh = B + 1 and m = me + m11 

For the particular case where both streams are expanded to atmospheric pressure 
in the propelling nozzles, the net thrust is given by 

F = (mcCjc + mhCJh) - mCa 

6 
m 

FIG. 3.15 Twin-spool tnrbofan engine 

t The tenns turbofan and bypass engme may both be encountered, often refemng to the same engine. 
Early engines with a small portion of the flow bypassing the combustion chamber (low value of bypass 
ratio) were initially referred to as bypass engines. As the bypass ratio is increased, the optimum 
pressure ratio for the bypass stream is reduced and can eventually be provided by a smgle compressor 
stage. The tenn turbofan was originally used for engines of high bypass ratio but is increasingly 
employed for all bypass engmes 
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The design .point calculations for the turbofan are similar to those for the 
turbojet; in view of this, only the differencr~s in calculation will be outlined. 

(a) Overall pressure ratio and turbine inlet temperature are specified as before, 
but it is also necessary to specify the bypass ratio (B) and the fan pressure 
ratio (FPR). 

(b) From ~e inlet conditions and FPR, the pressure and temperature of the flow 
leaving the fan and entering the bypass duct can be calculated. The mass 
flow down the bypass duct can be established from the total flow and the 
bypass ratio. The cold stream drrust can then be calculated as for the jet 
engine, noting that air is the working Jluid. It is necessary to check whether 
the fan nozzle is choked or unchoked; if choked the pressure thrust must be 
calculated. 

(c) In the two-spool configuration shown in Fig. 3.15 the fan is driven by the LP 
turbine. Calculations for the HP compressor and turbine are quite standard, 
and conditions at entry to the LP turbine can then be found. Considering the 
work requirement of the low pressure rotor, 

mcpai1Tol2 = 1Jmmhcpgi1Tos6 

and hence 
m Cpa Cpa 

11T056 = - x -- x AT012 == (B + 1) x -- x 11T012 
mh 1JmCpg 1JmCpg 

The value of B may range from 0·3 to 8 or more, and its value has a major 
effect on the temperature drop and pressure ratio required from the LP 
turbine. Knowing T05 , 1]1 and AT056 , the LP turbine pressure ratio can be 
found and conditions at entry to the hot stream nozzle can be established; 
the calculation of the hot stream thrust is then quite straightforward. 

(d) If the two streams are mixed it is necessary to find the conditions after 
mixing by means of an enthalpy and momentum balance; this will be 
considered following an example on the perfonnance of an engine similar to 
that shown in Fig. 3.15. 

EXAMPLE 3.2 

The following data apply to a twin-spool turbofan engine, with the fan driven by 
the LP turbine and the compressor by the HP turbine. Separate cold and hot 
nozzles are used. 

Overall pressure ratio 
Fan pressure ratio 
Bypass ratio mcfmh 

Turbine inlet temperature 
Fan, compressor and turbine polytropic efficiency 
Isentropic efficiency of each propelling nozzle 
Mechanical efficiency of each spool 
Combustion pressure loss 
Total air mass flow 

25·0 
1-65 
5·0 
1550 K 
0-90 
0·95 
0-99 
1·50 bar 
215 kg/s 
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It is required to find the thrust and SFC under sea level static conditions where the 
ambient pressure and temperature are 1·0 bar and 288 K. 

The values of (n - 1)/n for the polytropic compression and expansion are: 

n- 1 1 (y- 1) 1 for compression, --=- -- = 
0 9 3 5 

= 0·3175 
n ' 1Jooc Y a . X . 

n - 1 (y - 1) 0·9 
for expansion, -- = 1J 1 -- =- = 0·225 

n 00 y g 4 

Under static conditions T01 = Ta and p 01 = Pa so that, using the nomenclature of 
Fig. 3.14, 

Toz = .Jg yields T02 = 288 x 1·65° 3175 = 337-6 K a )(n-l)fn 

To, 01 

T02 - T01 = 337·6- 288 = 49·6 K 

Po3 = 25·0 = 15·15 
Poz 1·65 

T03 = T02 Po3 = 337-6 x 15·15°.3175 = 800·1 K 
( )

(n-1)/n 

Poz 
T03 - T02 = 800·1- 337·6 = 462·5 K 

The cold nozzle ~ressure ratio is 

Poz = FPR = 1·65 
Pa 

and the critical pressure ratio for this nozzle is 

p~ 1 1 -= -= = 1-965 
Pc [ 1 y- 1 ]y/(y-l) [l __ 1 (0•4)]

3 5 

1 -- (--) 0-95 2-4 
1Jj y + 1 

Thus the cold nozzle is not choking, so that p8 = Pa and the cold thrust Fe is given 
simply by 

Fe= mcC8 

The nozzle temperature drop, from equation (3.12), is 

[ ~ 
1 )(y-l)/J'] 

T02 - T8 = 1JjT02 1 - -­
oz!Pa 

[ ( 
1 )1/3.5] = 0·95 X 337·6 1 - 1-65 = 42·8 K 

and hence 
! I 

C8 = [2cp(T02 - T8)]'= (2 >( 1·005 x 42·8 x 1000)' = 293·2 mjs 
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Since the -bypass ratio B is 5·0, 
mB 215 x 5·0 

me = B + l = 6_0 = 179·2 kg/s 

Fe = 179·2 x 293·2 = 52 532 N 

Considering the work requirement of the HP rotor, 
· Cpa 1·005 X 462·5 

T04 - Ta5 = --(T03 - Ta2) = = 409-0 K 
IJmCpg 0·99 X J-148 

and for the LP rotor 
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Cpa 6-0 X 1·005 X 49·6 
Ta5 - Ta6 = (B + l)--(Ta2 - T01 ) = 

0 48 
= 263·2 K 

IJmCpg ·99 X 1·1 
Hence 

Ta5 = T04 - (Ta4 - T05 ) = 1550- 409·0 = 1141·0 

Ta6 = T05 - (Ta5 - T06) = 1141·0- 263-2 = 877-8 

pa6 may then be found as follows. 

Pa4 = _2i = -- = 3·902 (
T. )n((n-1) ( 1550 )1(a·225 

Pas Tos 1141·0 

Pas = ~ = -- = 3-208 (
T. )n((n-1) (ll4 l·O)IW225 

Pa6 To6 877·8 

Po4 = p03 - Apb =-25·0 x 1·0 -1·50 = 23·5 bar 

Pa4 23·5 
Po6 = = = 1·878 bar 

(po41Pas)(posiP06) 3·902 x 3-208 

Thus the hot nozzle pressure ratio is 

Po6 = 1·878 
Pa 

while the critical pressure ratio is 

"Po6= I 4=1·914 

Pe [l 1 (0·333)] 
0-95 2·333 

This nozzle is also unchoked, and hence P7 = Pa· 

[ 
( 1 )(r1)/y] 

To6 - T7 = IJjTo6 I - \Po61Pa 

= 0-95 X 877-8[1- (-
1-)!] = 121·6 K 

1·878 
I I 

C7 = [2cp(Ta6- T7)]' = [2 X 1·148 X 121·6 X 1000]' 

= 528·3 mjs 
m 215 

mh = B + 
1 

= 6.0 = 35·83 kgjs 

Fh = 35·83 x 528·3 = 18931 N 
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Thus the total thrust is 

Fe +Fh = 52532 + 18 931 = 71463 Nor 71·5 kN 

The fuel flow can readily be calculated from the known temperatures in the 
combustor and the airflow through the combustor, i.e. mh. The combustion 
temperature rise is (1550 - 800) = 750 K and the combustion inlet temperature 
is 800 K. From Fig. 2.15 the ideal fuel/air ratio is found to be 0-0221 and the 
actual fuel/air ratio is then (0·0221!0·99)=0·0223. Hence the fuel flow is given 
by 

mf = 0·0223 X 35-83 X 3600 = 2876·4 lcg/h 

and 

SFC = ~~ 74~; = 0-0403 kg/h N 

Because both nozzles were unchoked, the thrust could be evaluated without 
calculating the nozzle areas. It is always good practice, however, to calculate key 
pieces of information which may be required for other purposes. In both cases the 
area can be calculated from continuity, i.e. m = pAC. The density is obtained from 
p = p/RT, where p and Tare the static values in the plane of the nozzle; for both 
nozzles p will equal Pa· The following results are obtained for the two streams: 

Cold Hot 
Static pressure (bar) 1·0 1·0 
Static temperature (K) 192·6 749·8 
Density (kg/m3

) 1·191 0-4647 
Mass flow (kg/s) 179·2 35-83 
Velocity (rn/s) 293·2 528-3 
Nozzle area (m2

) 0·5132 0-1459 

The cold nozzle area is much larger than the hot one, and Fig. 1.12(b) shows the 
physical appearance of an engine of similar cycle and bypass ratio; Fig. 1.12(a) 
shows an engine of lower bypass ratio, around 2.5. 

This example illustrated the method followed when a propelling nozzle is un­
choked, while the previous example showed how a choked nozzle may be dealt 
with. 

Note that at static conditions the bypass stream contributes approximately 
74 per cent of the total thrust. At a forward speed of 60 rn/s, which is 
approaching a normal take-off speed, the momentum drag mCa will be 215 x 60 
or 12 900 N; the ram pressure ratio and temperature rise will be negligible and 
thus the net thrust is reduced to 58 563 N. The drop in thrust during take-off is 
even more marked for engines of higher bypass ratio and for this reason it is 
preferable to quote turbofan thrusts at a typical take-off speed rather than at static 
conditions. 
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Mixing of hot and cold streams 

Mixing is essential for an afterburning turbofan when maximum thrust boosting 
is required, to avoid the need for two reheat combustion systems. In certain cases 
mixing may also be advantageous in subsonic transport applications, giving a 
small but significant gain in SFC. We shall present a simple method of dealing 
with mixing. in a constant area duct, with no losses and assuming adiabatic flow. 
The duct is shown schematically in Fig. 3.16, with the hot and cold flows be­
ginning to mix at plane A and with complete mixing achieved by plane B. 

Starting from the enthalpy balance, with suffix m denoting the properties of the 
mixed stream, 

mecpeToz + mhcphT06 = mcp,,T07 

where m =me+m~z 

We also have the following equations that relate the properties of a mixture of 
gases to those of its constituents: 

- mecpe + mhcph 
cpm- ( + ) me mh 

R = meRe + mhRh 
m (me+mh) 

( 
')' ) Rm 

')'- 1 m cpm 

From the momentum balance, 

(meCc + pzAz) + (mhCh + P6A6) = mC7 + P7A7 

If there is no swirl in the jet pipe downstream of plane A, the static pressure will 
be uniform across the duct, and so pz = P6· 

From continuity, 

m = P7C7A7 

It is the pressure after mixing, p 07, that is required for the cycle calculation, 
because this is the stagnation pressure at entry to the propelling nozzle. When this 
has been found, the calculation for the thrust is the same as described previously. 

A B 

!~. 
1 To7 

Tos Pos I Po7 
I I 

mh I I 
-·----~--·-·-·-·1.,__·-·--

FIG. 3.16 Mixing in a constant area dnct 
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The calculation of pa7 is simplified if we work in tenus of the Mach numbers in 
the hot and cold streams: the hot stream Mach number is fixed by the turbine 
design, and typically M6 will be about 0·5. Having selected a value of M6, the 
procedure is as follows. We will malce: use of the standard relations between M 
and static and stagnation p and T, equations (8) in Appendix A.2. 

(a) Knowing M6, Ta6 and Pa6, we can determine P6 and Ch: P6 and T6 give P6, 
hence A6 follows from continuity. We now know (mhCh+P~6). 

(b) With p6 = pz, pzlpaz yields the value of M2. With Mz, Paz and Taz known we 
can now find Cc andAz so that (mcCc+pzAz) is known. 

(c) (mC7 +A7p 7) is now obtained from the momentum balance. 

(d) A7 =A6 +Az, and m = pC7A7 = :~ C7A7 
m 7 

(e) Ta7 is known from the enthalpy balance, but neither P7 nor Pa7 is lmown. 
Guess a value of M7, and then find T7 and C7; continuity then gives p7. 

(f) It is now necessary to check that (mC7 +A7p7) is equal to the value obtained 
from the momentum balance in {c). 

(g) Iterate on M7 until correct p 7 is found. 
(h) pa7 is then obtained fromp7, M,. 

The fan outlet pressure (Paz) should be only slightly higher than the turbine 
outlet pressure CPa6) to keep mixing losses to a minimum; typically, Paz1Pa6 
should be about 1·05-1·07. In practic:e, quite small changes in cycle parameters 
can cause significant changes in the ratio pa21pa6 and negate the benefits of 
mixing. No hard and fast rules can be given and the decision on whether to use 
mixing or not will also be influenced by installation and engine weight 
considerations, combined with a detailed investigation of the pressure losses 
caused by the mixer; Ref. (7) describes an experimental investigation of mixing 
losses. 

Optimization of the turbofan cycle 

Designers of turbofans have four thermodynamic parameters at their disposal; 
overall pressure ratio and turbine inlet temperature (as for the simple turbojet), 
and also bypass ratio and fan pressure ratio. Optimization of the cycle is some­
what complex but the basic principles are easily understood. 

Let us consider an engine with the overall pressure ratio and bypass ratio both 
specified. If we select a value of turbine inlet temperature the energy input is fixed 
because the combustion chamber air flow and entry temperature are determined 
by the chosen operating conditions. The remaining variable is the fan pressure 
ratio and as a first step it is necessary to consider the variation of specific thrust 
and specific fuel consumption with FPR. If we start with a low value of FPR, the 
fan thrust will be small and the work extracted from the LP turbine will also be 
small; thus little energy will be extracted from the hot stream and a large value of 
hot thrust will result. As the FPR is raised it is evident that the fan thrust will 
increase and the hot thrust will decrease. A typical variation of specific thrust and 
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F, 

Overall pressure ratio and bypass ratio fixed 

~ 
~ 

~ 
~~inlet 
~ temperature increasing 

Fan pressure ratio 

FIG. 3.17 Optimization offan pressure ratio 
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SFCwith FPR, for a range of turbine temperature, is shown in Fig. 3.17. It can be 
seen that for any value of turbine inlet temperature there will be an optimum value 
of FPR; optimmn values of FPR for minimum SFC and maximum specific thrust 
coincide because of the fixed energy input. Taking the values of SFC and specific 
thrust for each of these values of FPR in turn, a curve of SFC against specific 
thrust may be plotted as shown in Fig. 3.18(a). Note that each point on this curve 
is the result of a previous optimization, and is associated with a particular value of 
FPR and turbine inlet temperature. 

The foregoing calculations may be repeated for a series of bypass ratios, still at 
the same overall pressure ratio, to give a family of curves as shown in Fig. 
3 .18(b ). This plot yields the optimum variation of SFC with specific thrust for the 

SFC 

Bypass ratio fixed 

Specific thrust F, 

(a) 

FIG. 3.18 Turbofan optimization 

SFC Optimum 

SpecifiC thrust F, 

(b) 
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selected overall pressure ratio as shown by the dotted envelope curve. The 
procedure can then be repeated for a range of overall pressure ratio. It will be 
clear that the optimization procedure is lengthy and that a large amount of 
detailed calculation is necessary. The qualitative results of such a series of 
calculations can be summarized as follows: 

(a) Increasing bypass ratio· improves SFC at the expense of a significant 
reduction in specific thrust. 

(b) The optimum fan pressure ratio increases with turbine inlet temperature. 
(c) The optimum fan pressure ratio decreases with increase of bypass ratio. (At 

a bypass ratio of about 5 the FP R may be low enough to permit the use of a 
single-stage fan.) 

The choice of cycle parameters is dependent on the aircraft application, and 
both high and low bypass ratios have their place. Specific fuel consumption is of 
major importance for long range subsonic transport aircraft and the requirement 
can best be met by using a bypass ratio of 4-6 and a high overall pressure ratio, 
combined with a high turbine inlet temperature. A higher bypass ratio of 8-9 was 
chosen for the GE90, which entered service in 1995, representing the first major 
change in this parameter for many years. Military aircraft with a supersonic dash 
capability and a requirement for good subsonic SFC would use a much lower 
bypass ratio, perhaps 0·5-1, to keep the frontal area down, and afterburning 
would be used for supersonic operation. Engines currently under development, 
with significantly higher values of TIT, will permit operation up to speeds of 
about M 1-4 without the use of afterburning. Short-haul commercial aircraft are 
not as critical as long-haul aircraft regarding SFC and for many years bypass 
ratios of around 1 were used; modem designs, however, use higher bypass ratios 
similar to those used in long-haul aircraft. The prime reason for this change is the 
significant decrease in engine noise resulting from increased bypass ratio. 
Another reason for concentrating on engines of low SFC, so that they are suitable 
for a wide range of aircraft, is the escalating cost of developing new engines. 

Figure 3 .18(b) showed that optimizing the SFC required the use of high values 
of BPR resulting in engines of low specific thrust. These curves apply only to 
uninstalled engine performance, and installation effects must be considered for 
evaluation in a specific aircraft. High BPR engines would have a large diameter 
fan and both diameter and weight would increase with BPR; ground clearance 
effects would cause increases in undercarriage length and weight, increasing 
aircraft weight and thrust required. 

The combination of the nacelle and its support system is normally referred to 
as the 'pod' and it is instructive to do a simple analysis on the effect of pod drag. 
The propulsion efficiency will be modified to give 

= _2_ [net thrust - pod drag] 
1Jp cj net thrust 

1+-ca 
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The ideal propulsion efficiency can be expressed in a different form as 

2 
1Jp = QTOSS thrust 

1+ " 
momentum drag 

2 x momentum drag 

momentum drag +gross thrust 

2 x momentum drag 2 

Thus, including the effect of pod drag 

= 2 [net thrus1 - pod drag] 
1Jp 

2 
+ net thrust net thrust 

momentum drag 

2 [l _ (mo!:~:~gdrag)J 
2 net thmst ( net thrust ) 

+ momentum drag momentum drag 
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The ratio of (net thrust/momentum drag) is directly related to the bypass ratio, 
decreasing with increase in BPR. Using IX to denote (pod drag/momentum drag), 
the effect of pod drag on 1Jp can be readily evaluated giving the results shown in 
Fig. 3.19. It can be seen that at high values of BPR the effect of pod drag is 
significant and the installation effects must be carefully evaluated by the aircraft 
manufacturer, working in conjunction with the engine manufacturer. 

It was mentioned earlier that, because of their reduced mean jet velocity, 
turbofans produce less exhaust noise than turbojets. At first sight it would appear 
that noise considerations would demand 1he highest possible bypass ratio, 

040 
0 

Pod drag 

Momentum drag 

High BPR Medium BPR Jets J 

0.5 1.0 1.5 2.0 :1.5 

Net thrust/momentum drag 

FIG. 3.19 Effect of pod drag on propulsion efiiciency 
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resulting in a low jet velocity. Unfortumately, however, as bypass ratio is increased 
the resulting high tip speed of the fan leads to a large increase in fan noise. Indeed 
at approach conditions, with the engime operating at a low thrust setting, the fan 
noise predominates; fan noise is eBsentially produced at discrete frequencies 
which can be much more irritating 1han the broad-band jet noise. The problem 
can be alleviated by acoustic treatment of the intake duct, avoiding the use of inlet 
guide vanes, and careful choice of axial spacing between the fan rotor and stator 
blades. 

Turbofan configurations 

The cycle parameters for a turbofan have a much greater effect on the mechanical 
design of the engine than in the case of the turbojet. This is because variation in 
bypass ratio implies variation in component diameters and rotational speeds, and 
the configuration of engines of low and high bypass ratio may be completely 
different. 

Some early turbofans were directly developed from existing turbojets, and this 
led to the 'aft fan' configuration shown in Fig. 3.20. A combined turbine-fan was 
mounted downstream of the gas-generator turbine. Two major problems arise 
with this configuration. Firstly, the blading of the turbine-fan unit must be 
designed to give turbine blade sections for the hot stream and compressor blade 
sections for the cold stream. This obviously leads to blading of high cost and, 
because the entire blade must be made from the turbine material, of high weight. 
The other problem is that of sealing between the two streams. The aft-fan 
configuration has not been used in a new design for many years, but is a possible 
contender for ultra high bypass (UHB) engines. In this case, however, the turbine 
and fan sections would probably be connected by a gearbox and the complex 
blades used in earlier engines would not be required. 

For moderate bypass and overall pressure ratios the simple two-spool 
arrangement of Fig. 3.15 is adequate. At very high bypass ratios, especially 
when combined with high overall pressure ratios, design problems arise because 
the fan rotational speed must be much lower than that of the high-pressure rotor; 
the important limitations on blade tip speed will be discussed in Chapter 5. 

Four different configurations which may be used to obtain high bypass ratio 
and high overall pressure ratio are shown in Fig. 3.21. The configuration of Fig. 

FIG. 3.20 Aft-fan configuration 
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(~)Two-spool (b) Two-spool 

;-------------

(c) Three-spool (d) Two-spool geared fan 

FIG. 3.21 Configurations for high bypass ratio turbofans 

3.21(a) suffers from the fact that the later stages on the LP rotor, usually called 
'booster stages', contribute little because of their low blade speed. Scheme (b) is 
more attractive, but requires a very high pressure ratio from the HP compressor 
which leads to the instability problems referred to in section 1.2. The three-spool 
arrangement of Fig. 3.21(c) is in many ways the most attractive concept, with a 
modest pressure ratio from each compressor. All of these have been used for large 
turbofans; the V2500 (Fig. 1.12(b)) is an example of (a) while the Rolls-Royce 
Trent (Fig. 1.16) is an example of (c). A geared-fan arrangement as in (d) is 
possible for smaller engines, and units of this sort have been developed from a 
turboprop background. The power requirements for the fan of a large turbofan 
may be about 60 MW and the design of a lightweight gearbox to handle this 
power would be difficult; design studies, however, are being carried out for ultra 
high bypass ratio (UHB) engines with variable pitch fans, where the low 
rotational speed of the large diameter fan requires a gearbox to avoid using a large 
number of turbine stages. 

3.5 The turboprop engine 

The turboprop engine differs from the shaft power units dealt with in Chapter 2 in 
that some of the useful output appears as jet thrust. In this case, therefore, it is 
necessary to combine shaft power and jet thrust. This can be done in a number of 
ways, but in all cases a knowledge of the aircraft speed is involved. 

Power must eventually be delivered to the aircraft in the form of thrust power, 
just as it is with a piston engine driving a propeller. The thrust poVi•er (TP) can be 
expressed in terms of shaft power (SP), propeller efficiency 1Jpr and jet thrust F by 

TP = (SP)1Jpr + FCa 
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In practice the shaft power will account for a large proportion of the enthalpy 
drop available at the gas-generator exit, and thrust power is therefore largely 
dependent on the propeller efficiency which may vary significantly with flight 
conditions. 

It is desirable to find some way of expressing the power so that it can be readily 
compared with that of a piston' engine, and so that it is not quite so dependent on 
propeller efficiency. The same basic engine may be used in conjunction with a 
variety of propellers for different applications, and it is the performance of the 
engine itself which is then of most interest to us. A more suitable way of 
expressing the power is to quote the equivalent (or effective) power EP defined as 

TP FCa 
EP=-=SP+-

1Jpr 1Jpr· 

1Jpr now affects only the smaller term. The equivalent power is an arbitrarily 
defined quantity and it should not be quoted without reference to the flight speed. 
No~e that by definition the EP and SP are equal at static conditions, although 
there is some beneficial jet thrust. Allowance must be made for this when com­
paring engines under take-off conditions. Experiments have shown that an aver­
age propeller produces a thrust of about 8-5 N per kW of power input under static 
conditions, so that the take-off EP is conventionally taken as SP + (F/8.5) with SP 
in kW and F in newtons. 

Turboprops are usually rated on the basis of equivalent power at take-off 
conditions, and the specific fuel consumption and specific power are often 
expressed in terms of that equivalent power. It is nevertheless desirable to quote 
both the shaft power and jet thrust available at any condition of interest and it 
should be recognized that the equivalent power is merely a useful, but artificial, 
concept. In view of the similarity between the turboprop and the shaft power units 
discussed in Chapter 2 it is not necessary to elaborate on cycle requirements. The 
only basic difference is that the designer can choose the proportions of the 
available enthalpy drop used to produce shaft power and jet thrust. It can be 
shown that there is an optimum division for any given flight speed and altitude; a 
simple rule of thumb is to design so that the turbine exit pressure is equal to the 
compressor inlet pressure. The equivalent power is not particularly sensitive to 
turbine exit pressure in this range. Turboprops generally operate with the nozzle 
unchoked and use a simple straight through tailpipe rather than a convergent 
nozzle. 

The combined efficiency of the power turbine, propeller, and the necessary 
reduction gear, is well below that of an equivalent propelling nozzle. It follows 
that 1Je for a turboprop engine is lower than that of a turbojet or turbofan engine. 
The turboprop has held its position for speeds up toM 0·6 because the propulsion 
efficiency is so much higher than that of the turbojet; the turboprop is widely used 
in business aircraft and regional airliners, mostly at power levels of 500-
2000 kW The propeller efficiency, using conventional propeller design methods, 
decreases drastically at flight speeds above M 0-6 and for this reason the 
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turboprop did not become widely used for longer haul aircraft, being superseded 
by turbofans of equivalent propulsion efficiency; an exception was long 
endurance patrol aircraft, which fly to the search area at M 0-6 and then loiter 
at much lower flight speeds. In the early eighties, however, considerable attention 
was focused on the design of propellers with the goal of obtaining propeller 
efficiencies. of 0-80 at flight Mach numbers of0-8. The successful development of 
such propellers would give large savings in fuel compared to existing turbofans. 
The design of the propeller was markedily different from conventional designs, 
using highly swept supersonic blading and 8-10 blades; these devices were called 
'propfans' to differentiate them from conventional propellers. Studies showed that 
propfan-powered aircraft would require much higher powers than previously 
experienced with turboprops, and at power levels in excess of 8000 leW the 
gearbox design becomes difficult. A further major problem is the transmission of 
propeller noise to the passenger cabin, and it was widely recognized that a 
substantial increase in noise over existing turbofan levels would not be acceptable 
to passengers; it is probable that this can be overcome only by the use of 'pusher' 
configurations with the propellers mounted behind the passenger cabin. 
Turboprop engines are surveyed in Ref. ( 8). 

An alternative configuration, a compromise between the turboprop and the 
turbofan, was the 'unducted fan' (UDF), developed by General Electric in the 
eighties. In this approach, two counter-rotating variable pitch fans were directly 
coupled to counter-rotating turbines with no stators, eliminating the need for a 
gearbox. The schematic arrangement depicted in Fig. 3.22 shows a similarity to 

Counter-rotating unducted 
fan blades 

,..----,.'\,--,/ \ 

FIG. 3.22 Unducted fan engine 

Exhaust nozzle 

Stationary support structure 



120 GAS TURBINE CYCLES FOR AIRCRAFT PROPULSION 

the aft-fan configuration described earlier. This revolutionary approach demon­
strated a significant reduction in fuel consumption in flight tests, but encountered 
problems with noise and cabin vibration; airlines were also reluctant to pioneer 
this new technology, and not all engine manufacturers were convinced that the 
gearbox could be eliminated. The UDF concept, however, was also considered to 
be a promising technology for the development of long range cruise missiles, 
where its excellent SFC would improve range for a fixed quantity of fuel on 

board. 
The status of advanced turboprop8, propfans and unducted fans in the mid 

1980s was very similar to that of turbofans in the mid 1950s. At that time there 
was a heated controversy regarding the relative merits of turboprops and 
turbofans, with the latter being the clear winner. In the mid 1990s the turbofan 
has once again emerged as the winner; fuel prices, however, have been stable over 
a long period, but if this were to change significantly engines having ultra low fuel 
consumption would be essential. 

The conventional turboprop will ce:rtainly continue to dominate the market for 
smaller aircraft of 10-60 seats with flight speeds in the range of 400-600 km/h; 
these aircraft would be used on flights with a duration of 60-90 minutes with a 
range of perhaps 400-500 km. The turboshaft engine, in which the output power 
drives a helicopter rotor is also of great importance and is virtually universally 
used because of its low weight and high power. In the helicopter application, free 
turbine engines are used. The helicopter rotor is designed to operate at constant 
speed by changing the pitch and the power is varied by changing the gas 
generator speed. While at first sight the design requirements of turboprops and 
turboshafts appear identical, the former may be optimized for cruise at an altitude 
of 6-10 000 m while the latter is optimized for operation at very low altitudes. A 
number of engines are available in both turboprop and turboshaft versions, but 
invariably any given engine is f01md to be much more successful in one 
application than the other. 

3.6 Thrust augmentation 

If the thrust of an engine has to be increased above the original design value 
several alternatives are available. Inc:rease of turbine inlet temperature, for exam­
ple, will increase the specific thrust and hence the thrust for a given engine size. 
Alternatively the mass flow through the engine could be increased without 
altering the cycle parameters. Both of these methods imply some redesign of the 
engine, and either or both may be used to uprate an existing engine. 

Frequently, however, there will be a requirement for a temporary increase in 
thrust, e.g. for talce-off, for acceleration from subsonic to supersonic speed or 
during combat manoeuvres; the problem then becomes one of thrust 
augmentation. Numerous schemes for thrust augmentation have been proposed, 
but the two methods most widely used are liquid injection and afterburning (or 
reheat). 
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Liquid injection is primarily useful for increasing take-off thrust. Substantial 
quantities of liquid are required, but if the liquid is consumed during take-off and 
initial climb the weight penalty is not significant. Spraying water into the 
compressor inlet causes evaporation of the water droplets, resulting in extraction 
of heat from the air; the effect of this is equivalent to a drop in compressor inlet 
temperature. Chapter 8 will show that reducing the temperature at entry to a 
turbojet will increase the thrust, due to the increase in pressure ratio and mass 
flow resulting from the effective increase in rotational speed. In practice a mixture 
of water and methanol is used; the methanol lowers the freezing point of water, 
and in addition it will burn when it reaches the combustion chamber. Liquid is 
sometimes injected directly into the combustion chamber. The resulting 
'blockage' forces the compressor to operate at a higher pressure ratio causing 
the thrust to increase. In both cases the mass of liquid injected adds to the useful 
mass flow, but this is a secondary effect. Liquid injection is now seldom used in 
aircraft engines. 

Afterburning, as the name implies, involves burning additional fuel in the jet 
pipe as shown in Fig. 3.8. In the absence of highly stressed rotating blades the 
temperature allowable following afterburning is much higher than the turbine 
inlet temperature. Stoichiometric combustion is desirable for maximmn thrust 
augmentation and final temperatures of around 2000 K are possible. Figure 3.23 
shows the T-s diagram for a simple turbojet with the addition of afterburning to 
2000 K. The large increase in fuel flow required is evident from the relative 
temperature rises in the combustion chamber and afterburner, and the penalty in 
increased SFC is heavy. Assilllling that a choked convergent nozzle is used, the jet 
velocity will correspond to the sonic velocity at the appropriate temperature in the 
plane of the nozzle, i.e. T7 or T5 depending on whether the engine is operated 
with or without afterburning. Thus the jet velocity can be found from (J'RTc) 112

, 

with Tc given either by To61Tc = (y + 1 )/2 or T04/Tc = (y + 1 )/2. It follows that the 

T 06 2000 K 

~7 t /~ Ho 
/ (afterburning) 

959 K t 

FIG. 3.23 Cycle of turbojet with afterbuming 
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jet velocity is proportional to JT0 at inlet to the propelling nozzle, and that the 
gross momentum thrust, relative to that of the simple turbojet, wi!I be increased in 
the ratio J(T06!T04). For the temperatures shown in Fig. 3.23 this amounts to 
J(2000/959) or 1-44. As an approximation, the increase in fuel would be in the 
ratio (2000- 959) +(1200- 565) with afterburning, to (1200- 565) without 
afterburning, i.e. 2·64. Thus a '44 per cent increase in thrust is obtained at the 
expense of a 164 per cent increase in fuel flow, and clearly afterburning should be 
used only for short periods. This might be the thrust augmentation under take-off 
conditions where the gross thrust is equal to the net thrust. At high forward 
speeds, however, the gain is much greater and is often well over 1 00 per cent. 
This is because for a fixed momentum drag an increase in gross thrust represents 
a considerably greater increase in net thrust. The Concorde makes use of 
afterburning for transonic acceleration from M 0·9 to M 1·4; the significant 
increase in net thrust provides faster acceleration through the high drag regime 
near M 1·0, resulting in a reduction in fuel consumption in spite of the short tenn 
increase in fuel flow. Afterburning offers even greater gains for low bypass ratio 
turbofans, because of the relatively low temperature after mixing of the hot and 
cold streams and the larger quantities of excess air available for combustion; 
military turbofans use afterburning for take-off and combat manoeuvring. 

It is essential for engines fitted with an afterburner to incorporate a variable 
area nozzle because of the large change in density of the flow approaching the 
nozzle resulting from the large change in temperature. Afterbuming will normally 
be brought into operation when the engine is running at its maximum rotational 
speed, corresponding to its maximum unaugmented thrust. The afterburner 
should be designed so that the engine will continue to operate at the same speed 
when it is in use, and hence the nozzle must pass the same mass flow at a much 
reduced density. This can be achieved only if a variable nozzle is fitted pennitting 
a significant increase in nozzle area. Note that the pressure thrust will also be 
increased owing to the enlarged nozzle area. 

The pressure loss in the afterburner can be significant. Combustion pressure 
losses are discussed in Chapter 6, where it is shown that the pressure loss is due to 
both fluid friction and momentum changes resulting from heat addition. In 
combustion chambers the former predominates, but in afterburners the losses due 
to momentum changes are much more important. The temperature rise is 
detennined by the turbine outlet temperature and the fuel/gas ratio in the 
afterburner, and the pressure loss due to momentum changes can be detennined 
using the Rayleigh functions and the method outlined in Appendix A.4. This 
pressure loss is found to be a function of both the temperature ratio across the 
afterburner and the Mach number at inlet to the duct. If the inlet Mach number is 
too high, heat release can result in the downstream Mach number reaching 1·0 
and this places an upper limit on the allowable heat release: the phenomenon is 
referred to as thermal choking. Figure 3.24 shows values of the pressure loss due 
to momentum changes and emphasizes the need for a low Mach number. 
Typically, the exit Mach number from the turbine of a jet engine will be about 0·5 
and it is necessary to introduce a diffuser between the turbine and afterburner to 
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FIG. 3.24 Momentum pressure loss 

reduce the Mach number to about 0-25-0-30 before introducing the afterburner 
fueL 

Even when not in use, an afterbumer incurs some penalty in pressure loss due 
to the presence of the burners and flame stabilizing devices. Another 
disadvantage of this method of thrust augmentation is that the very high jet 
velocities resulting from a large degree of afterburning result in a noisy exhaust. 
The afterburning Olympus engines used on Concorde provide about 15-20 per 
cent increase in take-off thrust, resulting in an exhaust temperature of around 
1400 K. The increased noise level, though a serious concern, is significantly less 
than might be expected from experience with military aircraft. It is most unlikely, 
however, that any future supersonic transport will use afterbuming for take-off, as 
a prime requirement will be take-off noise levels comparable to current subsonic 
aircraft; as mentioned earlier, this will necessitate the development of variable 
cycle engines. 

NOMENCLATURE 

a sonic velocity 
A cross-sectional area 
B bypass ratio (mcfmh) 
F net thrust 
Fs specific thrust 
KF specific thrust coefficient 
M Mach number 
'1e efficiency of energy conversion 
1]; intake efficiency 
1'/j nozzle efficiency 
'1m mechanical efficiency 
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1]0 overall efficiency 
1Jp propulsion (Froude) efficiency 
1Jpr propeller efficiency 
1Jr ram efficiency 
1J co polytropic efficiency 

Suffixes 
c critical condition, cold stream 
h hot stream 
j jet 
m mjxed 
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International Standard Atmosphere 

z p T a 

[m) [bar) [K) 
plpo 

[m/s) 

0 1-01325 288·15 1·0000 340-3 

500 0-9546 284·9 0-9529 338-4 
I 000 0·8988 281·7 0-9075 336·4 
1500 0-8456 278·4 0-8638 334·5 
2000 0·7950 275·2 0-8217 332·5 
2 500 0·7469 271-9 0-7812 330·6 

3 000 0-7012 268-7 0-7423 328-6 
3 500 0-6578 265-4 0-7048 326-6 
4000 0-6166 262·2 0·6689 324·6 
4 500 0-5775 258·9 0·6343 322·6 
5 000 0·5405 255·7 0-6012 320·5 

5 500 0-5054 252·4 0-5694 318·5 
6000 0-4722 249·2 0·5389 316·5 
6500 0-4408 245·9 0-5096 314-4 
7000 0·4111 242·7 0·4817 312·3 
7 500 0-3830 239·5 0-4549 310·2 

8000 0·3565 236-2 0·4292 308·1 
8 500 0-3315 233-0 0-4047 306-0 
9000 0-3080 229-7 0-3813 303-8 
9 500 0-2858 226-5 0·3589 301·7 

10000 0-2650 223·3 0-3376 299·5 

10500 0·2454 220·0 0·3172 297·4 
11000 0·2270 216·8 0-2978 295·2 
11500 0-2098 216-7 0·2755 295·1 
12000 0·1940 216·7 0·2546 295·1 
12500 0-1793 216·7 0·2354 295-1 

13 000 0·1658 216·7 0-2176 295-1 
13 500 0-1533 216-7 0-2012 295·1 
14000 0-1417 216·7 0-1860 295·1 
14500 0-1310 216·7 0·1720 295-1 
15 000 0-1211 216·7 0-1590 295·1 

15 500 0-1120 216·7 0-1470 295-1 
16000 0-1035 216·7 0·1359 295·1 
16500 0-09572 216·7 0·1256 295·1 
17000 0-08850 216·7 0·1162 295·1 
17 500 0-08182 216·7 0·1074 295·1 

18000 0-07565 216·7 0-09930 295-1 
18500 0·06995 216·7 0-09182 295·1 
19000 0·06467 216·7 0·08489 295·1 
19500 0·05980 216·7 0·07850 295·1 
20000 0·05529 216·7 0·07258 295·1 

Density at sea level p0 = 1·2250 kg/m3
. 

Extracted from: ROGERS G F C and MAYHEW Y R 
Thermodynamic and Transport Properties of Fluids (Blackwell 
1995) 



4 Centrifugal compressors 

Very rapid progress in the development of gas turbines was made during the 
Second World War, where attention was focused on the shnple turbojet unit 
German efforts were based on the axial flow compressor, but British develop­
ments used the centrifugal compressor-Refs (1) and (2). It was recognized in 
Britain that development time was critical and much experience had already been 
gained on the design of small high-speed centrifugal compressors for super­
charging reciprocating engines. Centrifugal compressors were used in early 
British and American fighter aircraft and also in the original Comet airliners 
which were the first gas turbine powered civil aircraft in regular service. As power 
requirements grew, however, it became clear that the axial flow compressor was 
more suitable for large engines. The result was that a very high proportion of 
development funding was diverted to the axial type leading to the availability of 
axial compressors with an appreciably higher isentropic efficiency than could be 
achieved by their centrifugal counterparts. 

By the late fifties, however, it became clear that smaller gas turbines would 
have to use centrifugal compressors, and serious research and development work 
started again. Small turboprops, turboshafts and auxiliary power units (APUs) 
have been made in very large numbers and have nearly all used centrifugal 
compressors; notable examples include the Pratt and Whitney Canada PT-6, the 
Garrett 331 and the large stable of APUs built by the latter organization. They are 
also used for the high-pressure spools in small turbofans, see Fig. 1.12(a). 
Centrifugals were used primarily for their suitability for handling small volume 
flows, but other advantages include a shorter length than an equivalent axia 
compressor, better resistance to Foreign Object Damage (FOD), less suscepti~ 
bility to loss of performance by build-up of deposits on the blade surfaces and th 
ability to operate over a wider range of mass flow at a particular rotational speed 

The importance of the latter feature, in alleviating problems of matchin:1 
operating conditions with those of the associated turbine, will be made clear · 
Chapter 8. 

A pressure ratio of around 4 : 1 can readily be obtained from a single-stag' 
compressor made of aluminium alloys, and in section 2.4 it was shown that this il 
adequate for a heat-exchange cycle when the turbine inlet temperature is in thi 
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region of 1000-1200 K. Many proposals for vehicular gas turbines were based on 
this arrangement and manufacturers such as Leyland, Ford, General Motors and 
Chrysler built development engines which never went into production. The 
advent of titanium alloys, permitting much higher tip speeds, combined with 
advances in aerodynamics now permit pressure ratios of greater than 8 : 1 to be 
achieved in a single stage. When higher pressure ratios are required, the 
centrifugal-compressor may be used in conjunction with an axial flow compressor 
(Fig. 1.11), or as a two-stage centrifugal (Fig. 1.10). Even though the latter 
arrangement involves rather complex ducting between stages, it is still regarded 
as a practical proposition. Reference (2) of Chapter 1 describes the design process 
ieading to the choice of a twin-spool all-centrifugal compressor for the Pratt and 
Whitney Canada PWlOO turboprop which entered service in 1984. 

4.1 Principle of operation 

The centrifugal compressor consists essentially of a stationary casing containing a 
rotating impeller which imparts a high velocity to the air, and a number of fixed 
diverging passages in which the air is decelerated with a consequent rise in static 
pressure. The. latter process is one of diffusion, and consequently the part of the 
compressor containing the diverging passages is !mown as the diffuser. Figure 
4.l(a) is a diagrammatic sketch of a centrifugal compressor. The impeller may be 
single- or double-sided as in !(b) or l(c), but the fundamental theory is the same 
for both. The double-sided impeller was required in early aero-engines because of 
the relatively small flow capacity of the centrifugal compressor for a given overall 
diameter. 

Air is sucked into the impeller eye and whirled round at high speed by the 
vanes on the impeller disc. At any point in the flow of air through the impeller, the 
centripetal acceleration is obtained by a pressure head, so that the static pressure 
of the air increases from the eye to the tip of the impeller. The remainder of the 
static pressure rise is obtained in the diffuser, where the very high velocity of the 
air leaving the impeller tip is reduced to somewhere in the region of the velocity 
with which the air enters the impeller eye; it should be appreciated that friction in 
the diffuser will cause some loss in stagnation pressure. The normal practice is to 
design the compressor so that about half the pressure rise occurs in the impeller 
and half in the diffuser. 

It will be appreciated that owing to the action of the vanes in carrying the air 
around with the impeller, there will be a slightly higher static pressure on the 
forward face of a vane than on the trailing face. The air will thus tend to flow 
round the edges of the vanes in the clearance space between the impeller and the 
casing. This naturally results in a loss of efficiency, and the clearance must be 
kept as small as possible. A shroud attached to the vanes, Fig. 4.1(d), would 
eliminate such a loss, but the manufacturing difficulties are vastly increased and 
there would be a disc friction or 'windage' loss associated with the shroud. 
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CENTRIFUGAL COMPRESSORS 

(a) -u ~epth of Impeller shroud 

IJ•"'"'M 
-~~ -~-

(b) (c) 

FIG. 4.1 Diagrammatic sketches of centrifugal compressors 

Although shrouds have been used on superchargers, they are not used on 
impellers for gas turbines. 

The impellers of modern centrifugal compressors operate with very high tip 
speeds resulting in very high stress levels. It will be shown in the next section that 
backswept curved vanes are desirable for compressors of high pressure ratio, but 
for many years designers were forced to use radial vanes because of the tendency 
for curved vanes to straighten out under the action of the considerable centrifugal 

force involved, setting up undesirable bending stresses in the vanes. Modem 

methods of stress analysis combined with stronger materials., however, now 
permit backswept vanes to be used in high-performance compressors. 

4.2 Work done and pressure rise 

Since no work is done on the air in the diffuser, the energy absorbed by the 
compressor will be determined by the conditions of the air at the inlet and outlet 
of the impeller. Figure 4.2 shows the nomenclature employed. 
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In the first instance it will be assumed that the air enters the impeller eye in the 
axial direction, so that the initial angular momentum of the air is zero. The axial 
portion of the vanes must be curved so that the air can pass smoothly into the eye. 
The angle which the leading edge of a vane makes with the tangential direction ex 
will be given by the direction of the relative velocity of the air at inlet, Vi> as 
shown in Fig. 4.2. 

If the air leaves the impeller tip with an absolute velocity Cz, it will have a 
tangential or whirl component Cw2, and a comparatively small radial component 
C,2. Under ideal conditions C2 would be such that the whirl component is equal 
to the impeller tip speed U, as shown by the velocity triangle at the top of Fig. 4.2. 
Due to its inertia, the air trapped between the impeller vanes is reluctant to move 
round with the impeller, and we have already noted that this results in a higher 
static pressure on the leading face of a vane than on the trailing face. It also 
prevents the air from acquiring a whirl velocity equal to the impeller speed. This 
effect is known as slip. How far the whirl velocity at the impeller tip falls short of 
the tip speed depends largely upon the number of vanes on the impeller. The 
greater the number of vanes, the smaller the slip, i.e. the more nearly Cw2 

approaches U It is necessary in design to assume a value for the slip factor rJ, 
where rJ is defined as the ratio Cw21U Various approximate analyses of the flow in 
an impeller channel have led to formulae for rJ: the one appropriate to radial­
vaned impellers which seems to agree best with experiment is that due to Stanitz, 
Ref. (4): 

0·63n 
rJ=l--­

n 

where n is the number of vanes. 

Ideal conditions 
at impeller tip 

FIG. 4.2 Nomenclature 

/ Velocity relative 
to impeller 

Section through eye 
at radius r1 
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As explained in any elementary text on applied thermodynamics, the 
theoretical torque which must be applied to the impeller will be equal to the 
rate of change of angular momentum experienced by the air. Considering unit 
mass flow of air, this torque is given by 

theoretical torgue= Cw2r2 

If w is the angular velocity, the work done on the air will be 

theoretical work done = Cwzr2w = Cwz U 

Or, introducing the slip factor, 

theoretical work done= CJU2 

(4.1) 

(4.2) 

For convenience, in both the chapters on compressors we shall treat the work 
done on the air as a positive quantity. 

Due to friction between the casing and the air carried round by the vanes, and 
other losses which have a braking effect such as disc friction or 'windage', the 
applied torque and therefore the actual work input is greater than this theoretical 
value. A power inputfactor t/1 can be introduced to take account of this, so that 
the actual work done on the air becomes 

work done= 1f;CJU2 (4.3) 

If (T03 - T01 ) is the stagnation temperature rise across the whole compressor 
then, since no energy is added in the diffuser, this must be equal to the stagnation 
temperature rise (T02 - T01) across the impeller alone. It will therefore be equal 
to the temperature equivalent of the work done on the air given by equation (4.3), 
namely 

~·(Juz 
T03- To!=--­

cP 
(4.4) 

where cP is the mean specific heat over this temperature range. Typical values for 
the power input factor lie in the region of 1·035-1·04. 

So far we have merely considered the work which must be put into the 
compressor. If a value for the overall isentropic efficiency 1Jc be assumed, then it 
is known how much of the work is usefully employed in raising the pressure of 
the air. The overall stagnation pressure ratio follows as 

~ = __!& = 1 +''c 03 01 = 1 +-'lc __ 
p (T.' )Y/lr-1) [ n (T. _ T )]y/(r-1) [ n tjJCJUz]Y/(y-l) 

Po1 T01 T01 cPT01 

(4.5) 

The distinction bt:tween the power input factor and the slip factor should be 
clearly understood: they are neither independent of one another nor of 1Jc· The 
power input factor represents an increase in the work input, the whole of which is 
absorbed in overcoming frictional loss and therefore degraded into thermal 
energy. The fact that the outlet temperature is raised by this loss, and incidentally 
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by other frictional losses as well, enables the maximum cycle temperature to be 
reached without burning so much fuel, so that as far as the efficiency of the whole 
gas turbine unit is concerned these losses are not entirely wasteful. Nevertheless, 
this effect is outweighed by the fact that more turbine work is used in driving the 
compressor and isentropic (i.e. frictionless adiabatic) compression is the ideal at 
which to ain1. It follows that the power input factor should be as low as possible, a 
low value of t/1 implying simultaneously a high value of 1Jc· It should be 
appreciated that 1Jc depends also upon the friction loss in the diffuser which does 
not affect the argun1ent up to equation (4.4). For this reason it is not helpful to 
consider t/1 implicitly as part of 1Jc· 

The slip factor, on the other hand, is a factor linllting the work capacity of the 
compressor even under isentropic conditions, and this quantity should be as great 
as possible. Clearly the more nearly Cw2 approaches U, the greater becomes the 
rate at which work can usefully be put into a compressor of given size. 
Unfortunately an increase in the number of vanes, which would increase CJ, entails 
an increase in the solidity of the impeller eye, i.e. a decrease in the effective flow 
area. Additional friction losses arise because, for the same mass flow or 
'tlrroughput', the inlet velocity must be increased. Thus the additional work input 
that can be employed by increasing the number of vanes may not result in an 
increase in that portion which is usefully employed in raising the pressure of the 
air; it may only increase the thermal energy produced by friction resulting in an 
increase in i/J and reduction in IJc· A suitable compromise must be found, and 
present-day practice is to use the number of vanes which give a slip factor of 
about 0·9, i.e. about 19 or 21 vanes (see also under heading 'Mach number in the 
diffuser', in section 4.4 ). 

From equation (4.5) it will be seen that the remaining factors influencing the 
pressure ratio for a given working fluid are the impeller tip speed U, and the inlet 
temperature Ta 1. Any lowering of the inlet temperature Ta1 will clearly increase 
the pressure ratio of the compressor for a given work input, but it is not a variable 
under the control of the designer. Reference to texts on strength of materials will 
show that the centrifugal stresses in a rotating disc are proportional to the square 
of the rim speed. For single-sided impellers of light alloy, U is linllted to about 
460 rnls by the maximmn allowable centrifugal stresses in the impeller: such a 
speed yields a pressure ratio of about 4 : 1. Higher speeds can be used with more 
expensive materials such as titanium and pressure ratios of over 8 : 1 are now 
possible. Because of the additional disc loading, lower speeds must be used for 
double-sided impellers. 

EXAMPLE 4.1 

The following data are suggested as a basis for the design of a single-sided 
centrifugal compressor: 

power input factor t/1 
slip factor CJ 

rotational speed N 

1·04 
0·9 
290 rev/s 
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overall diameter of impeller 

eye tip diameter 
eye root diameter 
air mass flow m 
inlet stagnation temperature T01 

inlet stagnation pressu~e Po 1 

isentropic efficiency 11 c 

CENTRIFUGAL COMPRESSORS 

0·5 m 
0-3 m 
0-15 m 

9 kg/s 
295 K 
1·1 bar 
0-78 

Requirements are (a) to determine the pressure ratio of the compressor and the 
power required to drive it assuming that the velocity of the air at inlet is axial; (b) 
to calculate the inlet angle of the impeller vanes at the root and tip radii of the eye, 
assuming that the axial inlet velocity is constant across the eye annulus; and (c) to 
estimate the axial depth of the impeller channels at the periphery of the impeller. 

(a) Impeller tip speed U = n x 0-5 x 290 = 455-5 m/s. 
Temperature equivalent of the work done on unit mass flow of air is, 

_ t/JrJU2 _ 1·04 X 0·9 X 455-52 _ 
3 T03 -T01 ---- -19 K 

cP 1·005 x 103 

~ = 1 + 'IC 03 OJ = 1 + = 4·23 P 
[ 

n (T. - T. )]y((J•-l) ( 0·78 X 193)3'5 

Po1 ~~ 2~ 

Power required= mcp(T03 - T01 ) = 9 x 1-005 x 193 = 1746 kW 

(b) To find the inlet angle of the vanes it is necessary to detennine the inlet 
velocity which in this case is axial, i.e. Ca1 = C1. Ca1 must satisfy the continuity 
equation m=p1A1CaJ. where A1 is the flow area at inlet. Since the density p1 

depends upon Cb and both are unlmown, a trial and error process is required. 
The iterative procedure is not critically dependent on the initial value assumed 

for the axial velocity, but clearly it is desirable to have some rational basis for 
obtaining an estimated value for starting the iteration. The simplest way of 
obtaining a reasonable estimate of the axial velocity is to calculate the density on 
the basis of the known stagnation temperature and pressure; in practice this will 
give a density that is too high and a velocity that is too low. Having obtained an 
initial estimate of the axial velocity, the density can be recalculated and thence the 
actual velocity from the continuity equation; if the assumed and calculated 
velocities do not agree it is necessary to iterate until agreement is reached (only 
the final trial is shown below). Note that it is normal to design for an axial 
velocity of about 150 m/s, this providing a suitable compromise between high 
flow per unit frontal area and low frictional losses in the intake. 

n(0·32 - 0-152
) 

Annulus area of impeller eye, A 1 = 
4 

= 0-053 m2 

Based on stagnation conditions: 

p 01 1·1 x 100 3 
Pi ::::: RT

01 
= 0-287 x 295 = 1'30 kgjm 

m 9 
cal= PiAl= 1·30 X 0·053 = 131 m;s 
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Since C1 = Ca1, the equivalent dynamic temperature is 

131 2 1·312 

-------= = -- = 8·5 K 
2cp 2 X 1·005 X I03 0·201 

c2 
T1 = T01 - ~ = 295 - 8·5 = 286·5 K 

2cP 

p 1·1 = OJ = = 0·992 bar 
PI (T

0
JIT

1
)1'1(1' I) (295j286·5i 5 

= l!l_ = 0·992 x 100 = 1.21 k /m3 

Pi RTI 0·287 X 286·5 g 

Check on Cal: 

m 9 
C 1 =-= = 140m/s 

a p1A 1 1·2lx0·053 

Final trial: 

Try Ca1 = C1 = 145 mjs 

Equivalent dynamic temperature is 

C2 1452 1·452 

_!__ =-- = 10·5 K 
2cp 2 X 1·005 X 103 0·201 

C2 
T1 = T01 - _!__ = 295- 10·5 = 284·5 K 

2cP 

Po1 1·1 
P1 = = = 0·968 bar 

(T0JIT1 )
1'/(H) (295/284·5)3 5 

= l!l_ = 0·968 x 100 = 1.185 k m3 

Pi RT] 0·287 X 284·5 gj 

Check on Cal: 
m 9 

C 1 =-- = = 143mjs 
a p1A 1 1·185x0·053 
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This is a good agreement and a further trial using Ca1 = 143 m/s is unnecessary 
because a small change in C has little effect upon p. For this reason it is more 
accurate to use the final value 143 m/s, rather than the me2m of 145 m/s (the trial 
value) and 143 m/s. The vane angles can now be calculated as follows: 

Peripheral speed at the impeller eye tip radius 

= n x 0·3 x 290 = 273mjs 

and at eye root radius = 136·5 mjs 

o: at root= tan-1 143j136·5 = 46·33° 

o: at tip= tan- 1 143/273 = 27·65° 

(c) The shape of the impeller channel between eye and tip is very much a matter 
of trial and error. The aim is to obtain as uniform a change of flow velocity up the 
channel as possible, avoiding local decelerations up the trailing face of the vane 
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which might lead to flow separation. Only tests on the machine can show whether 
this has been achieved: the flow analyses already referred to [Ref. (4)] are for 
inviscid flow and are not sufficiently realistic to be of direct use in design. To 
calculate the required depth of the impeller channel at the periphery we must 
make some assmnptions regarding both the radial component of velocity at the 
tip, and the division of losses between the impeller and the diffuser so that the 
density can be evaluated. The radial component of velocity will be relatively 
small and can be chosen by the designer; a suitable value is obtained by making it 
approximately equal to the axial velocity at inlet to the eye. 

To estimate the density at the impeller tip, the static pressure and temperature 
are found by calculating the absolute velocity at this point and using it in 
conjunction with the stagnation pressme which is calculated from the assmned 
loss up to this point. Figme 4.3 may help the reader to follow the calculation. 

Making the choice Crz = Ca 1, we have Crz = 143 mjs 

Cw2 = CJU = 0·9 x 455-5 = 410 mjs 

Ci c;z+C~,z 1-43z+4·10z 
2cp 2cP 0-201 = 

93
"
8 

K 

Assmning that half the total loss, i.e. 0-5(1 - I] c)= 0·11, occms in the impeller, 
the effective efficiency of compression from p01 to Paz will be 0·89 so that 

Paz= (1 + 0·89 x 193)3·5 = 1·5823·5 
p01 295 

T 

To2= To3 

ro2 
Tb3 

FIG. 4.3 Division of loss between impeller and diffuser 
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Now (p2/p02) = (T2/T02)
3'5, and T02 = T03 = 193 + 295 = 488 K, so that 

q 
T2 = T02 --= 488-93-8 = 394-2 K 

2cP 

p2 = (394-2)
3 5 

Paz 488 

Hence, since (pz/pOJ) = (pziPoz)(pozlpol), 

Pz = (1-582 x 394-2)3 5 = 2-35 
Po1 488 

p2 = 2-35 x 1-1 = 2-58 bar 

p2 2-58 x 100 3 Pz =- = = 2-28 kgjm 
RT2 0-287 x 394-2 
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The required area of cross-section of flow in the radial direction at the impeller tip 
lS 

m 9 
A = -- = = 0-0276 m2 

pzCrz 2-28 X 143 

Hence the depth of impeller channel 

0-0276 
= -- = 0-0176 m or 1-76 em 

n x 0-5 

This result will be used when discussing the design of the diffuser in the next 
section. 

Before leaving the subject of the impeller, it is worth noting the effect of using 
backswept curved vanes, which we said at the end of section 4.1 are increasingly 
being used for high-performance compressors. The velocity triangle at the tip 
section for a backswept impeller is shown in Fig. 4.4, drawn for the ideal case of 
zero slip for ease of understanding. The corresponding triangle for the radial­
vaned impeller is shown by dotted lines. Assuming the radial component of 
velocity to be the same, implying the same mass flow, it can be seen that the 
velocity relative to the tip, V2, is increased while the absolute velocity of the fluid, 
C2, is reduced. These changes imply less stringent diffusion requirements in both 
the impeller and diffuser, tending to increase the efficiency of both components. 
The backsweep angle p may be in the region of 30-40 degrees. The work­
absorbing capacity of the rotor is reduced, however, because Cw2 is lower and the 
temperature rise will be less than would be obtained with the radial-vaned im­
peller. This effect is countered by the increased efficiency and it must be re­
membered that the ultimate goal is high pressure ratio and efficiency rather than 
high temperature rise. The use of backswept vanes also gives the compressor 
a wider operating range of air-flow at a given rotational speed, which is im­
portant for matching the compressor to its driving turbine; this will be discussed 
in Chapter 8. 
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i 
FIG. 4.4 Impeller with backswept vanes 

4.3 The diffuser 

CENTRIFUGAL COMPRESSORS 

Radial vanes 
(no slip) 

In Chapter 6 it will be seen that the problem of designing an efficient combustion 
system is eased if the velocity of the air entering the combustion chamber is as 
low as possible. It is necessary, therefore, to design the diffuser so that only a 
small part of the stagnation temperature at the compressor outlet corresponds to 
kinetic energy. Usually the velocity of the air at the compressor outlet is in the 
region of 90 rnls. 

As will be emphasized throughout this book, it is much more difficult to 
arrange for an efficient deceleration of flow than it is to obtain an efficient 
acceleration. There is a natural tendency in a diffusing process for the air to break 
away from the walls of the diverging passage, reverse its direction, and flow back 
in the direction of the pressure gradient-see Fig. 4.5(a). If the divergence is too 
rapid, this may result in the formation of eddies with consequent transfer of some 
kinetic energy into internal energy and a reduction in useful pressure rise. A small 
angle of divergence, however, implies a long diffuser and a high value of skin 
friction loss. Experiments have shown that the optimum included angle of 
divergence is about 7 degrees, although angles of up to twice this value can be 
used with diffusers of low length/width (or radius) ratio without incurring a 
serious increase in stagnation pressure loss. Empirical design curves for diffusers 
of both circular and rectangular cross-section can be found in Ref. (8). During 
acceleration in a converging passage, on the other hand, the gas naturally tends to 
fill the passage and follow the boundary walls closely, as in Fig. 4.5(b), however 
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Pressure 
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FIG. 4.5 Diffusing and accelerating liow 

Pressure 
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rapid the rate of convergence. Only the normal frictional losses will be incurred in 

this case. 
In order to control the flow of air effectively and carry out the diffusion process 

in as short a length as possible, the air leaving the impeller is divided into a 

number of separate streams by fixed diffuser vanes. Usually the passages formed 
by the vanes are of constant depth, the width diverging in accordance with the 
shape of the vanes, as shown in Fig. 4.1. The angle of the diffuser vanes at the 

leading edge must be designed to suit the direction of the absolute velocity of 
the air at the radius of the leading edges, so that the air will flow smoothly over 

the vanes. As there is always a radial gap between the impeller tip and the leading 
edges of the vanes, this direction will not be that with which the air leaves the 
impeller tip. The reason for the vaneless space after the impeller will be explained 

in section 4.4, when the effects of compressibility in this region are discussed. 
To find the correct inlet angle for the diffuser vanes, the flow in the vaneless 

space must be considered. No further energy is supplied to the air after it leaves 
the impeller so that, neglecting the effect of friction, the angular momentum Cwr 
must be constant. Hence Cw decreases from impeller tip to diffuser vane ideally in 
inverse proportion to the radius. For a channel of constant depth, the area of flow 

in the radial direction is directly proportional to the radius. The radial velocity C,. 
will therefore also decrease from impeller tip to diffuser vane, in accordance with 

the equation of continuity. If both Cr and Cw decrease, then the resultant velocity 
C will decrease from the impeller tip, and some diffusion evidently takes place in 

the vaneless space. The consequent increase in density means that C,. will not 
decrease in inverse proportion to the radius as does Cw, and the way in which C,. 
varies must be found from the continuity equation. An example at the end of this 
section will show how this may be done. When C,. and Cw have been calculated at 
the radius of the leading edges of the diffuser vanes, then the direction of the 
resultant velocity can be found and hence the inlet angle of the vanes. 

It will be apparent that the direction of the air flow in the vaneless space will 
vary with mass flow and pressure ratio, so that when the 1;ompressor is operating 

under conditions other than those of the design point the air may not flow 
smoothly into the diffuser passages in which event some loss of efficiency will 
result. In gas turbines where weight and complexity are not so important as high 
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part-load efficiency, it is possible to incorporate adjustable diffuser vanes so that 
the inlet angle is com~ct over a wide range of operating conditions. 

For a given pressure and temperature at the leading edge of the diffuser vanes, 
the mass flow passed will depend upon the total throat area of the diffuser 
passages (see Fig. 4.1). Once the number of vanes and the depth of passage have 
been decided upon, the throat width can be calculated to suit the mass flow 
required 1mder given conditions of temperature and pressure. For reasons given 
later in section 4.6, the number of diffuser vanes is appreciably less than the 
number of impeller vanes. The length of the diffuser passages will of course be 
determined by the maximum angle of divergence permissible, and the amount of 
diffusion required, and use would be made of the data in Ref. (8) to arrive at an 
optimum design. Although up to the throat the vanes must be curved to suit the 
changing direction of flow, after the throat the air flow is fully controlled and the 
walls of the passage may be straight. Note that diffusion can be carried out in a 
much shorter flow path once the air is controlled than it can be in a vaneless space 
where the air follows an approximately logarithmic spiral path (for an 
incompressible fluid tan-1(C,/Cw) =constant). 

After leaving the diffuser vanes, the air may be passed into a volute (or scroll) 
and thence to a single combustion chamber (via a heat-exchanger if one is 
employed). This would be done only in an industrial gas turbine unit: indeed, in 
some small industrial units the diffuser vanes are omitted and the volute alone is 
used. For aircraft gas turbines, where volume and frontal area are important, the 
individual streams of air may be retained, each diffuser passage being connected 
to a separate combustion chamber. Alternatively the streams can be fed into an 
annular combustion chamber surrounding the shaft connecting the compressor 
and turbine. 

EXAMPLE 4.2 

Consider the design of a diffuser for the compressor dealt with in the previous 
example. The following additional data will be assmned: 

radial width of vaneless space 
approximate mean radius of diffuser throat 
depth of diffuser passages 
number of diffuser vanes 

5 em 
0·33 m 
1·76 em 
12 

Required are (a) the inlet angle of the diffuser vanes, and (b) the throat width of 
the diffuser passages which are assumed to be of constant depth. For simplicity it 
will be assumed that the additional friction loss in the short distance between 
impeller tip and diffuser throat is small and therefore that 50 per cent of the 
overall loss can be considered to have occurred up to the diffuser throat. For 
convenience suffix 2 will be used to denote any plane in the flow after the impeller 
tip, the context making it clear which plane is under consideration. 
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(a) Consider conditions at the radius of the diffuser vane leading edges, i.e. at 
r2 = 0-25 + 0-05 = 0-3 m. Since in the vaneless space C,..r =constant for constant 
angular momentum, 

0·25 
Cwz = 410 x 

0
_
30 

= 342 m/s 

The radial component of velocity can be found by trial and error. The iteration 
may be started by assuming that the temperature equivalent of the resultant 
velocity is that corresponding to the whirl velocity, but only the final trial is given 
here. 

Try C,z = 97 mjs 

cz 3-422 + 0·97z 
2c: 0-201 = 

62
"
9 

K 

Ignoring any additional loss between the impeller tip and the diffuser vane lead­
ing edges at 0·3 m radius, the stagnation pressure will be that calculated for the 
impeller tip, namely it will be that given by 

Paz = 1_5823 5 

Po1 

Proceeding as before we have: 

Tz = 488- 62·9 = 425·1 K 

pz = (425·1)
3 5 

Paz 488 

Pz ( 425·1)
35 

-= 1·582 X-- =3·07 
P01 488 

Pz = 3·07 x 1·1 = 3·38 bar 

3·38 X 100 3 

Pz = 0·287 x 425·1 = 2"77 kgjm 

Area of cross-section of flow in radial direction 

= 2n x 0·3 x 0·0176 = 0-0332 mz 

Check on C,.z: 

9 
C,z = 2-77 x 0·0332 = 97"9 mjs 

Taking C, as 97·9 rnls, the angle of the diffuser vane leading edge for zero 
incidence should be 

-1 -1 97-9 0 

tan (C,z!Cwz) =tan 
342 

= 16 
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(b) The throat width of the diffuser channels may be found by a similar calc­
ulation for the flow at the assumed throat radius of 0·33 m. 

0·25 
Cw2 = 410 x 

0
.
33 

= 311 m/s 

Try Cr2 = 83 m/s 

Ci 3·11
2

+0·83
2

= 51 .5 K 
2cP 0·201 

T2 = 488- 51·5 = 436·5 K 

p2 ( 436·5)
3 5 

- = 1·582 X-- = 3·37 
Pol 488 

p2 = 3·37 x 1·1 = 3·71 bar 

3·71 X 100 3 

Pz = 0·287 x 436·5 = 2'96 kgjm 

As a first approximation we may neglect the thickness of the diffuser vanes, so 
that the area of flow in the radial direction 

= 2n x 0·33 x 0·0176 = 0·0365 m2 

Check on Crz: 

9 
Crz = 2·96 x 0·0365 = 83 '3 mjs 

. . f fl I 83·3 5o Drrectwn o ow= tan- ill= 1 

Now m = p2Ar2Cr2 = p2A2C2, or Az =ArzCrziCz, and hence area of flow in the 
direction of resultant velocity, i.e. total throat area of the diffuser passages, is 

0·0365 sin 15° = 0·00 945m2 

With 12 diffuser vanes, the width of the throat in each passage of depth 0·0176 m 
is therefore 

0·00945 
-:-::----c:--::c:-::-:c = 0·0440 m or 4·40 em 
12 X 0·0176 

For any required outlet velocity, knowing the total loss for the whole compressor, 
it is a simple matter to calculate the final density and hence the flow area required 
at outlet: the length of the passage after the throat then depends on the chosen 
angle of divergence. 

On the basis of such calculations as these it is possible to produce a 
preliminary layout of the diffuser. Some idea of the thickness of the vanes at 
various radii can then be obtained enabling more accurate estimates of flow areas 
and velocities to be made. When arriving at a final value of the throat area, an 
empirical contraction coefficient will also be introduced to allow for the blockage 
effect of the boundary layer. The design of the diffuser is essentially a process of 
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successive~ approximation: sufficient information has been given to indicate the 
method of approach. 

It has been shown that a diffuser comprising channels of circular cross-section 
can be more efficient than the conventional type with rectangular channels. The 
passages are formed by drilling holes tangentially through a ring surrounding the 
impeller, and after the throats the passages are conical. Overall isentropic 
efficiencies ~f over 85 per cent are claimed for compressors using this 'pipe' 
diffuser-see Ref. (5). 

Earlier it was stated that the air leaving the diffuser passages might be 
collected in a volute. The simplest method of volute design assumes that the 
angular momentum of the flow remains constant, i.e. friction in the volute is 
neglected. Using the nomenclature of Fig. 4.6, the cross-sec:tional area Ae at any 
angle (J can then be shown to be given by 

Ae (J 

r = V 2nK 

where K is the constant angular momentum Cwr, Vis the volume flow, and r is the 
radius of the centroid of the cross-section of the volute. The shape of the cross­
section has been shown to have little effect upon the friction loss: the various 
shapes shown in Fig. 4.6 all yield volutes of similar efficiency. For further in­
formation and useful references the reader may turn to Ref ( 6). 

4.4 Compressibility effects 

It is well known (see Appendix A) that breakdown of flow and excessive pressure 
loss can be incurred if the velocity of a compressible fluid, relative to the surface 
over which it is moving, reaches the speed of sound in the fluid. This is a most 
important phenomenon in a diffusing process where there is always a tendency 
for the flow to break away from the boundary even at low speeds. When an effort 
is made to obtain the maximmn possible mass flow from the smallest possible 
compressor, as is done most particularly in the design of aircraft gas turbines, the 
air speeds are very high. It is of the utmost importance that the Mach nmnbers at 

FIG. 4.6 Volutes 

A~~; 

09 
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certain points in the flow do not exceed the value beyond which the losses 
increase rapidly due to the formation of shock waves. The critical Mach number 
is usually less than unity when calculated on the basis of the mean velocity of the 
fluid relative to the boundary, because the actual relative velocity near the surface 
of a curved boundary may be in excess of the mean velocity. As a general rule, 
unless actual tests indicate otherwise, the Mach nmnbers are restricted to about 
0·8. 

Consider now the Mach numbers at vital points in the compressor, beginning 
with the intake. 

Inlet Mach number for impeller and diffuser 

At the intake, the air is deflected through a certain angle before it passes into the 
radial channels on the· impeller. There is always a tendency for the air to break 
away from the convex face of the curved part of the impeller vane. Here then is a 
point at which the Mach number will be extremely important; a shock wave might 
occur as shown in Fig. 4.7(a). 

The inlet velocity triangle for the impeller eye is shown in Fig. 4.7(b). The full 
lines represent the case of axial inlet velocity which we have considered up to 
now. It has also been assumed that the axial velocity is uniform from the root to 
the tip of the eye. In dills case, the velocity of the air relative to the vane, V~o will 
reach a maximum at the eye tip where the vane speed is greatest. The inlet Mach 
number will be given by 

M=--v~_ 
.j(yRT1) 

where T1 is the static temperature at the inlet. 

01: Breakaway 
commencing 
at rear ol 
shock wave 

Cwl n 
(a) 

FIG. 4.7 Effect of prewhirl 
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Even though this Mach number be satisfactory under ground level 
atmospheric conditions, if the compressor is pmi of an aircraft gas turbine the 
Mach number may well be too high at altitude. It is possible to reduce the relative 
velocity, and hence the Mach number, by introducing prewhirl at the intake. This 
is achieved by allowing the air to be drawn into the impeller eye over curved inlet 
guide vanes attached to the compressor casing. For the Saine axial velocity, and 
hence approximately the same mass flow, the relative velocity is reduced as 
shown by the dotted triangle in Fig. 4.7(b). An additional advantage of using 
prewhirl is that the curvature of the impeller vanes at the inlet is reduced, i.e. the 
inlet angle IX is increased. 

Tins method of reducing the Mach number unfortunately reduces the work 
capacity of the compressor. The air now has an initial whirl component Cw" so 
that the rate of change of angular momentum per unit mass flow of air is 

If Cw1 is constant over the eye of the impeller, then the initial angular momentum 
will increase from root to tip of the eye. The amount of work done on ~ach 
kilogramme of air will therefore depend upon the radius at which it enters the eye 
of the impeller. A mean value of the work done per kg can be found by using the 
initial angular momentum of the air at the mean radius of the eye. There is, 
however, no point in reducing the work capacity of the compressor unnecessarily, 
and the Mach number is only high at the tip. It is clearly preferable to vary the 
prewhirl, gradually reducing it from a maximum at the tip to zero at the root of 
the eye. Tills may be done if the inlet guide vanes are suitably twisted. 

We will now check the relative Mach numbers in the compressor dealt with in 
Exainples 4.1 and 4.2. Consider first the inlet Mach number for the tip radius of 
the impeller eye. 

Inlet velocity 
Eye tip speed 
Relative velocity at tip 
Velocity of sound 

= 143 m/s and is axial 
=273 m/s 
=J(l432 +2732)=308 m/s 
= .j(1·4 X 0-287 X 284-5 X 103

) 

=338 m/s 
Maximum Mach number at inlet= 308/338 = 0·91 

This would not be considered satisfactory even if it were actually the maximum 
value likely to be reached. But if the compressor is part of an aircraft engine 
required to operate at an altitude of 11 000 m, where the atmospheric temperature 
is only about 217 K, we must calculate the Mach number under these conditions. 
Since there will be a temperature rise due to the ram effect in the intake when the 
aircraft has a forward speed, the effect of drop in atmospheric temperature will not 
be quite so great as might be expected. We will take 90 m/s as being the 
minimum speed likely to be reached at high altitude. 
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Temperature equivalent of 
forward speed = 4 K 

Inlet stagnation temperature = 217 + 4 = 221 K 
Temperature equivalent of axial 

inlet velocity from the first 
examplet = 10·5 K 

Inlet static temperature at altitude= 210-5 K 
1 

Inlet Mach number at altitude = 0·91 (
284

"
5
)' = 1·06 

210·5 

This is clearly too high and we will find the Mach number when 30 degrees of 
prewhirl are introduced. In this case the absolute inlet velocity will be slightly 
higher than before, so that the inlet static temperature will be slightly lower. A 
new value for the axial velocity must be found by the usual trial and error 
process. Reverting to the original sea-level static case: 

Try Ca1 = 150 m/s 

150 
cl =--= 173·2m/s 

cos 30 
Temperature equivalent of C1 = 14·9 K 

T1 = 295- 14·9 = 280·1 K 

p 1 = 0-918 bar and p1 = 1·14 kgjm3 

9 
Check on cal = 1-14 X 0-053 = 149 m;s 

Whirl velocity at inlet, Cw1 = 149 tan 30 

= 86 mjs 

Maximum relative velocity= )[1492 + (273 - 86)2
] 

= 239mjs 

Hence maximum inlet Mach number when T01 = 295 K is 

239 
---:-:-:-:---:~.,...-~-=--=--:-::= = 0·71 
J(1·4 X 0·287 X 280·1 X 103) 

Under altitude conditions this would rise to little more than 0-8 and 30 degrees of 
prewhirl can be regarded as adequate. 

To show the effect of the 30 degrees of prewhirl on the pressure ratio, we will 
take the worst case and assume that the prewhirl is constant over the eye of the 
impeller. 

t This assumes that the mass flow through the compressor at altitude will be such as to give correct 
flow direction into the eye. Then if the rotational speed is unaltered the axial velocity must be the 
same. 
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. 273 + 136·5 
Speed of impeller eye at mean radius, Ue = --

2
-. -

Actual temperature rise 

= 204·8 mjs 

= tc(Juz- cwi u.) 
cP 
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1·04(0·9 X 455·52
- 86 X 204·8) 

= = 175 K 
1·005 X 103 

Pm = [1 + 0·78 x 175]3·5 = 3·79 
Pol 295 

This pressure ratio may be compared with the figure of 4·23 obtained with no 
prewhirl. It is sometimes advantageous to use adjustable inlet guide vanes to 
improve the performance under o:ff-design conditions. 

We next consider the relevant Mach numbers in the diffuser. The maximum 
value will occur at the entry to the diffuser, that is, at the impeller tip. Once again 
the values calculated in the previous examples of this chapter will be used. 

In Example 4.1 the temperature equivalent of the resultant velocity of the air 
leaving the impeller was found to be 

Ci =93·8 K 
2cP 

and hence 

C2 = 434 mjs 

T2 was found to be 394·2 K, and thus the Mach number at the impeller tip equals 

434 
----,-,.---,---::--::----:--:-:c---,.::c- = 1 . 09 
J(l-4 X 0·287 X 394·2 X 103) 

Now consider the leading edge of the diffuser vanes. In Example 4.2 the whirl 
velocity was found to be 342 rnls and the radial component 97·9 rnls. There­
sultant velocity at this radius is therefore 3 56 rnls. The static temperature was 
425·1 Kat this radius so that the Mach number is 

356 = 0·86 
J(l-4 X 0·287 X 425·1 X IQ3) 

In the particular design under consideration, the Mach number is 1·09 at the 
impeller tip and 0·86 at the leading edges of the diffuser vanes. It has been found 
that as long as the radial velocity component is subsonic, Mach numbers greater 
than unity can be used at the impeller tip without loss of efficiency: it appears that 
supersonic diffusion can occur without the formation of shock waves if it is 
carried out at constant angular momentum with vortex motion in the vaneless 
space, Ref. (7). But the Mach nun1ber at the leading edge of the diffuser vanes is 
rather high and it would probably be advisable to increase the radial width of the 
vaneless space or the depth of the diffuser to reduce the velocity at this radius. 
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High Mach numbers at the leading edges of the diffuser vanes are undesirable, 
not only because of the danger of shock losses, but because they imply high air 
speeds and comparatively large pressures at the stagnation points where the air is 
brought to rest locally at the leading edges of the vanes. This causes a 
circumferential variation in static pressure, which is transmitted upstream in a 
radial direction through the vaneless space to the impeller tip. Although the 
variation will have been considerably reduced by the time it reaches the impeller, 
it may well be large enough to excite the impeller vanes and cause mechanical 
failure due to vibrational fatigue cracks in the vanes. This will occur when the 
exciting frequency, which depends on the rotational speed and relative number of 
impeller and diffuser vanes, is of the san1e order as one of the natural frequencies 
of the impeller vanes. To reduce the likelihood of this, care is taken to see that the 
number of vanes in the impeller is not an exact multiple of the nmnber in the 
diffuser; it is common practice to use a prinle number for the impeller vanes and 
an even number for the diffuser vanes. 

The reason for the vaneless space will now be apparent: both the dangers of 
shock losses and excessive circumferential variation in static pressure would be 
considerably increased if the leading edges of the diffuser vanes were too near the 
impeller tip where the Mach numbers are very high. 

4.5 Non-dimensional quantities for plotting compressor 
characteristics 

The perfonnance of a compressor may be specified by curves of delivery pressure 
and temperature plotted against mass flow for various fixed values of rotational 
speed. These characteristics, however, are dependent on other variables such as 
the conditions of pressure and temperature at entry to the compressor and the 
physical properties of the working fluid. Any attempt to allow for full variations 
of all these quantities over the working range would involve an excessive num­
ber of experinlents and malce a concise presentation of the results impossible. 
Much of this complication may be eliminated by using the technique of dimen­
sional analysis, by which the variables involved may be combined to form a 
smaller and more manageable number of dimensionless groups. As will be 
shown, the complelte characteristics of any particular compressor may then be 
specified by only two sets of curves. 

Before embarking on the dimensional analysis of the behaviour of a 
compressor, the following special points should be noted. 

(a) When considering the dimensions of temperature, it is convenient always to 
associate with it the gas constant R so that the combined variable RT, being 
equal to pip, has the dimensions ML -IT- 2/ML - 3 =L2T- 2

. Thus they are 
the same as those of (velocity)2

• When the same gas, e.g. air, is being 
employed during both the testing and subsequent use of the compressor, R 
can finally be eliminated, but if for any reason there is a change from one gas 
to another it must be retained in the final expressions. 



NON-DIMENSIONAL QUANTITIES FOR PLOTTING COMPRESSOR 147 

(b) A physical property of the gas which undoubtedly influences the behaviour 
of the compressor is its density p but, if pressure p and the RT product are 
also cited, its inclusion is superfluous because p =pi RT. 

(c) A further physical property of the gas which in theory would also influence 
the problem would be its viscosity. The presence of this variable would 
ultimately result in the emergence of a dimensionless group having the 
character of a Reynolds number. In the highly turbulent conditions which 
generally prevail in machines of this type, it is found from experience that 
the influence of this group is negligibly small over the normal operating 
ranget and it is customary to exclude it from turbomachinery analysis. 

Bearing the above points in J.Ilind, it is now possible to consider the various 
quantities which will both influence the behaviour of the compressor and depend 
upon it. The solution of the problem may then be stated in the form of an equation 
in which a function of all these variables is equated to zero. Thus in the present 
instance, it would be reasonable to state that 

Function (D, N, m, p 01 , p02 , RT01 , RT0z) = 0 (4.6) 

where D is a characteristic linear dimension of the machine (usually taken as the 
impeller diameter) and N is the rotational speed. Note that now we are simply 
considering the performance of the compressor as a whole, suffix 2 will be used to 
refer to conditions at the compressor outlet for the remainder of this chapter. 

By the principle of dimensional analysis, often referred to as the Pi theorem, it 
is known that the function of seven variables expressed by equation (4.6) is 
reducible to a different function of 7 - 3 = 4 non-dimensional groups formed 
from these variables. The reduction by 3 is due to the presence of the three 
fundamental units, M, L, T, in the dimensions of the original variables. Various 
techniques exist for the formation of these non-dimensional groups and it is 
possible in theory to obtain an infinite variety of self-consistent sets of these 
groups. Generally there is little difficulty in deriving them by inspection, having 
decided on the most suitable quantities to 'non-dimensionalize' by using the 
others. In this case, it is most useful to have the non-dimensional forms of p 02, 

T0z, m and N and the groups emerge as 

p 02 T02 mJ(RT0J) ND 

Pm ' Tm ' D 2Pm ' J(RToi) 

This now means that the performance of the machine in regard to the 
variations of delivery pressure and temperature with mass flow, rotational speed 
and inlet conditions can be expressed in the form of a function of these groups. 

t To reduce the power requirements when testing large compressors, it is often necessary to throttle 
the flow at inlet, giving a drop in inlet pressure and hence mass flow. The resultant drop in density 
lowers the Reynolds number, and it is known that the performance of compressors drops off with a 
substantial reduction in Reynolds number. 
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When we are concerned with the performance of a machine of fixed size 
compressing a specified gas, R and D may be omitted from the groups so that 

. ~02 Toz mJT01 N ) Function -, -T. , --, JT. = 0 (4.7) 
01 OJ POi 01 

The quantities mJT01!p01 an<;l N!JT01 are usually termed the 'non-dimensional' 
mass flow and rotational speed respectively, although they are not truly dimen­
sionless. 

A function of this form can be expressed graphically by plotting one group 
against another for various fixed values of a third. In this particular case, 
experience has shown that the most useful plots are those of the pressure and 
temperature ratios p02/p01 and T02/T01 against the non-dimensional mass flow 
mJT01 /p01 using the non-dimensional rotational speed N!JT01 as a parameter. 
As will be shown in the next section, it is also possible to replace the temperature 
ratio by a derivative of it, namely the isentropic efficiency. 

Finally, it is worth noting one particular physical interpretation of the non­
dimensional mass flow and rotational speed parameters. The former can be 
written as 

mJ(RT) 
Dzp 

and the latter as 

pACJ(RT) 

ND U 
J(RT) = J(RT) oc MR 

Thus the parameters can be regarded as a flow Mach nmnber Mp and a rotational 
speed Mach number MR. All operating conditions covered by a pair of values of 
mJT!p and N/ JT should give rise to similar velocity triangles, so that the vane 
angles and air flow directions will match and the compressor will yield the same 
performance in terms of pressure ratio, temperature ratio and isentropic effici­
ency. This is what the non-dimensional method of plotting the characteristics 
implies. 

4.6 Compressor characteristics 

The value of the dimensional analysis is now evident. It is only necessary to plot 
two sets of curves in order to describe the performance of a compressor com­
pletely. The stagnation pressure and temperature ratios are plotted separately 
against 'non-dimensional' mass flow in the form of a family of curves, each curve 
being drawn for a fixed value of the 'non-dimensional' rotational speed. From 
these two sets of curves it is possible to construct constant speed curves of 
isentropic efficiency plotted against 'non-dimensional' mass flow because this 
efficiency is given by 

(poz/Poi)(l'-1)/y- 1 

(Toz/To1)- 1 
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Before describing a typical set of characteristics, it will be as well to consider 
what might be expected to occur when a valve, placed in the delivery line of a 
compressor running at constant speed, is slowly opened. The variation in pressure 
ratio is shown in Fig. 4.8. When the valve is shut and the mass flow is zero, the 
pressure ratio will have some value A, corresponding to the centrifugal pressure 
head produced by the action of the impeller on the air trapped between the vanes. 
As the valve· is opened and flow commences, the diffuser begins to contribute its 
quota of pressure rise, and the pressure ratio increases. At some point B, where 
the efficiency approaches its maximum value, the pressure ratio will reach a 
maximum, and any further increase in mass flow will resuH in a fall of pressure 
ratio. For mass flows greatly in excess of that corresponding to the design mass 
flow, the air angles will be widely different from the vane angles, breakaway of 
the air will occur, and the efficiency will fall off rapidly. In this hypothetical case 
the pressure ratio drops to unity at C, when the valve is fully opened and all the 
power is absorbed in overcoming internal frictional resistance. 

In actual practice, though poin1 A could be obtained if desired, most of the 
curve between A and B could not be obtained owing to the phenomenon of 
surging. Surging is associated with a sudden drop in delivery pressure, and with 
violent aerodynamic pulsation which is transmitted throughout the whole 
machine. It may be explained as follows. If we suppose that the compressor is 
operating at some point D on the part of the characteristic having positive slope, 
then a decrease in mass flow will be accompanied by a fall of delivery pressure. If 
the pressure of the air downstream of the compressor does not fall quicldy 
enough, the air will tend to reverse its direction and flow back in the direction of 
the resulting pressure gradient. When this occurs, the pressure ratio drops rapidly. 
Meanwhile, the pressure downstream of the compressor has fallen also, so that 
the compressor will now be able to pick up again to repeat the cycle of events 
which occurs at high frequency. 

This surging of the air may not happen innnediately the operating point moves 
to the left of B in Fig. 4.8, because the pressure downstream of the compressor 
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FIG. 4.8 Theoretical characteristic 
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may first of all fall at a greater rate than the delivery pressure. Sooner or later, as 
the mass flow is reduced, the reverse will apply and the conditions are inherently 
unstable between A and B. As long as the operating point is on the part of the 
characteristic having a negative slope, however, decrease of mass flow is 
accompanied by a rise of delivery pressure and stability of operation is assured. In 
a gas turbine, the actual point at which surging occurs depends upon the 
swallowing capacity of the components downstream of the compressor, e.g. the 
turbine, and the way in which this swallowing capacity varies over the range of 
operating conditions. 

Surging probably starts to occur in the diffuser passages, where the flow is 
retarded by frictional forces near the vanes: certainly the tendency to surge 
appears to increase with the number of diffuser vanes. This is due to the fact that 
it is very difficult to split the flow of air so that the mass flow is the same in each 
passage. When there are several diffuser channels to every impeller channel, and 
these deliver into a common outlet pipe, there is a tendency for the air to flow up 
one channel and down another when the conditions are conducive to surging. If 
this occurs in only one pair of channels the delivery pressure will fall, and thus 
increase the likelihood of surging. For this reason, the number of diffuser vanes is 
usually less than the number of impeller vanes. The conditions of flow are then 
approximately the same in each diffuser passage, because if each is supplied with 
air from several impeller channels the variations in pressure and velocity between 
the channels will be evened out by the time the air reaches the diffuser. Surging is 
therefore not likely to occur until the instability has reached a point at which 
reversal of flow will. occur in most of the diffuser passages simultaneously. 

There is one other important cause of instability and poor performance, which 
may contribute to surge but can exist in the nominally stable operating range: this 
is the rotating stall. When there is any non-uniformity in the flow or geometry of 
the channels between vanes or blades, breakdown in the flow in one channel, say 
Bin Fig. 4.9, causes the air to be deflected in such a way that channel C receives 
fluid at a reduced angle of incidence and channel A at an increased incidence. 
Channel A then stalls, resulting in a reduction of incidence to channel B enabling 
the flow in that channel to recover. Thus the stall passes from channel to channel: 
at the impeller eye it would rotate in a direction opposite to the direction of 

FIG. 4.9 Rotating stall 
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rotation of the impeller. Rotating stall may lead to aerodynamically induced 
vibrations resulting in fatigue failures in other parts of the gas turbine. 

Returning now to consider the hypothetical constant speed curve ABC in Fig. 
4.8, there is an additional limitation to the operating range, between Band C. As 
the mass flow increases and the pressure decreases, the density is reduced and the 
radial component of velocity must increase. At constant rotational speed this must 
mean an increase in resultant velocity and hence in angle of incidence at the 
diffuser vane leading edge. Sooner or later, at some point E say, the position is 
reached where no further increase in mass flow can be obtained and choking is 
said to have occurred. This point represents the maximum delivery obtainable at 
the particular rotational speed for which the curve is drawn. Other curves may be 
obtained for different speeds, so that the actual variation of pressure ratio over the 
complete range of mass flow and rotational speed will be shown by curves such as 
those in Fig. 4.10(a). The left-hand extremities of the constant speed curves may 
be joined up to form what is !mown as the surge line, while the right-hand 
extremities represent the points where choking occurs. 

The temperature ratio is a simple function of the pressure ratio and isentropic 
efficiency, so that the form of the curves for temperature ratio plotted on the same 
basis will be similar to Fig. 4.10(a); there is no need to give a separate diagram 
here. From these two sets of curves the isentropic efficiency may be plotted as in 
Fig. 4.10(b) or, alternatively, contour lines for various values of the efficiency 
may be superimposed upon Fig. 4.10(a). The efficiency varies with mass flow at a 
given speed in a similar mmmer to the pressure ratio, but the maximum value is 
approximately the same at all speeds. A curve representing the locus of operating 
points for maximum efficiency can be obtained as shown by the dotted curve in 
Fig. 4.10(a). Ideally, the gas turbine should be so designed that the compressor 
will always be operating on this curve. Chapter 8 will describe a method for 
estimating the position of the operating line on the compressor characteristics. 

In conclusion, mention must be made of two other parameters sometimes used 
in preference to m-/T01 /p 01 and N!JT01 when plotting compressor character­
istics. These are the equivalent flow mJ6!b and equivalent speed N!J6, where 
6 = Taiii'rer and b = p 011Pref· The reference ambient state is normally that 
corresponding to the I.S.A. at sea level, na!llely 288 K and 1·013 bar. When the 
compressor is operating with the reference intake condition, mJ6!b and N!J6 
are equal to the actual mass flow and rotational speed respectively. With this 
method of plotting the characteristics, the numbers on the axes are recognizable 
quantities. 

4. 7 Computerized design procedures 

Although the approach to the design of centrifugal compressors given here is 
adequate as an introduction to the subject, the reader should be aware that more 
sophisticated methods are available. For example, Ref. (9) outlines a computer-
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ized design procedure developed at the National Gas Turbine Establishment (now 
Royal Aircraft Establishment). This makes use of the Marsh 'matrix throughflow' 
aerodynamic analysis for determining the shape of the impeller channels. It in­
cludes a program for checking the stresses in the impeller, and concludes with 
one which predicts the performance characteristics of the compressor. The pro­
cedure leads to a numerical output of co-ordinates for defining the shape of 
the impeller· and diffuser vanes, in such a form that it ean be fed directly to 
numerically controlled machine tools used for manufacturillg these components. 
Tests have suggested that compressors designed in this way have an improved 
performance. 

Reference (1 0) describes a method of performance prediction which has been 
compared with test results from seven different compressors, including one 
designed on the basis of Ref. (9). The form of the pressure ratio v. mass flow 
characteristics, and the choking flow, were predicted satisfactorily. The efficiency 
was within ± 1-2 per cent of the experimental value at the design speed, with 
somewhat larger discrepancies at low speeds. No general means have yet been 
devised for predicting the surge line. 

NOMENCLATURE 

n number of vanes 
N rotational speed 
r radius 
U impeller speed at tip 
Ue impeller speed at mean radius of eye 
V relative velocity, volume flow 
ex vane angle 
rJ slip factor 
1/1 power input factor 
w angular velocity 

Suffixes 

a axial component, ambient 
r radial component 
w whirl component 



5 Axial flow compressors 

The importance of a high overall pressure ratio in reducing specific fuel consump­
tion was referred to in sections 2.4 and 3.3, and the difficulties of obtaining a high 
pressure ratio with the centrifugal compressor were pointed out in Chapter 4. 
From an early stage in the history of the gas turbine, it was recognized that the 
axial flow compressor had the potential for both higher pressure ratio and higher 
efficiency than the centrifugal compressor. Another major advantage, especially 
for jet engines, was the much larger flow rate possible for a given frontal area. 
These potential gains have now been fully realized as the result of intensive 
research into the aerodynamics of axial compressors: the axial flow machine 
dominates the field for large powers and the centrifugal compressor is restricted to 
the lower end of the power spectrum where the flow is too small to be handled 
efficiently by axial blading. ' 

Early axial flow units had pressure ratios of around 5 : 1 and required abbut 10 
stages. Over the years the overall pressure ratios available have risen dramatically, 
and some turbofan engines have pressure ratios exceeding 30: 1. Continued 
aerodynamic development has resulted in a steady increase in stage pressure ratio, 
with the result that the number of stages for a given overall pressure ratio has 
been greatly reduced. There has been in consequence a reduction in engine 
weight for a specified level of performance, which is particularly important for 
aircraft engines. It should be realized, however, that high stage pressure ratios 
imply high Mach numbers and large gas deflections in the blading which would 
not generally be justifiable in an industrial gas turbine where weight is not critical; 
industrial units, built on a much more restricted budget than an aircraft engine, 
will inevitably use more conservative design techniques resulting in more stages. 

In accordance with the introductory nature of this book, attention will be 
focused on the design of subsonic compressors. True supersonic compressors, i.e. 
those for which the velocity at entry is everywhere supersonic, have not 
proceeded beyond the experimental stage. Transonic compressors, however, in 
which the velocity relative to a moving row of blades is supersonic over part of 
the blade height, are now successfully used in both aircraft and industrial gas 
turbines. The reader must turn to more advanced texts for a full discussion of 
these topics. 
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5.1 Basic operation 

The axial flow compressor consists of a series of stages, each stage comprising a 
row of rotor blades followed by a row of stator blades: the individual stages can be 
seen in Fig. 5 .1. The working fluid is initially accelerated by the rotor blades, and 
then decelerated in the stator blade passages wherein the kinetic energy trans­
ferred in the rotor is converted to static pressure. The process is repeated in as 
many stages as are necessary to yield the required overall pressure ratio. 

The flow is always subject to an adverse pressure gradient, and the higher the 
pressure ratio the more difficult becomes the design of the compressor. The 
process consists of a series of diffusions, both in the rotor and stator blade 
passages: although the absolute velocity of the fluid is increased in the rotor, it 
will be shown that the fluid velocity relative to the rotor is decreased, i.e. there is 
diffusion within the rotor passages. The need for moderate rates of change of 
cross-sectional area in a diffusing flow has already been emphasized in the 
previous chapter. This limit on the diffusion in each stage means that a single 
compressor stage can provide only a relatively small pressure ratio, and very 
much less than can be used by a turbine with its advantageous pressure gradient, 
converging blade passages, and accelerating flow (Fig. 5.2). This is why a single 
turbine stage can drive a large nmnber of compressor stages. 

Careful design of compressor blading based on both aerodynamic theory and 
experiment is necessary, not only to prevent wasteful losses, but also to ensure a 
minirnmn of stalling troubles which are all too prevalent in axial compressors, 
especially if the pressure ratio is high. Stalling, as in the case of isolated aerofoils, 
arises when the difference between the flow direction and the blade angle (i.e. the 
angle of incidence) becomes excessive. The fact that the pressure gradient is 
acting against the flow direction is always a danger to the stability of the flow, and 
flow reversals may easily occur at conditions of mass flow and rotational speed 
which are different from those for which the blades were designed. 

The compressor shown in Fig. 5.1 makes use of inlet guide vanes (IGVs), 
which guide the flow into the first stage. Many industrial units have variable 

FIG. 5.1 16-stage high-pressure ratio compressor [by courtesy of General Electric) 
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FIG. 5.2 Comparison of typical forms of turbine and compressor rotor blades 

IGVs, permitting the flow angle entering the first stage to vary with rotational 
speed to improve the off-design performance. Most aircraft engines have now 
dispensed with IGVs, however, mainly to obtain the maximum possible flow per 
unit area and minimum engine weight. Other benefits include an easing of noise 
and icing problems. 

Figure 5.1 shows the marked change in blade size from front to rear in a high 
pressure ratio compressor. For reasons which will appear later, it is desira151e to 
keep the axial velocity approximately constant throughout the compressor. With 
the density increasing as the flow progresses through the machine, it is therefore 
necessary to reduce the flow area and hence the blade height. When the machine 
is running at a lower speed than design, the density in the rear stages will be far 
from the design value, resulting in incorrect axial velocities which will cause 
blade stalling and compressor surge. Several methods may be used to overcome 
this problem, all of which entail increased mechanical complexity. The approach 
of Rolls-Royce and Pratt and Whitney has been to use multi-spool configurations, 
whereas General Electric has favoured the use of variable stator blades; the IGVs 
and first six stator rows of aGE compressor can be seen to be pivoted in Fig. 5.1. 
For turbofan engines the large difference in diameter between the fan and the rest 
of the compressor requires the use of multi-spool units; Pratt and Whitney and 
General Electric have used two spools, but Rolls-Royce have used three spools on 
the RB211. Another possibility is the use of blow-off valves, and on advanced 
engines it is sometimes necessary to include all these schemes. It is important to 
realize that the designer must consider at the outset the performance of the 
compressor at conditions far from design, although detailed discussion of these 
matters is left to the end of the chapter. 

In early axial compressors the flow was entirely subsonic, and it was found 
necessary to use aerofoil section blading to obtain a high efficiency. The need to 
pass higher flow rates at high pressure ratios increased the Mach numbers, which 
became especially critical at the tip of the first row of rotor blades. Eventually it 
became necessary to design blading for transonic compressors, where the flow 
over part of the blade is supersonic. It was found that the most effective blading 
for transonic stages consisted of sections based on circular arcs, often referred to 
as biconvex blading. As Mach numbers were further increased it was found that 
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blade sections based on parabolas became more effective, and most high­
performance stages no longer use aerofoil sections. 

Before looking at the basic theory of the axial flow compressor it should be 
emphasized that successful compressor design is very much an art, and all the 
major engine manufacturers have developed a body of knowledge which is kept 
proprietary for competitive reasons. Bearing in mind the introductory nature of 
this text, the aim of this chapter will be to present only the fundamentals of 
compressor design. 

5.2 Elementary theory 

The working fluid in an axial flow compressor is normally air, but for closed­
cycle gas turbines other gases such as helimn or carbon dioxide might be used. 
The analysis which follows is applicable to any gas, but unless otherwise noted it 
will be assmned that the working fluid is air. 

A sketch of a typical stage is shown in Fig. 5.3. Applying the steady flow 
energy equation to the rotor, and recognizing that the process can be assmned to 
be adiabatic, it can readily be seen that the power input is given by 

W = mcp(T02 - T01 ) (5.1) 

Repeating with the stator, where the process can again be assmned adiabatic and 
there is zero work input, it follows that T02 = T03 . All the power is absorbed in the 
rotor, and the stator merely transforms kinetic energy to an increase in static 
pressure with the stagnation temperature remaining constant. The increase in 
stagnation pressure is accomplished wholly within the rotor and, in practice, there 
will be some decrease in stagnation pressure in the stator due to fluid friction. 
Losses will also occur in the rotor and the stagnation pressure rise will be less 
than would be obtained with an isentropic compression and. the same power input. 
A T-s diagram for the stage, showing the effect oflosses in both rotor and stator, 
is also shown in Fig. 5.3. 

Obtaining the power input to the stage from simple thennodynamics is no help 
in designing the blading. For this purpose we need to relate the power input to the 
stage velocity triangles. Initially attention will be focused on a simple analysis of 
the flow at the mean height of a blade where the peripheral speed is U, assuming 
the flow to occur in a tangential plane at the mean radius. This two-dimensional 
approach means that in general the flow velocity will have two components, one 
axial (denoted by subscript a) and one tangential (denoted by subscript w, 
implying a whirl velocity). This simplified analysis is reasonable for the later 
stages of an axial flow compressor where the blade height is small and the blade 
speeds at root and tip are similar. At the front end of the compressor, however, the 
blades are much longer, there are marked variations in blade speed from root to 
tip, and it becomes essential to consider three-dimensional effects in analysing the 
flow: these will be treated in a later section. 

The velocity vectors and associated velocity diagram for a typical stage are 
shown in Fig. 5.4. The air approaches the rotor with a velocity C1 at an angle c.:1 
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FIG. 5.3 Compressor stage and T-s diagram 

FIG. 5.4 Velocity triangles for one stage 
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from the axial direction; combining C1 vectorially with the blade speed U gives 
the velocity relative to the blade, v~. at an angle p1 from the axial direction. After 
passing through the rotor, which increases tl.e absolute velocity of the air, the 
fluid leaves the rotor with a relative velocity V2 at an angle {32 determined by the 
rotor blade outlet angle. Assuming that the design is such that the axial velocity 
Ca is kept constant, the value of V2 can be obtained and the outlet velocity 
triangle constructed by combining V2 and U vectorially to give Cz at angle O:z. 
The air leaving the rotor at o:2 then passes to the stator where it is diffused to a 
velocity c3 at angle o:3; typically the design is such that c3 ""'cl and 0:3 ""'0:] so 
that the air is prepared for entry to another similar stage. 

Assuming that Ca = Ca 1 = Ca2, two basic equations follow immediately from 
the geometry of the velocity triangles. These are 

u 
-=tan o:1 +tan P1 (5.2) ca 
u 
-=tano:2 +tanP2 ca (5.3) 

By considering the change in angular momentum of the air in passing through the 
rotor, the following expression for the power input to the stage can be deduced: 

W = mU(Cw2- Cwl) 

where Cw1 and Cw2 are the tangential components of fluid velocity before and 
after the rotor. This expression can be put in terms of the axial velocity and air 
angles to give 

W = mUCa(tan o:2 - tan o:1) 

It is more useful, however, to express the power in terms of the rotor blade air 
angles, P1 and p2. It can readily be seen from equations (5.2) and (5.3) that 
(tan o:2 - tan o:1) =(tan p1 - tan P2). Thus the power input is given by 

W = mUCa(tan P1 -tan Pz) (5.4) 

This input energy will be absorbed usefully in raising the pressure of the air 
and wastefully in overcoming various frictional losses. But regardless of the 
losses, or in otber words of the efficiency of compression, the whole of this input 
will reveal itself as a rise in stagnation temperature of the air. Equating ( 5.1) and 
( 5.4 ), the stagnation temperature rise in the stage, !J.Tas, is given by 

uca 
!J.Tas = T03 - Ta1 = Ta2 - Ta 1 =-(tan P1 -tan P2) (5.5) 

cP 

The pressure ri_s_e obtained will be strongly dependent on the efficiency of the 
compression process, as should be clear from Fig. 5.3. Denoting the isentropic 
efficiency of the st~ge by 1Js, where 1Js = (T63 - Ta1)/(T03 - T01 ), the stage 
pressure ratio is then given by 

Rs =Pm, = 1 +~ 
[ 

AT, ]Y/(y-1) 

Po1 Tal 
(5.6) 
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It can now be seen that to obtain a high temperature rise in a stage, which is 
desirable to minimize the number of stages for a given overall pressure ratio, the 

designer must combine 

(i) high blade speed 
(ii) high axial velocity 
(iii) high fluid deflection (PI - P2) in the rotor blades. 

Blade stresses will obviously limit the blade speed, and it will be seen in the next 
section that aerodynamic considerations and the previously mentioned adverse 
pressure gradient combine to limit (ii) and (iii). 

5.3 Factors affecting dage pressure ratio 

Tip speed 

The centrifugal stress in the rotor blades depends on the rotational speed, the 
blade material and the length of the blade. The maximum centrifugal tensile 
stress, which occurs at the blade root, can be seen to be given by 

where Pb is the density of the blade material, w is the angular velocity, a is the 
cross-sectional area of the blade at any radius, and suffixed r and t refer to root 
and tip of the blade. If, for simplicity, the blade cross-section is assumed to be 
constant from root to tip 

where N is the rotational speed and A the annulus area. The tip speed, U,, is given 
by 2nNr1 so the equation for centrifugal tensile stress can be written also as 

The ratio rrlr, is normally referred to as the hub-tip ratio. It is immediately 
apparent that the centrifugal stress is proportional to the square of the tip speed, 
and that a reduction of hub-tip ratio increases the blade stress. It will be seen later 
that the hub-tip ratio is also very important with regard to aerodynamic con­
siderations. 

In practice, the blade sectional area will be decreased with radius to relieve the 
blade root stress and the loading on the disc carrying the blades, so that the 
integral would be evaluated numerically or graphically. A simple analytical 
expression can be deduced, however, for a linear variation of cross-sectional area 
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from root to tip. If the hub-tip ratio is band the ratio of the cross-sectional area at 
the tip to that at the root is d, the stress in a tapered blade is given by 

(ac,)max = ~ urz(l- bz)K 

where K = 1 - [(1 - d)(2- b- b2)j3(1 - b2)] 

Typical values of K would range from 0·55 to 0·65 for tapered blades. 
Direct centrifugal tensile stresses are not often of major concern in compressor 

blades. The first-stage blades, being the longest, are the most highly stressed, but 
the later stages often appear to be very moderately stressed. The designer should 
not be lulled into a false sense of security by this, because the blades are also 
subject to fluctuating gas bending stresses which may cause fatigue failure. 

· Although the problem is signillicantly more difficult for compressors than 
turbines, because of the high probability of aerodynamic vibration resulting from 
flow instability when some stages are operating in a stalled condition, a 
discussion of methods of predicting gas bending stresses is left to Chapter 7. 

For tip speeds of around 350 m/s, stress problems are not usually critical in the 
sizing of the annulus. Tip speeds of 450 m/s, however, are common in the fans of 
high bypass ratio turbofans, and with their low hub-tip ratios the design of the 
disc to retain the long heavy blades becomes critical. The inner radius of the 
annulus may then be dictated by disc stressing constraints. 

Axial velocity 

The expression for stage temperature rise, which in conjunction with an isen­
tropic efficiency determines the stage pressure ratio, showed the desirability of 
using a high value of axial velocity. A high axial velocity is also required to 
provide a high flow rate per unit lrrontal area, which is important for turbojet and 
turbofan engines. 

The axial velocity at inlet, however, must be limited for aerodynamic reasons. 
Considering a first stage with no IGVs, the entry velocity will be purely axial in 
direction and the velocity diagram at entry to the rotor will be as shown by the 
right-angled triangle in Fig. 5.5. The velocity relative to the rotor is given by 
Vf = Cf + U2 and, assuming the axial velocity to be constant over the blade 
height, the maximum relative velocity will occur at the tip, i.e. V11• The static 
temperature at rotor entry, T~, is given by T01 - (Cf j2cp) and the local acoustic 
velocity by a =J(yRT1). The Mach number relative to the rotor tip is Vlt/a, and 
for a given speed [[, it is therefore determined by the axial velocity at entry to the 
stage as indicated by the curves in Fig. 5.5. Axial velociti,~s for an industrial gas 
turbine will usually be of the order of 150 m/s whereas for advanced aero engines 
they could be up to 200 m/s. 

On early compressors the design had to be such that the Mach number at the 
rotor tip was subsonic, but in the early fifties it became possible to use transonic 
Mach numbers up to about 1·1 without introducing excessive losses. With fans of 
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large bypass ratio the Mach nmnber at the rotor tip may be of the order of 1· 5. 
The dotted velocity triangle in Fig. 5.5 shows how the Mach nmnber at entry may 
be slightly reduced by means ofiGVs, and IGVs were aerodynamically necessary 
until the ability to operate at transonic Mach nmnbers was demonstrated. AB will 
be explained in section 5.12, the twin-spool compressor goes some way towards 
alleviating the tip Mach nmnber problem, because the LP compressor runs at a 
lower speed than the HP compressor, thereby reducing the tip speed at entry. The 
acoustic velocity increases in successive stages because of the progressive 
increase in static temperature, so the Mach nmnber problem diminishes for the 
later stages. We have already seen that the later stages are also not so critical from 
the mechanical point of view, short blades implying low stresses. 

For a given frontal diameter, the flow area can be increased by decreasing the 
hub-tip ratio. As this ratio is reduced to very small values, however, the 
incremental gain in flow area becomes less and less, and as mentioned previously 
the mechanical design of the first-stage disc becomes difficult; it will be seen later 
that the Mach nmnber at the tip of the first-stage stator blades also becomes 
important. For these reasons, hub-tip ratios much below 0·4 are not used for aero 
engines and significantly higher values are normal for industrial gas turbines. 

When air is the working fluid it is generally found that compressibility effects 
become critical before stress considerations, i.e. U1 and Ca are limited by the need 
to keep the relative gas velocity to an acceptable level. Closed-cycle gas turbines, 
with external combustion, are not restricted to using air as the working fluid and 
both helimn and carbon dioxide are possible working fluids. With a light gas such 
as helimn, the gas constant is much higher than for air and the acoustic velocity is 
correspondingly greater; in this case, it is found that the Mach nmnbers are low 
and stress limitations predominate. For a heavier gas such as carbon dioxide, the 
opposite is true. 
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High fluid deflections in the rotor blades 

Recalling equation (5.5) for convenience, the stage temperature rise was given by 
L'1Tos= UCa(tan pi- tan p2)/cp. For most compressor stages it can be assumed 
with little error that the value of U is the same at inlet and outlet of a rotor blade 
for any particular streamline, and the velocity triangles can conveniently be drawn 
on a common base as in Fig. 5.6. The amount of deflection required in the rotor is 
shown by the directions of the relative velocity vectors Vi and V2, and the change 
in whirl velocity is L'1Cw Considering a fixed value of P1. it is obvious that 
increasing the deflection by reducing p2 entails a reduction in V2. In other words, 
high fluid deflection implies a high rate of diffusion. The designer must have 
some method for assessing the allowable diffusion, and one of the earliest criteria 
used was the de Haller number, defined as V2/Vi; a limit of Vz/Vi 1:. 0·72 was set, 
lower values leading to excessive losses. Because of its extreme simplicity, the de 
Haller nmnber is still used in preliminary design work, but for final design 
calculations a criterion called the diffusion factor is preferred. The latter concept 
was developed by NACA (the precursor of NASA), and it is widely used on both 
sides of the Atlantic. 

To explain the diffusion factor it is necessary to make a small foray into 
cascade testing, which will be discussed more fully in a later section. Figure 5. 7 
shows a pair of typical blades which have a pitch s and a chord c. The air passing 
over an aerofoil will accelerate to a higher velocity on the convex surface, and in a 
stationary row this will give rise to a drop in static pressure; for this reason the 
convex surface is known as the suction side of the blade. On the concave surface, 
the pressure side, the fluid will be decelerated. The velocity distribution through 
the blade passage will be of the fonn shown: the maximum velocity on the 
suction surface will occur at around 10-15 per cent of the chord from the leading 
edge and will then fall steadily until the outlet velocity is reached. The losses in a 
blade row arise primarily from the growth of boundary layers on the suction and 
pressure sides of the blade. These surface boundary layers come together at the 
blade trailing edge to form a wake, giving rise to a local drop in stagnation 
pressure. Relatively thick surface boundary layers, resulting in high losses, have 

c. 

u 
FIG. 5.6 Effect of increasing fluid deliection 
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FIG. 5. 7 Blade spacing and velocity distribution through passage 

been found to occur in regions where rapid changes of velocity are occurring, i.e. 
in regions of high velocity gradient. Figure 5.7 would suggest that these would be 
most likely to occur on the suction surface. The derivation of the NACA diffusion 
factor is based on the establishment of the velocity gradient on the suction surface 
in terms of v~. V2 and Vmax in conjunction with results from cascade tests. From 
the cascade tests it was deduced that the maximum velocity Vmax ~ 
V1 + 0-5(ACwslc). In simplified form,t the diffusion factor, D, can be expressed 
as 

(5.7) 

The variation of friction loss with D obtained from a large number ofNACA tests 
[Ref. (6)] is shown in Fig. 5.8. These tests were carried out over a wide range of 
cascade geometries for a particular aerofoil section, and were found to be gen-
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FIG. 5.8 Variation of friction loss with diffusion factor 

t The full derivation of the diffusion factor is given in Ref. ( 4). 
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erally applicable as long as the maximum local Mach nmnbers were subsonic or 
only slightly supersonic. It can be seen that for the rotor hub region and stators 
the losses are unaffected by variation in D up to 0-6; in the rotor tip region, 
however, the losses increase rapidly at values of D above 0-4. The great merit of 
the diffusion factor, as a criterion for placing a limit on the pennissible gas 
deflection, is its relative simplicity and the fact that it can be established as soon 
as the velocity diagram has been constructed and a value of the pitch/chord ratio 
has been chosen. In American practice the term solidity, the inverse of pitch/chord 
ratio, is used. 

5.4 Blockage in the comp:re§sor annulus 

Because of the adverse pressure gradient in compressors, the boundary layers 
along the annulus walls thicken as the flow progresses. The main effect is to 
reduce the area available for flow below the geometric area of the annulus. This 
will have a considerable effect on the axial velocity through the compressor and 
must be allowed for in the design process. The flow is extremely complex, with 
successive accelerations and decelerations combined with changes in tangential 
flow direction; the effects of tip clearance are also significant, making the calcula­
tion of boundary layer growth extremely difficult. For this reason, compressor 
designers normally make use of empirical correction factors based on experi­
mental data from comp~essor tests. 

Early British experiments revealed that the stage temperature rise was always 
less than would be given by equation (5.5). The explanation of this is based on the 
fact that the radial distribution of axial velocity is not constant across the annulus, 
but becomes increasingly 'peaky' as the flow proceeds, settling down to a fixed 
profile at about the fourth stage. This is illustrated in Fig. 5.9 which shows typical 
axial velocity profiles in the first and fourth stages. To show how the change in 
axial velocity affects the work-absorbing capacity of the stage, equation (5.4) can 
be recast using equation (5.2) as 

w = mU[(U- ca tan O:j)- ca tan P2l 
= mU[U- c.(tan 0:1 + tan P2)] 

Bladef~ 
heighl~~ 

c.-
Camean Camean 

(a) (b) 

FIG. 5.9 Axial velocity distributions: (a) at first stage, (b) at fourth stage 

(5.8) 
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The outlet angles of the stator and rotor blades determine the values of o: 1 and 
{32 which can therefore be regarded as fixed (unlike O:z which varies with Ca)· 
Equation (5.8) shows that an increase inCa will result in a decrease of W. If it is 
assumed that the compressor has been designed for a constant radial distribution 
of axial velocity as shown by the dotted line in Fig. 5.9, the effect of an increase 
in Ca in the central region of the annulus will be to reduce the work capacity of 
the blading in that area. The reduction in Ca at the root and tip might be expected 
to compensate for this effect by increasing the work capacity of the blading close 
to the annulus walls. Unfortunately the influence of both the boundary layers on 
the annulus walls and the blade tip clearance has an adverse effect on this com­
pensation and the net result is a decrease in total work capacity. This effect 
becomes more pronounced as the number of stages is increased. 

The reduction in work capacity can be accotmted for by use of the work-done 
factor A., which is a number less than unity. The actual stage temperature rise is 
then given by 

A. 
!J.T os =-UCa(tan {3 1 -tan {32) (5.9) 

cP 

Because of the variation of axial velocity profile through the compressor, the 
mean work-done factor will vary as shown in Fig. 5.10. 

Care should be taken to avoid confusion of the work-done factor with the idea 
of an efficiency. If W is the value of the work input calculated from equation (5.4), 
then A.W is the measure of the actual work which can be supplied to the stage. 
Having established the actual temperature rise, application of the isentropic 
efficiency of the stage yields the pressure ratio in accordance with equation (5.6). 

It was mentioned earlier that a high axial velocity was required for a high stage 
temperature rise, and at first sight the explanation of work-done factor, on the 
basis of a lower temperature rise in regions of high axial velocity, appears to be 
contradictory. This is not so for the following reason. At the design stage, where 
the values of {31 and {32 can be selected to give a satisfactory 11T0s within the 
limits set by the de Haller number or diffusion factor, a high axial velocity is 
required. Once the design has been specified, however, and the angles o: 1, {3 1 and 
{32 are fixed, then equation (5.8) correctly shows that an increase in axial velocity 
will reduce the stage temperature rise. 
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FIG. 5.10 Variation of mean work-done factor with number of stages 
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An alternative approach is to assign 'blockage factors' to reduce the effective 
annulus area to allow for the growth in boundary layer thiclmess, and this is the 
American design practice. Both the 'work-done factor' and 'blockage factor' 
represent empirical corrections based on a particular organization's experience of 
compressor development. 

5.5 Degree of reaction 

It was shown in an earlier section that in an axial compressor stage, diffusion 
takes place in both rotor and stator, and there will be an increase in static pressure 
through both rows. The degree of reaction 1\. provides a measure of the extent to 
which the rotor contributes to the overall static pressure rise in the stage. It is 
normally defined in terms of enthalpy rise as follows, 

A = static enthalpy rise in the rotor 

static enthalpy rise in the stage 

but, because the variation of cP over the relevant temperature ranges is negligible, 
the degree of reaction can be expressed more conveniently in terms of temper­
ature rises. 

The degree of reaction is a useful concept in compressor design, and it is 
possible to obtain a formula for it in terms of the various velocities and air angles 
associated with the stage. This will be done for the most common case in which it 
is assumed that (a) Ca is constant through the stage, and (b) the air leaves the 
stage with the same absolute velocity with which it enters, i.e. C3 = C1 and hence 
ATs = 11T0s. If ATA and 11T8 denote the static temperature rises in the rotor and 
stator respectively, then equation ( 5 .5) gives, per unit mass flow, 

W = cp(ATA + 11T8 ) = cPATs = UCa(tan P1 -tan P2) 

= UCa(tan ex2 -tan ex1) (5.10) 

Since all the work input to the stage takes place in the rotor, the steady flow 
energy equation yields 

W = cPATA +!(C~- C?} 

so that with equation (5.10) 

cPATA = UC.(tan exz- tan ex1)- !CCi- Ci} 

But Cz = Ca sec exz and cl = Ca sec ex], and hence 

cPATA = UCa(tan ex2 - tan ex1)-1 C~(sec2 ex2 - sec2 ex1) 

= UCa(tan ex2 -tan ex1)-1 C~(tan2 ex2 - tan2 ex 1) 
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From the definition of A, 

A= ATA 
ATA +11T8 

UCa(tan o:2 - tan o: 1)-! Ca(tan2 cx2 - tan2 o: 1) 

UCa(tan o:2 - tan o:1) 

Ca ) = 1- ZU(tano:2 +tan o:1 

By the addition of equations (5.2) and (5.3), 

2U 
-=tan o:1 +tan p1 +tan cx2 +tan P2 ca 

Hence 

(5.11) 

Because the case of 50 per cent reaction is important in design, it is of interest 
to see the consequences of putting A= 0-5. In this case, from equation (5.11) 

u 
tan {31 +tan P2 = C 

a 

and it immediately follows from equations (5.2) and (5.3) that 

tan o: 1 =tan P2 , 

tan PI =tan o:2 , 

i.e. o:I = Pz 

i.e. O:z =PI 

Furthermore, since Ca is constant through the stage, 

ca = cl cos 0:1 = c3 cos 0:3 

It was initially assumed that C 1 = C3 and hence o: 1 = o:3. Because of this equality 
of angles, namely o: 1 = Pz = 0:3 and P1 = O:z, the velocity diagran1 of Fig. 5.6 
becomes symmetrical and blading designed on this basis is sometimes referred to 
as symmetrical blading. From the symmetry of the velocity diagram, it follows 

that cl = Vz and VI = Cz. 
It must be pointed out that in deriving equation (5.11) for A, a work-done 

factor A. of unity has implicitly been assumed in making use of equation (5.10). A 
stage designed with symmetrical blading will always be referred to as a 50 per 
cent reaction stage, although the value of A actually achieved will differ slightly 
from 0·5 because of the influence of A.. 

It is of interest to consider the significance of the limiting values of A, viz. 0 
and 1·0. The degree of reaction was defined in terms of enthalpy rises but could 
also have been expressed in terms of changes in static pressure. Making use of 
the thermodynamic relation T ds = dh - v dp and assuming incompressible 
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isentropic flow 

O=dh-dpjp 

which on integration from state 1 to state 2 becomes 

showing that enthalpy and static pressure changes are related. By putting A= 0 in 
equation (5.11) it can readily be seen that p1 = - p2; the rotor blades are then of 
impulse type (i.e. passage area the same at inlet and outlet) and all the static 
pressure rise occurs in the stator. Conversely, for A= 1·0 the stators are of im­
pulse type. In the interests of obtaining the most efficient overall diffusion, it is 
desirable to share the diffusion between both components of the stage, and for 
this reason the use of 50 per cent reaction is attractive. We are not suggesting, 
however, that the efficiency is very sensitive to the precise degree of reaction 
chosen. In practice, as will appear later, the degree of reaction may show con­
siderable variation across the annulus (i.e. along the blade span), especially for 
stages of low hub-tip ratio, and the designer will primarily be concerned to 
satisfy more stringent conditions set by a limiting diffusion factor and Mach 

· nmnber. 
At this point the reader may wish to see an example of a preliminary mean 

diameter design to consolidate the previous material. If so, he or she can turn to 
section 5.7. To enable the full design procedure to be illustrated, however, we 
need to consider three-dimensional effects, and these will be introduced in the 
next section. 

5.6 Three-dimensional fi.ow 

The elementary theory presented in section 5.2 assumed that the flow in the 
compressor annulus is two-dimensional, meaning that any effect due to radial 
movement of the fluid is ignored. The assmnption of two-dimensional flow is 
quite reasonable for stages in which the blade height is small relative to the mean 
diameter of the annulus, i.e. those of hub-tip ratio greater than about 0·8, which 
would be typical of the later stages of a compressor. The front stages, however, 
have lower values of hub-tip ratio, and values as low as 0·4 are used for the first 
stage of aero-engine compressors so that a high mass flow can be passed through 
a machine oflow frontal area. When the compressor has a low hub-tip ratio in the 
first stage and a high hub-tip ratio in the later stages, the annulus will have a 
substantial taper [see Fig. 5.1] and the streamlines will not lie on a surface of 
revolution parallel to the axis of the rotor as previously assumed. Under these 
conditions, the flow must have a radial component of velocity, although it will 
generally be small compared with the axial and whirl components. 

A second cause of radial movement occurs as follows. Because the flow has a 
whirl component, the pressure must increase with radius, i.e. up the blade height, 
to provide the force associated with the centripetal acceleration of the fluid. In the 
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course of adjusting itsiMto provide a balance between the pressure forces and the 
inertia forces, the flow will undergo some movement in the radial direction. 

With a low hub-tip ratio, the variation in blade speed from root to tip is large 
and this will have a major effect on the shape of the velocity triangles and the 
resulting air angles. Furthermore, the aforementioned change of pressure, and 
hence density, with radius 'Yill cause the fluid velocity vectors to change in 
magnitude and these too affect the shape of the velocity triangles. It follows that 
the air angles at the mean diameter will be far from representative of those at the 
root and tip of a blade row. For high efficiency it is essential that the blade angles 
match the air angles closely at all radii, and the blade must therefore be twisted 
from root to tip to suit the changing air angles. 

The basic equation expressing the balance between pressure forces and inertia 
forces can be derived by considering the forces acting on the fluid element shown 
in Fig. 5.11. The whirl component of velocity is shown in Fig. 5.ll(a), and the 
axial component and much smaller radial component resulting from the curvature 
of the streamline in Fig. 5.11 (b). The inertia forces in the radial direction arise 
from 

(i) the centripetal force associated with circumferential flow; 
(ii) the radial component of the centripetal force associated with the flow along 

the curved streamline; 
(iii) the radial component of the force required to produce the linear 

acceleration along the streamline. 

The total inertia force, F 1, must be produced lby the pressure forces acting on the 
element in the radial direction. (The acceleration in the radial direction may 
amount to several thousand times the acceleration due to gravity so that 
gravitational forces can be neglected.) 

Unit width 

[+"4 

(a) (b) 

FIG. 5.11 Radial equilibrium of liuid element 
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Considering a fluid element of unit width, having a density p, the tlrree terms 
of the inertia force can be expressed as follows. The centripetal force associated 
with the circumferential flow is 

mC2 C2 

F(i) = ~ = (pr dr dll)----'!: 
r r 

For the flow along the curved streamline, the radial force is given by 

mC2 C2 

F(il) = __ s cos rxs = (pr dr dll)......§. cos rxs 
rs rs 

where the suffix S refers to the component along the streamline and rs is the 
radius of curvature of the streamline. For the acceleration along the streamline, 
the radial component of force is 

F dCs . ( II dCs . 
(iii)= mdt Sill rxs = pr dr d )dt Sill rxs 

With the curvature shown in Fig. 5.ll(b) the forces F(iiJ and Frw; are in the same 
direction as Fr;;. Thus the total inertia force, F~> is given by 

FI = pr dr dii[C~ + C] cos rxs + dCs sin rxs] 
r rs dt 

The pressure force, F p, producing this inertia force is obtained by resolving in 
the radial direction to give 

Fp = (p + dp)(r + dr)dll- pr dli- 2(p + ;)m· ~ 
The third term in the equation results from the resolution of the pressure forces on 
the two sides of the element in the radial-axial plane, on which it is assumed that 
the pressure is the average of the two extremes, namely p + ( dp/2). Equating the 
forces FI and Fp, and neglecting second-order terms, we are left with 

1 dp c~. c~ . dCs . --=-+- smrxs+- smrxs 
p dJ· r rs dt 

(5.12) 

This is the complete radial equilibrimn equation which includes all contributory 
factors. 

For most design purposes it can be assumed that rs is so large, and rxs so small, 
that the last two tenns_of equation (5.12) can be ignored. Thus, finally, we have 

ldp 

p dJ· r 
(5.13) 

and this is what will be referred to as the radial equilibrium equation. In effect, 
the radial component of velocity is being neglected. Certainly in the spaces 
between the blade rows Cr is very much smaller than either Ca or Cw and can 
safely be assumed to be negligible. 
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Equation (5.13) enables us to deduce an energy equation which expresses the 
variation of enthalpy with radius. The stagnation enthalpy h0 at any radius r 
where the absolute velocity is C is given by 

h0 =h+ ~
2 

=h+!(C~+C~) 
and the variation of enthalpy with radius is therefore 

dh0 _ dh C dCa C dCw 
dr-dr+ adr+ wdr 

From the thermodynamic relation T ds = dh - dp/ p, 

dh ds dT ldp ldp 
dr = T d.>·+ ds d.>· +p dr- p2 d.>· dp 

Dropping second-order terms 

dh=Tds+~dp 
d.>· d.>· p dr 

Substituting for dh/d!· in equation (5.14) 

dha _ Tds +! dp + C dCa + C dCw 
dJ·- dr pd.>· a dJ· w dr 

(5.14) 

Using the radial equilibrium equation (5.13), the second term of right-hand side 
of the above equation can be replaced by C~jr, leaving the basic equation for the 
analysis of flow in the compressor annulus as 

dho Tds C dCa C dCw C~ 
&:= dr+ a(!;+ w~+-;:-

The term T ds!d!· represents the radial variation of loss across the annulus, and 
may be significant in detailed design calculations; this is especially true if Mach 
numbers relative to the blade are supersonic and shock losses occur. For our 
purposes, however, it will be assumed that the entropy gradient term can be 
ignored and the final form of the equation is given by 

dh0 = C dCa + C dCw + C~ 
d.>· a d.>· w d.>· r 

(5.15) 

This will be referred to as the vortex energy equation. 
Apart from regions near the walls of the annulus, the stagnation enthalpy (and 

temperature) will be uniform across the annulus at entry to the compressor. If the 
frequently used design condition of constant specific work at all radii is applied, 
then although h0 will increase progressively through the compressor in the axial 
direction, its radial distribution will remain uniform. Thus dh0/dr = 0 in any plane 
between a pair of blade rows. Equation (5.15) then reduces to 

C dCa C dCw C~ = O 
a d + w -'· + r w· r 

(5.16) 
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A special case may now be considered in which Ca is maintained constant 
across the annulus, so that dCaldr=O. Equation (5.16) then reduces to 

or 

which on integration gives 

Cwr = constant 

dr 

r 

(5.17) 

Thus the whirl velocity varies inversely with radius, this being !mown as the free 
vortex condition. 

It can therefore be seen that the three conditions of (a) constant specific work, 
(b) constant axial velocity, and (c) free vortex variation of whirl velocity, naturally 
satisfY the radial equilibrium equation (5.13) and are therefore conducive to the 
design flow conditions being achieved. It would at first appear that they constitute 
an ideal basis for design. Unfortunately, there are certain disadvantages associated 
with the resultant 'free vortex blading', described in later sections, which 
influence the designer in considering other combinations of basic conditions. Free 
vortex designs, however, are widely used in axial flow turbines and will be 
discussed further in Chapter 7. 

One disadvantage of free vortex blading will be dealt with here: the marked 
variation of degree of reaction with radius. In section 5.5 it was shown that for the 
case where C3 = C1 and Ca1 = Ca2 = Ca, the degree of reaction can be expressed 
by 

A= 1- ~~(tan a2 +tan a1) 

which can readily be written in terms of whirl velocities as 

A = I - Cwz + Cwi 
2U 

(5.18) 

Remembering that U = Umr/r m• where Um is the blade speed at the mean radius of 
the annulus rm, equation (5.18) can be written 

A= I- Cwzr+ Cwlr 
2U"'r2frm 

For a free vortex design Cwr =constant, so that 

A _ 
1 

_ constant 
- r2 (5.19) 

Evidently the degree of reaction increases markedly from root to tip of the blade. 
Even if the stage has the desirable value of 50 per cent at the mean radius, it may 
well be too low at the root and too high at the tip for good efficiency. Because of 
the lower blade speed at the root section, more fluid deflection is required for a 
given work input, i.e. a greater rate of diffusion is required at the root section. It 
is, therefore, particularly undesirable to have a low degree of reaction in this 
region, and the problem is aggravated as the hub-tip ratio is reduced. 
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When considering other possible sets of design conditions, it is usually 
desirable to retain the constant specific work-input condition to provide a constant 
stage pressure ratio up the blade height. It would be possible, however, to choose 
a variation of one of the other variables, say Cw, and determine the variation of Ca 
from equation (5.16). The radial equilibrium requirement would still be satisfied. 
[It should be clear that in general a design can be based on arbitrarily chosen 
radial variations of any two variables and the appropriate variation of the third can 
be determined by inserting them into equation (5.15).] 

As an illustration we shall use the normal design condition (a) constant 
specific work input at all radii, together with (b) an arbitrary whirl velocity 
distribution which is compatible with (a). To obtain constant work input, 
U(Cw2 - Cw1) must remain constant across the annulus. Let us consider 
distributions of whirl velocity at inlet to and outlet from the rotor blade given by 

n b 
cwl = aR - R d n b 

an Cw2 = aR +R (5.20) 

where a, b and n are constants and R is the radius ratio rlr m· At any radius r the 
blade speed is given by U = UmR. It is immediately seen that (Cw2 - Cw1) = 2b/R 
and hence that 

U(Cw2 - Cw1) = 2bUm 

which is independent of radius. The two design conditions (a) and (b) are there­
fore compatible. We shall consider three special cases: where n = -1, 1 and 0 
respectively. (It will be shown later that a and b are not arbitrary constants but 
depend upon the chosen values of degree of reaction and stage temperature rise.) 

When n=-1 

The whirl distributions become 

which are of free vortex form, Cwr =constant. From what has gone before it 
should be clear that Ca =constant must be the third design condition required to 
ensure radial equilibrium, i.e. to satisfy equation (5.16). It also follows that the 
variation of A is given by equation (5.19), which since (Cw2r + Cw1r) = 2arm, can 
be written 

A=l-~~=l--a-
2UmRr UmR2 

When n= 1 

b 
cwi =aR-R 

b 
and Cw2 = aR + R 

(5.21) 
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Rewriting equation (5.16) in terms of the dimensionless R we have 

c2 
Ca dCa + Cw dCw + Rw dR = 0 

Integrating from the mean radius (R = 1) to any other radius, 
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At exit from the rotor, where Cw=aR +(b/R), the right-hand side of the equation 
becomes 

-~ [a2R2 + 2ab + bz]R +JR[azR + 2ab + b:]dR 
2 R 1 1 R R 

and, finally, the radial distribution of Ca is given by 

c;2- (C;z)m = -2[a2R2 + 2ab In R- a2] 

Similarly, at inlet to the rotor, 

c;1 - (c;1)m = -2[a2R2 - 2ab In R- a2] 

(5.22) 

(5.23) 

Note that Ca2 cannot equal Ca1 except at the mean radius (R = 1 ). It is not 
possible, therefore, to use the simple equation (5.18) for the degree of reaction 
when finding the variation of A with radius. To do this it is necessary to revert to 
the original definition of A [ = ATAATA + 11T8 )] and work from first principles 
as follows. We shall retain the assumption that the stage is designed to give 
C3 = C1. Then ATs= ATos so that 

cp(ATA + ATs) = W = U(Cwz- Cw1) 

cPATA =! (C?- C~) + U(Cwz- Cw1) 

= ![(c;1 + C~1)- (C;2 + C~2 )] + U(Cwz- Cw1) 

A = 1 + c;1 - c;z Cwz + Cw1 
2U(Cw2 - Cw1) 2U 

From equations (5.22) and (5.23), assuming we choose to design with (Ca2)., = 
(Cal)m, 

c;1 - c;2 = 8ab In R 

From the whirl distributions, 

2b 
Cwz - cw1 = R and cw2 + cw1 = 2aR 

Substituting in the equation for A, and writing U = UmR, we get finally 

A = 1 + 2a In R- _!l_ (5.24) 
um um 
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Designs with the exponent n = 1 have been referred to as first power designs. 
At this point it can easily be made clear that the constants a and b in the whirl 

distributions are not arbitrary. Equation (5.24) shows that a is fixed once the 
degree of reaction at the mean radius is chosen, i.e. at R = 1 

a= Um(l- A"') 

And b is fixed when the stage temperature rise is chosen because 

c/1T0s = U(Cwz- Cw1) = 2bUm 

and hence b = c/1Tosf2Um. 

When n=O 

Proceeding as in the previous case, but with 

b b 
cw1 = a - Ii and cw2 = a + Ii 

we find that 

(c;2)- (C;z)m = -2[ a2ln R-~ + ab] 

(c;l)- (C;l)m = -2[ a2 ln R + ~- ab] 

(5.25) 

(5.26) 

Blading designed on this basis is usually referred to as exponential blading. 
Again proceeding as before, and assuming (Ca2)m = (C01)m, it can be shown that 

(5 .27) 

It should be noted that for all three cases, at the mean radius (R = 1 ), the 
expression a= U m(l - Am) holds. If a value is specified for the reaction at the 
mean radius, Am, the variation of reaction with radius can readily be obtained by 
substituting for a in equations (5.21), (5.24) and (5.27). The results can be 
summarized conveniently in the following table. 

n A Blading 

-I 
I 

1- R2 (1- Am) Free vortex 

0 1+[1-~](1-Am) Exponential 

1+(2lnR -1)(1- Am) First power 

It is instructive to evaluate the variation of A for all three cases assuming that 
Am= 0-5, and the results are given in Fig. 5.12. It can be seen that the free vortex 
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FIG. 5.12 Radial variation of degree of reaction 
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design gives the greatest reduction in A for low values of R while the first-power 
design gives the least reduction. Furthermore, for all designs there is a lower limit 
to R below which the degree of reaction becomes negative. A negative value 
implies a reduction in static pressure in the rotor. For the free vortex design, dlis 
limiting value of R is given by 0 =I - (l!R2)(1 - Am), from winch R = 0·707 
when Am= 0·50. As mentioned earlier, however, hub-tip ratios as low as 0-4 are 
common at entry to the compressor of a jet engine. Noting that 

the variation in reaction can readily be evaluated in terms of r/r1 for a specified 
value of hub-tip ratio r,.jr,. Figure 5.13 shows the radial distribution of A for a 
free vortex design of hub-tip ratio 0·4, for a series of values of Am. It is evident 
that a stage of low hub-tip ratio must have a high value of Am to provide 
satisfactory conditions at the root section. 

So far the discussion has been based upon a choice of Ca, Cw and h0 (i.e. W) 
as the primary variables. This choice is not essential, however, and another 
approach could be to specifY a variation of degree of reaction with radius rather 
than Cw. One such design method was based on (a) axial velocity, (b) work input 
and (c) degree of reaction, all being independent of radius; this was referred to as 
a constant reaction design. It led to less twisted blading than the free vortex 
design, but consideration of the analysis leading to equation ( 5 .17) and thence to 
equation (5.19) shows that radial equilibrium cannot be satisfied: conditions (a) 
and (b) involve a varying A when equation (5.16) is satisfied. The fact is that the 
flow will adjust itself to satisfY radial equilibrium between the blade rows. If the 
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FIG. 5.13 Free vortex Yarlation of reaction for r,.fr1 =0·4 

design does not allow for this correctly, the actual air angles will not agree with 
the design values on which the blade angles are based and the efficiency is likely 
to be reduced. 

While it is normally desirable to retain the constant specific work input 
condition, a fan for a turbofan engine of high bypass ratio might provide an 
exception to this rule. In this case, the inner stream, feeding the high-pressure 
core, may be designed for a lower pressure ratio than the outer stream which is 
supplying air to the bypass duct and where the blade speed is high. The work then 
varies with radius, dh0/dr is not zero, and equation (5.15) must be used instead of 
equation (5.16). 

Further discussion of three-dimensional design procedures will follow in 
section 5.7 after an example is given to show how the material presented in the 
preceding sections can be used in the design of an axial flow compressor. 

5. 7 Design process 

The theory presented in the previous sections will now be applied to the design of 
an axial flow compressor, and it will be seen that the process requires continuous 
judgement by the designer. The design of a compressor suitable for a simple low­
cost turbojet will be considered. 

A typical gas turbine design procedure was outlined in Fig. 1.20. Assuming 
that market research has shown there is a need for a low-cost turbojet with a take­
off thrust of about 12 000 N, preliminary studies will show that a single-spool all­
axial flow arrangement is satisfactory, using a low pressure ratio and a modest 
turbine inlet temperau:rre to keep the cost down, as discussed in section 3.3. From 
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cycle calculations, a suitable design point under sea-level static conditions (with 
Pa= 1·01 bar and Ta=288 K) may emerge as follows: 

Compressor pressure ratio 
Air-mass flow 
Turbine inlet temperature 

4-15 
20 kg/s 
1100 K 

With these data specified, it is now necessary to investigate the aerodynamic 
design of the compressor, turbine and other components of the engine. It will be 
assumed that the compressor has no inlet guide vanes, to keep both weight and 
noise down. The design of the turbine for this engine will be considered in 
Chapter 7. 

The complete design process for the compressor will encompass the following 
steps: 

(i) choice of rotational speed and annulus dimensions; 
(ii) determination of number of stages, using an assumed efficiency; 
(iii) calculation of the air angles for each stage at the mean radius; 
(iv) determination of the variation of the air angles from root to tip; 
( v) investigation of compressibility effects; 
(vi) selection of compressor blading, using experimentally obtained cascade 

data; 
(vii) check on efficiency previously assumed, using the cascade data; 
(viii) estimation of off-design performance; 
(ix) rig testing. 

Steps (i) to (v) will be outlined in this section and the remaining steps will be 
covered in later sections. In practice, the process will be one of continued 
refinement, coupled with feedback from other groups such as the designers of the 
combustion system and turbine, metallurgists and stress analysts, and those 
concerned with mechanical problems associated with whirling speeds, bearings, 
stiffuess of structural members and so on. 

Determination of rotational speed and annulus dimensions 

Reviewing the theory presented earlier, it is seen that there is no equation which 
enables the designer to select a suitable value of rotational speed. This can be 
found, however, by assuming values for the blade tip speed, and the axial velocity 
and hub-tip ratio at inlet to the first stage. The required annulus area at entry is 
obtained from the specified mass flow, assumed axial velocity, and ambient con­
ditions, using the continuity equation. 

Previous experience will suggest that a tip speed, U,, of around 3 50 m/s will 
lead to acceptable stresses and that the axial velocity, Ca, could range from 150 to 
200 m/s. Without IGVs there will be no whirl component of velocity at inlet, and 
this will increase the Mach number relative to the blade (see Fig. 5.5) so it may be 
advisable to use a modest value of 150 m/s for Ca. The hub-tip ratio at entry may 
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vary between 0·4 and 0·6, and for a specified annulus area the tip radius will be a 
function of the hub-tip ratio. For a fixed blade speed, then, the rotational speed 
will also be a function of hub-tip ratio. Thus the designer will, in very short order, 
be presented with a wide range of solutions and must use his judgement to select 
the most promising. At the same time the turbine designer will be examining a 
suitable turbine and the compressor and turbine designers must keep in close 
contact while establishing preliminary designs. 

To satisfY continuity 

m = PiACal = P1nrl[1- (~Y]ca 
2 m 

r, = 2 
np1Ca1[l- (r,.jrr)] 

At sea-level static conditions, Ta1 = Ta = 288 K. Assuming no loss in the intake, 
POi =pa= 1·01 bar. With 

C1 = Ca1 = 150 mjs (Cw1 = 0) 

1502 

Tl = 288- 2 X 1·005 X 103 = 276·8 K 

[ 
T1 ]y/(r-I) [276·8] 3

'
5 

P1 = Po1 Tal = 1·01 288 = 0·879 bar 
I 

100 X 0·879 
Pi = 0·287 x 27p·8 = 1·106 kg/m3 

2 . 20 0·03837 

r, = n x 1·106 x 150[1- (rr/rlJ = [1- (r,./r,iJ 

The tip speed, U1, is related to r1 by U1 = 2nr,N, and hence if U1 is chosen to be 
350 m/s, 

350 
N=-

2nr1 

Evaluating r1 and N over a range of hub-tip ratios the following table results: 

r,jr, .!!.__ N 
(m) (revsjs) 

0·40 0·2137 260·6 
0·45 0·2194 253·9 
0·50 0·2262 246·3 
0·55 0·2346 237·5 
0·60 0·2449 227·5 

At this point it would be pertinent to consider the turbine design. The example 
in Chapter 7 shows that a speed of 250 rev/s results in quite an adequate single-
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stage unit, and the outer radius at the turbine inlet is found to be 0-239 m. 
Referring to the table above, a hub-tip ratio of 0-50 would give a compatible 
compressor tip radius of 0-2262 m although the rotational speed is 246·3 rev/s. 
There was nothing sacrosanct about the choice of 350 m/s for the tip speed, and 
the design could be adjusted for a rotational speed of 250 rev/s. With the speed 
slightly altered then, 

U1 = 2n X 0·2262 X 250 = 355·3 mjs 

For a simple engine of the type under consideration, there would be no merit in 
using a low hub-tip ratio; this would merely increase the mismatch between the 
compressor and turbine diameters, and also complicate both the mechanical and 
aerodynamic design of the first stage. On the other hand, using a high hub-tip 
ratio would unnecessarily increase the compressor diameter and weight. But it 
should be realized that the choice of 0-50 for hub-tip ratio is arbitrary, and merely 
provides a sensible starting point; later considerations following detailed analysis 
could cause an adjustment, and a considerable amount of design optimization is 
called for. 

At this stage it is appropriate to check the Mach nmnber relative to the rotor tip 
at inlet to the compressor. Assmning the axial velocity to be constant across the 
annulus, which will be the case where there are no inlet guide vanes, 

Vf1 = uft + c;1 = 355-32 + 1502
, and vlt = 385·7 m/s 

a= J(yRT1) = Vl·4 x 0-287 x 1000 x 276·8 = 331·0 mjs 

vlt 385·7 
Mlt =-;; = 331-0 = 1·165 

Thus the Mach nunJber relative to the rotor tip is 1-165 and the first stage is 
transonic; this level of Mach nunJber should not present any problem, arid 
methods of dealing with shock losses will be covered in a later section. 

With the geometry selected, i.e. a hub-tip ratio of 0-50 and a tip radius of 
0·2262 m, it follows that the root radius is 0·1131 m and the mean radius is 
0-1697 m. It is instructive now to estimate the annulus dimensions at exit from 
the compressor, and for these preliminary calculations it will be assunJed that the 
mean radius is kept constant for all stages. The compressor delivery pressure, 
p02 =4·15 x 1·01 =4·19 bar. To estimate the compressor delivery temperature it 
will be assunJed that the polytropic efficiency of the compressor is 0·90. Thus 

~ ]

(n-l)(n 

T. T. 02 
02 = 01 - , 

01 

(n-1) 1 0·4 
where--=- x- = 0-3175 

n 0-90 1·4 

so that 

T02 = 288-0(4·15)0
"
3175 = 452·5 K 

Assuming that the air leaving the stator of the last stage has an axial velocity of 
150 m/s and no swirl, the static temperature, pressure and density at exit can 
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readily be calculated as follows: 

1502 

T2 = 452-5-2 X 1-005 X 103 = 441-3 K 

[ 
T2 Jy/(y-I) [441·3] 3

"
5 

P2 = Po2 T
02 

~ 4-19 
452

_
5 

= 3-838 bar 

100 X 3-838 3 

p2 = 0-287 x 441·3 = 3'03 kg/m 

The exit annulus area is thus given by 

20 2 

Az = 3-031 x 150 = 0-0440 m 

With rm = 0-1697 m, the blade height at exit, h, is then given by 

h = 0-044 = 0-044 = 0-0413 ill 
2nrm 2n x 0·1697 

The radii at exit from the last stator are then 

r1 = 0-1697 -1- (0·04 13/2) = 0-1903 m 

r, = 0-1697- (0-0413/2) = 0-1491 m 

At this point we have established the rotational speed and the annulus dimensions 
at inlet and outlet, on the basis of a constant mean diameter. To summarize: 

N = 250 rev/s 

ut = 355·3 mjs 

ca = 150 mjs 

rm = 0-1697 m (constant) 

Estimation of number of stages 

r, = 0-2262 m}. 
inlet 

rr = 0-1131 m 

r1 = 0-1903 m} 
outlet 

r,. = 0-1491 m 

With the assumed polytropic efficiency of 0·90, the overall stagnation tempera­
ture rise through the compressor is 452-5 - 2:88 = 164-5 K. The stage tempera­
ture rise ATos can vary widely in different compressor designs, depending on the 
application and the in1portance or otherwise of low weight: values may vary from 
10 to 30 K for subsonic stages and may be 4:5 K or higher in high-performance 
transonic stages. Rather than choosing a value at random, it is instructive to 
estimate a suitable ATos based on the mean blade speed 

U = 2 x n x 0·1697 x 250 = 266-6 mjs 

We will adopt the simple design condition Ca1 = Ca2 = Ca throughout the com­
pressor, so the temperature rise from equation (5.9) is given by 

ATos = AUCa(tan P1 -tan p2) = AU(Cw2 - Cw1) 

cP cP 
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With a purely axial velocity at entry to the first stage, in the absence ofiGVs, 

R _ U _ 266·6 
tanp 1 -----Ca 150 

PI= 60·64° 

ca 150 vi = -- = = 305·9 mjs 
cos PI cos 60·64 

In order to estimate the maximum possible deflection in the rotor, we will apply 
the de Haller criterion V2/ V1 1:. 0· 72. On this basis the minimum allowable value 
of Vz = 305·9 x 0·72 = 220 rnls, and the corresponding rotor blade outlet angle 
is given by 

Ca 150 
cosp2 =-=-

V2 220' 

Using this deflection and neglecting the work -done factor for this crude estimate 

AT. _ 266·6 x 150(tan 60·64- tan 47·01) ~ 
2 os- 1·005xl03 ~ 8 K 

A temperature rise of 28 K per stage implies 164·5/28 = 5·9 stages. It is likely, 
then, that the compressor will require six or seven stages and, in view of the 
influence of the work-done factor, seven is more likely. An attempt will therefore 
be made to design a seven-stage compressor. 

With seven stages and an overall temperature rise of 164·5 K the average 
temperature rise is 23·5 K per stage. It is normal to design for a somewhat lower 
temperature rise in the first and last stages, for reasons which will be discussed at 
the end of this section. A good starting point would be to assume AT0 r:,; 20 K for 
the first and last stages, leaving a requirement for 11T0 r:,; 25 K in the remaining 
stages. 

Stage-by-stage design 

Having determined the rotational speed and annulus dimensions, and estimated 
the number of stages required, the next step is to evaluate the air angles for each 
stage at the mean radius. It will then be possible to check that the estimated 
number of stages is likely to result in an acceptable design. 

From the velocity diagram, Fig. 5 .. 6, it is seen that Cw1 = Ca tan IX1 and 
Cwz = Cw1 + ACw For the first stage o: 1 = 0, because these are no inlet guide 
vanes. The stator outlet angle for each stage, ()(3, will be the inlet angle ()( 1 for the 
following rotor. Calculations of stage temperature rise are based on rotor 
considerations only, but care must be taken to ensure that the diffusion in the 
stator is kept to a reasonable level. The work-done factors will vary through the 
compressor and reasonable values for the seven stages would be 0·98 for the first 
stage, 0·93 for the second, 0·88 for the third and 0·83 for the remaining four 
stages. 
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Stages 1 and 2 

Recalling the equation for the stage temperature rise in terms of change in whirl 

velocity ACw = Cwz - Cw!, we have 

_ cPAT0 _ 1·005 x 103 x 20 _ 
6

.
9 

m s 
ACw - AU - 0·98 X 266·6 - 7 / 

Since Cw1 = 0, Cwz = 76·9 m/s and hence 

u 266·6 
tan p, = Ca =150 = 1·7773, p1 = 60·64° 

u - c 2 266·6 - 76·9 
tan P2 = -c:- = 

150 
= 1·264, P2 = 51·6r 

Cw2 76·9 
tanrx, =-=--=0·513, rx2 =27·14° - ca 150 

The velocity diagram for the first stage therefore appears as in Fig. 5.14(a). 
The deflection in the rotor blades is p1 - p2 = 8·98°, which is modest. The 

diffusion can readily be checked using the de Haller number as follows: 

V2 = Cafcos p2 =cos P1 = 0·490 = 0.790 
V1 Ca/cos P1 cos P2 0·260 

This value of de Haller number indicates a relatively light aerodynamic loading, 
i.e. a low rate of diffusion. It is not necessary to calculate the diffusion factor at 
this stage, because the de Haller number gives an adequate preliminary check. 
After the pitch chord ratio (sic) is determined from cascade data, as explained in a 
later section, the diffusion factor can be calculated readily from the !mown vel­
ocities. 

At tllis point it is convenient to calculate the pressure ratio of the stage 
(p03 jp01)b the suffix outside the parenthesis denoting the number of the stage, 

(a) 1st stage (b) 2nd stage 

FIG. 5.14 Effect of degree of reaction on shape of velocity diagram 



DESIGN PROCESS 185 

and then the pressure and temperature at exit which will also be the values at inlet 
to the second stage. The isentropic: efficiency of the stage is approximately equal 
to the polytropic efficiency of the compressor, which has been assumed to be 
0·90, so we have 

(Pm) =(I+ 0·90 x 20)3 s = 1·236 
PaJ 1 288 

(p03)1 = 1·01 x 1·236 = 1·249 bar 

(T03)1 = 288 + 20 = 308 K 

We have finally to choose a value for the air angle at outlet from the stator row, 
()(3, which will also be the direction of flow, IJ(J. into the second stage. Here it is 
useful to consider the degree of reaction. For this first stage, with the prescribed 
axial inlet velocity, C3 will not equal C1 (unless ()(3 is made zero) whereas our 
equations for A were derived on the assumption of this equality of inlet and outlet 
velocities. Nevertheless, C3 will not differ markedly from C1, and we can arrive at 
an approximate value of A by using equation (5.18). 

A ~ 1 - Cwz + Cwl = 1 - 76·9 = 0·856 
2U 2 X 266·6 

The degree of reaction is high, but we have seen from Fig. 5.13 that this is 
necessary with low hub-tip ratios to avoid a negative value at the root radius. We 
shall hope to be able to use 50 per cent reaction stages from the third or fourth 
stage onwards, and an appropriate value of A for the second stage may be about 
0·70. 

For the second stage ATos = 25 KandA= 0·93, and we can determine P1 and 
P2 using equations (5.9) and (5.11). From (5.9) 

0·93 X 266·2 X 150 
25 = 

1
.
005 

x J03 (tan p1 -tan p2) 

(tan P1 - tan P2) = 0·6756 

And from (5.11) 

0 0 ~ 150 
·7 ~ 2 x 266·6 (tan PJ +tan Pz) 

(tan P1 +tan P2) ~ 2-4883 

Solving these simultaneous equations we get 

P1 = 57·70o and P2 = 42·19" 

Finally, using (5.2) and (5.3) 

and 

The whirl velocities at inlet and outlet are readily found from the velocity dia­
gram, 

Cw1 = Ca tan ()(1 = 150 tan 11·06 = 29·3 m/s 

cw2 = ca tan ()(2 = 150 tan 41·05 = 130·6 m;s 
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The required change in whirl velocity is 101·3 rnls, compared with 76·9 rnls 
for the first stage; this is due to the higher stage temperature rise and the lower 
work-done factor. The fluid deflection in the rotor blades has increased to 15·51 
degrees. It appears that IX3 for the first stage should be 11-06 degrees. This design 
gives a de Haller number for the second-stage rotor blades of cos 57·70/ 
cos 42·19 = 0·721, which is, satisfactory. With the stator outlet angle for the first­
stage stator now !mown, the de Haller number for the first-stage stator would be 

C3 =COS IXz =COS 27-15 = 
0

_
907 

C2 cos IX3 cos 11·06 

implying a small amount of diffusion. This is a consequence of the high degree of 
reaction in the first stage. 

The velocity diagram for the second stage appears as in Fig. 5.l4(b) and the 
outlet pressure and temperature become 

~03) = ( 0-90 X 25)
3 3 

= .2 O I 1 + 
308 

1 8 
OJ 2 

(p03 )2 = 1-249 x 1·280 = 1·599 bar 

(T03 )2 = 308 + 25 = 333 K 

At this point we do not know IX3 for the second stage, but it will be determined 
from the fact that it is equal to IX 1 for the third stage, which we will now proceed 
to consider. 

Before doing so, it is useful to point out that the degree of reaction is directly 
related to the shape of the velocity diagram. It was previously shown that for 50 
per cent reaction the velocity diagram is symmetrical. Writing Cwm = 
(Cw1 +Cw2)/2, equation (5.18) can be rewritten in the form A= 1- (CwmiU). 
Referring to Fig. 5.14(a) and (b) it can be seen that when Cwn/U is small, and the 
corresponding reaction is high, the velocity diagram is highly skewed; the high 
degree of reaction in the first stage is a direct consequence of the decision to 
dispense with inlet guide '{anes and use a purely axial inlet velocity. The degree of 
reaction is reduced in the second stage, and we would eventually like to achieve 
50 per cent reaction in the later stages where the hub-tip ratios are higher. 

Stage 3 

Using a stage temperature rise of25 Kanda work-done factor of0·88, an attempt 
will be made to use a 50 per cent reaction design for the third stage. 

Proceeding as before 

11T0scp 25 x 1·005 x 103 

tan Pl -tan Pz = JcUC = 0·88 x 266·6 x 150 = 0·7140 
a 

2U 0·5 X 2 X 266·6 
tan p1 +tan p2 = Ac = 

150 
= 1·7773 

a 
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yielding p, = 51-24° and P2 = 28·00°. The corresponding value of de Haller 
number is given by cos 51-24/cos 28·00 = 0· 709. This is rather low, but could be 
deemed satisfactory for a preliminary design. It is instructive, however, to in­
vestigate the possibilities available to the designer for reducing the diffusion. One 
possibility is to consider changing the degree of reaction, but it is found that the 
de Haller number is not strongly influenced by the degree of reaction chosen; as 
A had a value of ~ Q. 70 for the second stage it might appear that a suitable value 
for the third stage might be between 0·70 and 0·50. Repeating the above calcu­
lations for a range of A, however, shows that A= 0-55 results in a further de­
crease of de Haller nmnber to 0-706; referring again to Fig. 5.14 it can be 
observed that for a specified axial velocity, the required diffusion increases with 
reaction. A de Haller number of Q. 725 can be achieved for A= 0·40, but it is 
undesirable to use such a low degree of reaction. A more useful approach might 
be to accept a slightly lower temperature rise in the stage, and reducing 11T0s from 
25 K to 24 K while keepirig A= 0-50 gives 

tan P1 - tan P2 = 0-6854 

yielding P1 =50-92°, P2 =28-63° and a de Haller number of 0-718, which is 
satisfactory for this preliminary design. Other methods of reducing the aerody­
namic loading include increases in blade speed or axial velocity, which could 
readily be accommodated. 

With a stage temperature rise of 24 K, the performance of the third stage is 
then given by 

(
P03) =(I + 0-90 x 24)3 s = 1·246 
Poi 3 333 

(p03h = 1·599 X 1·246 = 1·992 bar 

(T03h = 333 + 24 = 357 K 

From the symmetry of the velocity diagram o:1 = P2 = 28-63° and CXz = P1 = 
50-92°. The whirl velocities are given by 

cwl = 150 tan 28-63 = 81·9 mjs 

Cw2 = 150 tan 50·92 = 184·7 mjs 

Stages 4. 5 and 6 

A work-done factor of 0-83 is appropriate for all stages from the fourth onwards, 
and 50 per cent reaction can be used. The design can be simplified by using the 
same mean diameter velocity diagrams for stages four to six, although each blade 
will have a different length due to the continuous increase in density. The seventh, 
and final stage can then be designed to give the required overall pressure ratio. It 
is not necessary to repeat all the calculations for stages 4--6, but it should be noted 
that the reduction in work-done factor to 0-83, combined with the desired stage 
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temperature rise of 25 K, results in an unacceptably low de Haller number of 
0·695. Reducing the stage temperature rise to 24 K increases the de Haller num­
ber to 0·705, which will be considered to be just acceptable for the preliminary 
design. 

Proceeding as before, 

24'x 1-005 x 103 

tan PI- tan Pz = 0-83 x 266·6 x 150 = 0-7267 

266·6 
tan p1 +tan P2 = 0·5 x 2 x ISO= 1·7773 

yielding P1 =51·38° (=1X2) and P2 =27·71o (=1X1). The performance of the 
three stages can be sununarized below: 

Stage 4 5 6 

Po1 (bar) 1-992 2-447 2-968 
To1 (K) 357 381 405 
(p03IPo1) 1·228 1·213 1·199 
P03 (bar) 2-447 2-968 3-560 
To3 (K) 381 405 429 
P03 - Po1 (bar) 0-455 0-521 0-592 

It should be noted that although each stage is designed for the same temperature 
rise, the pressure ratio decreases with stage number; this is a direct consequence 
of the increasing inlet temperature as flow progresses through the compressor. 
The pressure rise, however, increases steadily. 

Stage 7 

At entry to the final stage the pressure and temperature are 3-560 bar and 429 K. 
The required compressor delivery pressure is 4-15 x 1-01 =4·192 bar. The 
pressure ratio of the seventh stage is thus given by 

(JJ_03 ) = 4-192 = 1_177 \P01 7 3·560 

The temperature rise required to give this pressure ratio can be determined from 

1 + OS = 1·177 ( 
0-90AT. )3·5 

429 

giving !J.T0s = 22·8 K. 
The corresponding air angles, assuming 50 per cent reaction, are then 

P1 = 50-98° ( = o:2), Pz = 28-52° ( = o: 1) with a satisfactory de Haller number of 
0·717. 

With a 50 per cent reaction design used for the final stage, the fluid will leave 
the last stator with an angle o:3 = o: 1 = 28-52°, whereas ideally the flow should be 
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axial at ~ntry to the combustion chamber. The flow can be straightened by 
incorporating vanes after the final compressor stage and these can form part of the 
necessary diffuser at entry to the combustion chamber. 

All the preliminary calculations have been canied out on the basis of a 
constant mean diameter. Another problem now arises: a sketch, approximately to 
scale, of the compressor and turbine annuli (Fig. 5.15) shows that the combjlstor 
will be an ·awkward shape, the required changes in flow direction causing 
additional pressure losses. A more satisfactory solution might be to design the 
compressor for a constant outer diameter; both solutions are shown in the figure. 
The use of a constant outer diameter results in the mean blade speed increasing 
with stage nmnber, and this in turn implies that for a given temperature rise ACw 
is reduced. The fluid deflection is correspondingly reduced with a beneficial 
increase in de Haller nmnber. Alternatively, because of the higher blade speed a 
higher temperature rise could be achieved in the later stages; this might permit the 
required pressure ratio to be obtained in six stages rather than seven. The reader 
should be aware that the simple equations derived on the basis of U = constant are 
then not valid, and it would be necessary to use the appropriate values of U1 and 
U2; the stage temperature rise would then be given by A(U2Cwz - U1 Cw1)/cp. 

Compressors which use constant inner diameter, constant mean diameter or 
constant outer diameter will all be found in service. The use of a constant inner 
diameter is often found in industrial units, permitting the use of rotor discs of the 
same diameter, which lowers the cost. It would be important to minimize the 
nmnber of turbine stages, again for reasons of cost, and with a subsonic com­
pressor it is very probable that the turbine diameter would be noticeably larger 
than the compressor diameter. The difference in turbine and compressor diameter 
is not critical, however, because frontal area is unimportant and with reverse flow 
combustion chambers large differences in diameter can be easily accommodated. 
Constant outer diameter compressors are used where the minimmn nmnber of 
stages is required, and these are commonly found in aircraft engines. 

The compressor annulus of the Olympus 593 engine used in Concorde 
employs a combination of these approaches; the LP compressor annulus has a 

Combusiion 
chamber 

Turbine 

I 
Compressor 

Constant outer diameter -DUrmouij=u-___ ~i_----~-------- l 
\ I 

r=.0.
226

_
2

_m -·-·-·-·- Constantmean diameter--- ___ r=0.
254

SJ 

FIG. 5.15 Annulus shape 
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virtually constant inner diameter, while the HP compressor has a constant outer 
diameter. The accessories are packed around the HP compressor annulus and the 
engine. when fully equipped is almost cylindrical in shape, with the compressor 
inlet and turbine exit diameters almost equal. In this application, frontal area is of 
critical importance because of the high supersonic speed. 

Variation of air angles from root to tip 

In section 5.6 various distributions of whirl velocity with radius were considered, 
and it was shown that the designer had quite a wide choice. In the case of the first 
stage, however, the choice is restricted because of the absence of IGV s; this 
means that there is no whirl component at entry to the compressor and the inlet 
velocity will be constant across the annulus. For all other stages the whirl velocity 
at entry to the rotor blades will be detemuned by the axial velocity and the stator 
outlet angle from the previous stage, giving more freedom in the aerodynamic 
design of the stage. 

The material developed in section 5.6 will be applied to the first stage, which 
is a special case because of the axial inlet velocity, and the third stage, which is 
typical of the later stages. The first stage will be investigated using a free vortex 
design, noting that the condition Cwr =constant is satisfied for Cw = 0. Attention 
will then be turned to the design of the third stage, recalling that the mean radius 
design was based on Am= 0·50. The tllird stage will be investigated for three 
different design approaches, viz. (i) free vortex, Am= 0·50, (ii) constant reaction, 
A"'= 0·50 with radial equilibrium ignored and (iii) exponential blading, 
Am=0·50. 

Considering the first stage, the rotor blade angle at inlet (p 1) is obtained 
directly from the axial velocity (150 m/s) and the blade speed. The blade speeds 
at root, mean and tip, corresponding to radii of0·1131, 0·1697 and 0·2262 m, are 
177·7, 266·6 and 355·3 m/s respectively. Thus 

177-7 
tanR --­

Ph·- 150 ' 

266·6 
tan Plm = lSO, 

355·3 
tan R ---

Plt- 150 . P11 =67·11° 

Air angles at any radius can be calculated as above. For our purposes the cal­
culations will be restricted to root, mean and tip radii, although for detailed 
design of the blading it would be necessary to calculate the angles at intermediate 
radii also. 

To calculate the air angles P2 and rx2 it is necessary to detemline the radial 
variation of Cw2. For the free vortex condition Cw2r =constant, and the value of 
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Cwzm was previously determined to be 76·9 m/s. Because of the reduction of 
annulus area through the compressor, the blade height at exit from the rotor will 
be slightly less than at inlet, and it is necessary to calculate the tip and root radii at 
exit from the rotor blades to find the relevant variation of Cwz· The stagnation 
pressure and temperature at exit from the first stage were found to be 1·249 bar 
and 308 K. Recalling that a stator exit angle of 11-06 degrees was established, 

150 
c3 =cos 11·06 = 152·8 m/s 

T3 = 308- (152-8)2/(2 X 1-005 X 103
) = 296·4 K 

(
296-4)

3
"
5 

p3 = 1·249 
308 

= 1-092 bar 

100 X 1·092 3 

p3 = 296·4 x 0·287 = 1"283 kgjm 

A - __!!!_ - 20 - . 3 
3 - p

3
Ca3 - 1·283 X 150-

0 1039 m 

h = 
0

"
1039 

= 0-0974 m 
2nx0·1697 

0·0974 
r1 = 0-1697 +-

2
- = 0·2184 m 

0-0974 
r,. = 0-1697--

2
- = 0-1210 m 

These radii refer to conditions at the stator exit. With negligible error it can be 
assumed that the radii at exit from the rotor blades are the mean of those at rotor 
inlet and stator exit. t Thus at exit from the rotor, 

0-2262 + 0-2184 
r, = 

2 
= 0-2223 m, U, = 349·2 mjs 

0-1131 +0·1210 0 r,.= 
2 

= ·1171m, U,. = 183·9 mjs 

From the free vortex condition, 

0-1697 
Cw2r = 76·9 X .Q.]

171 
= 11]-4 m/s 

0-1697 
Cw2t = 76·9 X 

0
_
2223 

= 58·7 mjs 

t For turbines, where there is considerably greater flare in the annulus, it is necessary to make an 
allowance for the spacing between the rotor and stator; this is done m the turbine design example 
presented in Chapter 7. 
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The stator inlet angle is given by tan rx2 = CwziCa, and the rotor exit angle by 
tan Pz=(U- Cwz)/Ca. Hence, 

111-4 
tan rx2,. =ISO, rx2,. = 36·60° 

76·9 
tan rJ.zm = lsO ' ~Zm = 27·14° 

58·7 
tanrx21 =1s0· rx21 =21·37o 

183·9 -111-4 
tan Pz,. = 

150 
, P2,. = 25·80° 

266·6 -76·9 
tan Pzm = 150 ' 

349·2- 58·7 
tan Pzt = 150 , 

The radial variation of air angles is shown in Fig. 5.16, which shows both the 
increased deflection ({3 1 - P2) at the root and the requirement for considerable 
blade twist along the height of the blade to ensure that the blade angles are in 
agreement with the air angles. 

The degree of reaction at the root can be approximated (approximate because 
CdC1) by A,.= 1- (Cwz/2U) giving 

111·4 
A ~ 1- ~ 0·697 

r 2 X 183·9 

As expected, with the high value of Am of 0·856 there is no problem with too low 
a degree of reaction at the root. 

When calculating the annulus area at exit from the stage it was assumed that 
the density at the mean radius could be used in the continuity equation. Although 

o~------~--------~a1=0 
Root Mean Tip 

FIG. 5.16 Radial variation of air angles, 1st stage 
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the stagnation pressure and temperature are assumed to be constant across the 
height of the blade, the static pressure and temperature, and hence the density, 
will vary. This effect is small in compressor stages, with their low pressure ratio, 
but is more pronounced in turbine stages. The method of dealing with radial 
variation of density will be described in the turbine example of Chapter 7. The 
density variation from root to tip is about 4 per cent for the first stage of the 
compressor ·and would be even less for later stages of higher hub-tip ratio. 

The velocity diagrams for the first stage are shown (to scale) in Fig. 5.17. The 
increase in fluid deflection and diffusion at the root section are readily visible 
from the vectors V1 and V2. Since V1 is a maxirnmn at the tip and C2 a maximum 
at the root, it is apparent that the maximum relative Mach numbers occur at r, for 
the rotor blade and at rr for the stator blade. Compressibility effects will be 
discussed in the next sub-section. 

Turning our attention to the third stage, it is useful to smnmarize conditions at 
inlet and outlet before examining different distributions of whirl velocity. From 
the mean radius design, with /\."' = 0·50 

p01 = 1·599 bar, p03 jp01 = 1·246, p03 = 1·992 bar 

T01 = 333 K, T03 (= T02) = 357 K 

IX1 = 26·63o (= P2), P1 = 50·92° (= 1X2) 

cwl = 81·9 mjs, cw2 = 184·7 mjs, ACW = 102·8 mjs 

It is not necessary to repeat the calculations for rotor radii and blade speed at root 
and tip for this stage, and it will be sufficient to smnmarize the results as follows: 

Inlet 
Exit 

(m) 

0·1279 
0·1341 

r, 
(m) 

0·2115 
0·2053 

r,Jr, 

0·605 
0·653 

200·9 
205·8 

u, 
(m/s) 

332·2 
322·5 

The resulting air angles for a ji·ee vortex design are obtained from the calculations 
tabulated below, and the values already obtained at the mean radius are included 
for completeness. 

~'·~'·~'· 
Root Mean Tip 

FIG. 5.17 Velocity diagrams, 1st stage 
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Root Mean Tip 

cw1 = c,1rmfr (rn!s) 108-7 81·9 65·7 
tan ()(1 = Cw1ICa 108·7/150 65·71150 
()(1 35-93 28·63 23-65 

tan /31 = (U- C,I}/Ca 
(200·9 - 108-7) (332·2- 65·7) 

150 !50 

/31 31-58 50-92 60-63 
Cw2 = Cw2rmfr (m/s) 233·7 184·7 152·7 
tan ()(2 = Cw2/Ca 233-7/150 152·71150 
()(2 57-31 50·92 45-51 

tan {32 = (U- Cw2)/Ca 
(205-8 - 233·7) (322-5- 152·7) 

!50 150 
f3z -10-54 28-63 48-54 
/11 - f3z 42-12 22-29 12-09 

I 
A=l--(1-A) R2 m 

0-161 0-50 0-668 

The radial variation of air angles shown in Fig. 5.18 clearly indicates the very 
large fluid deflection (/31 - f]z) required at the root and the substantial blade twist 
from root to tip. 

It is instructive to consider a constant reaction design, with radial equilibrium 
ignored. With Am= 0-50, conditions at the mean radius will be the same as those 
previously considered for the free vortex design. As before, it will be assumed 
that 50 per cent reaction gives a symmetrical velocity diagram and this will hold 
across the annulus. From symmetry, U = ACw + 2Cw1, and from constant work 
input at all radii U ACw = UmACwm =constant. 

-20,__ ___ ---'------J 
Root Mean Tip 

FIG. 5.18 Radial variation of air angles: free vortex, 3rd stage 
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Considering the root section at inlet to the blade, 

rm 0-1697 
L'l.Cwr = ACwm- = 102·8 X -0-- = 136·4 m/s 

r,. ·1279 

U,.- ACwr 205·8 - 136·40 
Cwir= 

2 
= 

2 
=34·7mjs 

. cwir 34·70 0 

tan o:1,. = C:: =ISO, o:1,. = 13-03 = p2,. 

Cwzr = Cw1r+ACwr = 34·70 + 136-4 = 171·1 mjs 

Cw2,. 171·1 
tan o:2 = -- = -- o:2,. = 48-76° = P1,. 

r ca 150 , 

Repeating these calculations at the tip (r1=0·2115m, U=332·2 m/s) yields 
o:lf = 39·77° = P21 and o:21 = 54-12° =Pit· The radial variations of the air angles 
are shown in Fig. 5.19, which shows the greatly reduced twist compared with the 
free vortex variation shown in Fig. 5 .18. It will be recalled, however, that the 
radial equilibrium condition is not satisfied by the constant reaction design, and 
with the relatively low hub-tip ratio for this stage the constant reaction design is 
not likely to be the most efficient. It should be pointed out, also, that a small error 
is introduced by assuming a symmetrical velocity diagram based on the blade 
speeds at rotor inlet, because at hub and tip radii the blade speed is not constant 
throughout the stage due to the taper of the armu!us. The reader should recognize 
that reaction is a useful concept in design but it does not matter if the actual value 
of reaction is not quite equal to the theoretical value. 

To conclude this subsection, a third type of design will be examined, namely 
exponential blading with Am= 0·5. The value of Rat the root section is given by 
R=0-1279/0·1697=0·754. The reaction at the root is then given by 

A,.= 1 + (1 --
0 

2 
)(1 - 0-50) 

·754 

60 

50 

"' " 2:: 
Cl 

"' "0 

oS 
15> 
<= 
"' 20 

:;;:: 

Root Mean Tip 

FIG. 5.19 Radial variation of air angles: constant 50 per cent reaction, 3rd stage 
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This is slightly higher than the value obtained for the free vortex design (0·164), 
as would be expected from Fig. 5.12. With exponential blading n = 0, 
Cw1 =a- (bjR) and Cw2 =a+ (b/R). Evaluating the constants a and b, 

a= U"'(l -Am)= 266·6(1 - 0·50) = 133·3 mjs 

c/1T 1·005 X 1000 X 24 
b=--= =51-4mjs 

2U"'A. 2 X 266:6 X 0·88 

The following table gives the resulting whirl velocity distribution, 

Root Mean 

Inlet R 0·754 1.oo 

b 
cwl =a- 1i (rn!s) 65·1 81·9 

ExitR 0·790 1·00 

b 
cw2 =a+Ji (rnls) 198-4 184·7 

Setting Calm = 150 m/s as before, from (5.26), at inlet 

2 2 [ 2 ab ] (C.1) -(Calm) =-2 a lnR+R-ab 

Hence 

(
Cal )

2 
2 [ 2 ab ] -- = 1--2 - a lnR+--ab 

Calm Calm R 

Thus, at the root 

( cal )

2 

= 1·247, cair = 167·5 m;s 
calm 

at the tip (CaJ!Ca1m)2 = 0·773, C.1, = 131·9 m/s. 
From equation (5.25), at exit from the rotor, 

giving 

( 
Ca2 )

2 
2 [ 2 ab ] - = 1--2 a lnR--+ab 

Ca2m Ca2m R 

Ca2r = 185·8 mjs 

. c.2, = 115·5 m/s 

Tip 

1·246 

92·0 

1·210 

175·8 

From the velocities calculated above, the rotor air angles can readily be cal­
culated to give P1r= 39·03°, P2r =2·28°, P1r= 61·23° and P2r= 51·79°. The rotor 
air angles for the free vortex, constant reaction and exponential designs are 



DESIGN PROCESS 197 

compared in Fig. 5.20, both at inlet and exit from the rotor. It can be seen that the 
free vortex exhibits the most marked twist over the blade span, with the constant 
reaction showing the least; the exponential design gives a. compromise between 
the two. The fluid deflection, P1 -· p2, for the tlrree designs can be summarized as 
below. 

Root Mean Tip 

Free vortex 42-12 22-29 12-09 
Constant reaction 35·73 22·29 14-35 
Exponential 37-75 22·29 9-44 

The aerodynamic loading at the root section of the free vortex is substantially 
higher than that for either of the other two designs. 

It was pointed out earlier that the maximum relative inlet Mach numbers occur 
at the rotor blade tip and the stator blade root. Without detailing the calculations 
we may summarize the results as follows. 

At rotor tip (i.e. at r1): 

cal 

(m/s) 

Free vortex 150·0 
Constant reaction 150·0 
Exponential 131-9 

70 

-10L-----:-:-L-----::' 
Root Mean Tip 

(a) 

Cwl 

(m/s) 

65-7 
82·5 
92·0 

"' "' ~ 
"' " 0 

70 

60 

vi 
(m/s) 

305-8 
291·3 
274·0 

FIG. 5.20 Comparison of rotor air angles, 3rd stage 

!L M 
(K) 

319·7 0-853 
314·0 0·820 
320·1 0-764 

~2 

(b) 
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At stator tip (i.e. at r,.): 

Free vortex 
Constant reaction 
Exponential 

ca2 cw2 

(m/s) (m/s) 

150·0 
150·0. 
185-8 

233·7 
171·1 
198-4 

AXIAL FLOW COMPRESSORS 

c2 T2 
M 

(m/s) (K) 

277-7 318·6 0·776 
227·5 331·2 0-624 
271·8 320·2 0·758 

Clearly the rotor tip value is the critical one, and it can be seen that the 
exponential design yields an appreciably lower Mach number. The importance of 
this will be discussed further in section 5.10. We have been considering the third 
stage here as an example, and the Mach nmnbers in the later stages will be lower 
because of the increased temperature and hence increased acoustic velocity. 

The exponential design results in a substantial variation in axial velocity, both 
across the annulus and through the stage. We have based the annulus area on the 
premise of constant axial velocity, and this would have to be recalculated for the 
case of non-constant axial velocity. At any radius r, the rate of flow bm through an 
element of width br is given by 

bm = p2nrbrCa 

and 

J
r, 

m = 2n prCa dr 
r, 

The annulus area required to pass the !mown flow could be determined by nu­
merical integration and would be slightly different to the value assumed for the 
previous cases of free vortex and constant reaction. 

The three design methods considered all have advantages and the final choice 
of design would depend to a large extent on the design team's previous ex­
perience. The constant reaction design looks quite attractive, but it must be borne 
in mind that radial equilibrium has been ignored; ignoring radial equilibrium will 
result in flow velocities not being in agreement with the predicted air angles, 
leading to some loss in efficiency. 

It is appropriate at this point to retmn to the question of the reduced loading in 
the first and last stages. The first stage is the most critical because of the high 
Mach number at the tip of the rotor; in additiorr, at certain flight conditions (e.g. 
yaw, high angle of attack or rapid tmns of the aircraft) the inlet flow may become 
distorted with significant variations in axial velocity across the compressor 
armulus. By somewhat reducing the design temperature rise, and hence the 
aerodynamic loading, these problems can be partially alleviated. In the case of the 
last stage, the flow is delivered to the diffuser at entry to the combustion chamber; 
it would be desirable to have a purely axial velocity at exit, and certainly the swirl 
should be kept as low as possible. Once again, a slight reduction in the required 
temperature rise eases the aerodynamic design problem. 
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In this section we have been deciding on the air angles likely to lead to a 
satisfactory design of compressor. It is now necessary to discuss methods of 
obtaining the blade shapes which will lead to these air angles being achieved, and 
this will be done in the next section. 

5JI Blade design 

Having determined the air angle distributions that will give the required stage 
work, it is now necessary to convert these into blade angle distributions from 
which the correct geometry of the blade forms may be detemtined. 

The most obvious requirements of any particular blade row are: firstly, that it 
should turn the air through the required angle [ (p 1 - p2) in the case of the rotor 
and (o:2 - o:3) in the case of the stator]; and secondly that it should carry out its 
diffusing process with optimum efficiency, i.e. with a minimum loss of stagnation 
pressure. With regard to the first requirement, we shall see that due allowance 
must be made for the fact that the air will not leave a blade precisely in the 
direction indicated by the blade outlet angle. As far as the second requirement is 
concerned, certainly the air and blade angles at inlet to a blade row must be 
similar to minimize losses~ But when choosing the blade angle, the designer must 
remember that the compressor has to operate over a wide range of speed and 
pressure ratio. The air angles have been calculated for the design speed and 
pressure ratio, and under different operating conditions both the fluid velocities 
and blade speed may change with resulting changes in the air angles. On the other 
hand, the blade angles, once chosen, are fixed. It follows that to obtain the best 
performance over a range of operating conditions it may not be the best policy to 
make the blade inlet angle equal to the design value of the relative air angle. 

The number of variables involved in the geometry of a compressor blade row 
is so large that the design becomes to a certain extent dependent on the particular 
preference and previous experience of the designer. He will have at his disposal, 
however, correlated experimental results from wind tumJel tests on single blades 
or rows of blades. In the former case, the effects of adjacent blades in the row 
have to be accounted for by the application of empirical factors. The second type 
of data, from tests on rows or cascades of blades, is more widely used. Although 
it might appear desirable to test a cascade of blades in an annular form of wind 
tumJel, in an attempt to simulate conditions in an actual compressor, the blades 
are generally tested in the form of a straight cascade. An annular tunnel would not 
satisfactorily reproduce conditions in a real compressor and a considerable range 
of hub-tip ratios would have to be tested. By using a straight cascade, mechanical 
complication of the test rig is considerably reduced, and the two-dimensional flow 
conditions obtained in a tumJel of rectangular section greatly simplifies the 
interpretation of the test results. 

In both Britain and the United States, much experimental research has been 
devoted to cascade tests on compressor blading. It is proposed to give a broad 
outline of this work and to show how the results obtained may be correlated in a 
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fashion suitable for direct use by the compressor designer. Cascade tests result in 
two main items of information. These are (a) the angle through which the air is 
turned for a minimum loss; and (b) the corresponding profile drag coefficient 
from which the cascade efficiency may be estimated. When high velocities in the 
region of the sonic velocity are used, the tests also yield valuable information on 
compressibility effects. A typical cascade tunnel and the type of test result 
obtainable from it will now be 'described. 

Compressor blade cascade tunnel and typical test results 

The tunnel consists essentially of an arrangement whereby a stream of air can be 
sucked or blown through a number of blades set out in the form of a straight 
cascade (Fig. 5.21 ). Means are provided for traversing pressure and flow direction 
measuring instruments over two planes usually a distance of one blade chord 
upstream and downstream of the cascade. The height and length of the cascade 
are made as large as the available air supply will allow, in an attempt to eliminate 
interference effects due to the tunnel walls. Boundary layer suction on the walls is 
frequently applied to prevent contraction of the air stream as it passes through the 
tunnel. 

q]=!::ll==~-~f~+tH~-~~J+H-=;-: 
Cascade 

' 
Pitot tube To manometer 

Adiustable side walls 

/ 
/ 

Air supply 

Tum-table 

FIG. 5.21 Elevation and plan of simple cascade tnnnel. (Traversing paths indicated 
by dotted lines) 
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The cascade is mounted on a tum-table so that its angular direction relative to 
the inflow duct can be set to any desired value. This device enables tests to be 
made on the cascade over a range of incidence angles of the air entering the 
cascade. In other more complex tunnels provision is also made for variation of the 
geometry of the blade row, such as the spacing between the blades and their 
setting angle, without removing the cascade from the tunnel. Pressure and 
velocity measurements are made by the usual form of L-shaped pitot and pitot­
static tubes. Air directions are found by various types of instruments, the most 
common being the claw and cylindrical yawmeters illustrated in Fig. 5.22. The 
principle of operation is the same in both and consists of rotating the instrument 
about its axis until a balance of pressure from the two holes is obtained. The 
bisector of the angle between the two holes then gives the air direction. t 

A cross-section of three blades forming a part of a typical cascade is shown in 
Fig. 5.23 which also includes details of the various angles, lengths and velocities 
associated with the cascade experiments. For any particular test, the blade camber 
angle 8, its chord c and the pitch (or space) swill be fixed and the blade inlet and 
outlet angles o:; and o:; determined by the chosen setting or stagger angle'· The 
angle of incidence, i, is then fixed by the choice of a suitable air inlet angle o: 1 

since i = IX1 - IX;. This can.be done by an appropriate setting of the tum-table on 

Axis Axis 

1::- To U·tube 

( 

¢ 
t,:: To U-tube 

I 

I I I I 
I I I I I 

I~ KS~ 
0 

80' 

(a) (b) 

FIG. 5.22 Yawmeters: (a) cylindrical, (b) claw 

t For a full description of cascade tunnel testing see Todd, K. W [Ref. (7)] and Gostelow, J. P. [Ref. 
(8)]. 
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FIG. 5.23 Cascade notation 

AXIAL FLOW COMPRESSORS 

a·1 =blade inlet angle 
a·2 = blade outlet angle 
e =blade camber angle 

=a'1-a2 s = setting or stagger angle 
s =pitch (or space) 
e = deflection 

= a1- a2 
a1 = air inlet angle 
a2 = air outlet angle 
V1 =air inlet velocity 
v2 =air outlet velocity 

i =incidence angle 
= a1 - a; 

i5 = deviation angle 
=a2-a'2 

c =chord 

which the cascade is mounted. With the cascade in this position, the pressure and 
direction-measuring instruments are then traversed along the blade row in the 
upstream and downstream positions, and the test results plotted as in Fig. 5.24. 
This shows the variation of loss of stagnation pressure, and air deflection 
e = o:1 - o:2, covering two blades at the centre of the cascade. As the loss will be 

0.4 

Position of 
blade trailing edge 

/ ~ / ' ., 

Distance along cascade 

FIG. 5.24 Variations of stagnation pressure loss and deliection for cascade at fixed 
incidence 
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dependent on the magnitude of the velocity of the air ente1ing the cascade, it is 
convenient to express it in a dimensionless form by dividing by the inlet dynamic 
head, i.e. 

loss =Poi- Po2 = ~ 
!PVf !pVf (5.28) 

This facilitates correlation of test results covering a range of values of V1. 
The curves of Fig. 5.24 can now be repeated for different values of incidence 

angle, and the whole set of results condensed to the form shown in Fig. 5.25 in 
which the mean loss w 1! p V[ and mean deflection e are plotted against incidence 
for a cascade of fixed geometrical form. These curves show that the mean loss 
remains fairly constant over a wide range of incidence, rising rapidly when the 
incidence has a large positive or negative value. At these extreme incidences the 
flow of air around the blades breaks down in a manner similar to the stalling of an 
isolated aerofoil. The mean deflection rises with increasing incidence, reaching a 
maximmn value in the region of the positive stalling incidence. 

Test results in the form given in Fig. 5.25 are obtained for a wide range of 
geometrical forms of the cascade, by varying the camber, pitch/chord ratio, etc. 
Reduction of the resulting data to a set of design curves is achieved by the 
following method. 

From curves of the form given in Fig. 5.25, a single value of deflection which 
is most suitable for use with that particular form of cascade is selected. As the 
object of the cascade is to .. tunJ the air tlrrough as large an angle as possible with a 
mininlmn loss, the use of the maxirnmn deflection is not possible because of the 
high loss due to stalling. Furthermore, remembering that in a compressor the 
blade will have to operate over a range of incidence under off-design conditions, 
the design incidence should be in the region of the fiat portion of the loss cmve. 

lo:!~o.Q75 
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(j) 
Ll 

"' c: 
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TI 
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" Ll 
c: 
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FIG. 5.25 Mean deflection and mean stagnation pressure loss for cascade of fixed 
geometrical form 
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The practice has been to select a deflection which corresponds to a definite 
proportion of the stalling deflection. The proportion found to be most suitable is 
eight-tenths, so that the selected or nominal deflection e* = 0·8es where Es is the 
stalling deflection. Difficulty is sometimes experienced in deciding on the exact 
position of the stall, so its position is standardized by assuming that the stall 
occurs when the loss has reached twice its minimum value. 

Analysis of the values of the nominal deflection e* determined from a large 
number of tests covering different forms of cascade, has shown that its value is 
mainly dependent on the pitch/chord ratio and air outlet angle IXz. Its variation 
with change of other factors determining the geometrical form of the cascade, 
such as blade camber angle, is comparatively small. On this basis, the whole set 
oftest results is reducible to the form shown in Fig. 5.26 in which the nominal 
deflection is plotted against air outlet angle with pitch/chord ratio as parameter. 
This set of master curves, as they may well be called, is of great value to the 
designer because, having fixed any two of the three variables involved, an 
appropriate value for the third may be determined. For instance, if the air inlet and 
outlet angles have been fixed by the air angle design, a suitable pitch/chord ratio 
can be read from the diagram. 

As an example, consider the design of the third-stage rotor blade required for 
the free vortex design carried out in the previous section. At the mean radius of 
0-1697 m, where P1 =50·92° and Pz=28·63°, e* =P1 - P2 = 22·29° and from 
Fig. 5.26, with an air outlet angle of 28·63°, sic= 0·9. 

"' ~ 
ijf 30 
'0 

0 
-1LO_..l-__l,---L-L--4LO-..L50--='60--'70 

Air outlet angle a2, degrees 

FIG. 5.26 Design deliection curves 
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Detennination of the chord length will now depend on the pitch, which itself is 
clearly dependent on the number of blades in the row. When making a choice for 
this number, the aspect ratio of the blade, i.e. the ratio of length to chord, has to 
be considered because of its effect on secondary losses. This will be discussed in 
greater detail in the next section on stage performance. For the purpose of our 
example it will be assumed that an aspect ratio hie of about three will be suitable. 
The blade height can be obtained from the previously detennined armulus 
dimensions as 0·0836 m, so that the chord becomes 

0-0836 
c =--=0·0279 m 

3 

and the pitch is 

s = 0-9 x 0-0279 = 0-0251 m 

The number of blades n is then given by 

n = 2n x 0-1697 = 42_5 
0-0251 

It is desirable to avoid numbers with common multiples for the blades in suc­
cessive rows to reduce the likelihood of introducing resonant forcing frequencies. 
One method of doing this is to choose an even number for the stator blades and a 
prime number for the rotor blades. An appropriate number for the rotor blades in 
this stage would therefore be 43, and recalculation in the reverse order gives 

s = 0-0248 m, c = 0-0276 m, and hjc = 3·03 

A similar procedure could also be carried out for the stator blades. 
The use of prime numbers for rotor blades is less common than used to be the 

case. This is a result of developments in mechanical design which have resulted in 
the ability to replace damaged rotor blades in the field without the need for re­
balancing the rotor system. In the case of a fan for a high bypass turbofan engine, 
for example, an even number of rotor blades is frequently used and airlines keep a 
stock of replacement blades in balanced pairs. In the event of a blade failure, the 
defective blade and the one diametrically opposite are replaced. 

h1 the above example, the chord was detennined simply from aerodynamic 
considerations. The chord chosen for the first stage, however, may well be 
detennined by stringent requirements for resistance to Foreign Object Damage 
(FOD). This is often the case for aircraft engines, and it may result in a somewhat 
lower than optimum aspect ratio. 

One further item of information is necessary before the design of the blade 
forms at this radius can be completed. Whereas the blade inlet angle o:; will be 
known from the air inlet angle and chosen incidence (usually taken as zero so that 
1X'1 = 1X 1), the blade outlet angle Ocz cannot be determined from the air outlet angle 
o:2 until the deviation angle b = IXz - IXz has been detennined. Ideally, the mean 
direction of the air leaving the cascade would be that of the outlet angle of the 
blades, but in practice it is found that there is a deviation which is due to the 
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reluctance of the air to turn through the full angle required by the shape of 
the blades. This will be seen from Fig. 5.23. An analysis of the relation between 
the air and blade outlet angles from cascade tests shows that their difference is 
mainly dependent on the blade camber and the pitch/chord ratio. It is also 
dependent on the shape of the camber-line of the blade section and on the air 
outlet angle itself. The whole· of this may be summed up in the following 
empirical rule for deviation: 

b = m8J(sjc) (5.29) 

where 

m = 0·23e:Y + O·lG~) 
a is the distance of the point of maximum camber from the leading edge of the 
blade, which feature is illustrated in Fig. 5.23, and ex2 is in degrees. Frequently a 
circular arc camber-line is chosen so that 2a/c = 1, thereby simplifying the for­
mula for m, but its general form as given above embraces all shapes including a 
parabolic arc which is sometimes used. (For inlet guide vanes, which are essen­
tially nozzle vanes giving accelerating flow, the power of sic in equation (5.29) is 
taken as unity instead of0·5 and misgiven a constant value ofO.l9.) 

Construction of blade shape 

On the assumption of a circular arc camber-line, the deviation in the current 
example will be 

[ 
28·63] 0 = 0·23 + 0·1 X --so J(0·9){1 = 0·2736 

With this information it is now possible to fix the main geometrical parameters of 
the rotor blade row of our example. The procedure is as follows. 
Since 6=ex\- ex~ and ex\ =ex1 - b 

6=ex\ -ex2 +b 

=ex\ - ex2 + 0·2736 

0·7276 =ex~ - ex2 

= 50·92 - 28·63 

(assuming zero incidence, ex; = ex 1) 

It follows that 6=30·64° and ex; =ex~- 6=20·28°. The deviation angle is 
8·63°. 

The position of the blade chord can be fixed relative to the axial direction by 

the stagger angle ' given by 

'=ex;-~ 
2 

= 50·92- (30·64/2) 

= 35·60° 
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Refening to Fig. 5.27, the chord line AB is drawn 0-0276 m long at 35-60° to the 
axial direction. The lines AC and BD at angles o:~ and o:; are then added and a 
circular arc constructed tangential to these lines and having AB as chord. This arc 
will now be the camber-line of the blade around which an aerofoil section can be 
built up. 

The marmer of specifying the base profile is shown in Fig. 5.27, ordinates 
being given ~t definite positions along the camber-line. The RAF 27 profile and 
the so-called 'C series' of profiles have been widely used in British practice, and 
the NACA series in America. For moderately loaded stages, in which the 
velocities are well removed from sonic values, small variations in form are found 
to have little effect on the final performance of the compressor. Further details of 
base profiles, together with the geometrical relations necessary when parabolic 
camber-lines are employed, can be found in Ref. (9). For stages operating with 
relative Mach numbers in the transonic range, it has been found that double 
circular arc blade sections (see Fig. 5.35) offer the best performance. 

The method outlined could now be applied to a selected number of points 
along the blade length, bearing in mind that having once fixed the pitch at the 
mean diameter by the choice of a particular number of blades, the pitch at all 
other radii is determined. As the sic ratio is derived from the air angles, the length 
of the chord of the blade at any particular radius will be determined from the 
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pitch. By this means a complete picture of the blade can be built up. The blade 

stresses can then be accurately assessed. 
Now that the reader understands the basis for selecting the pitch/chord ratio, it 

is appropriate to check the diffusion factor for a couple of stages. Recalling for 
convenience equation (5.7), 

V2 L'1Cws 
D= 1--+--

V1 2V1 c 

the velocity terms are all available from the calculated velocity triangles. Con­
sidering the free vortex design of the third stage, at the tip section Ca = 150 m/s, 
p1 = 60·63°, p2 =48·54°, P1 - Pz = 12·09° and ACw= 87 m/s. From Fig. 5.26 a 
suitable value of sic would be about 1·1 and the values of V2 and V1 can be readily 
calculated from Calcos p to be 226·5 and 305·8 m/s respectively. Hence 

D = 1 _ 226·5 + 87 x 1·1 = 0-42 
305·8 2 X 305·8 

Referring back to Fig. 5.8, it can be seen that this value is quite satisfactory. 
Repeating the calculations at the root results in a slightly higher value of 0·45, 
primarily due to the increase in ACw. It is worth noting that the de Haller numbers 
for the third stage were close to the limit of 0· 72, and the diffusion factors are also 
near tlie point at which losses increase rapidly. At the tip of the first-stage rotor, 
the diffusion factor can be calculated to be about 0·23, and this again correlates 
well witli tlie light aerodynamic loading of this stage; the transonic relative Mach 
number, however, leads to further losses which will be discussed in section 5.10. 
The experienced compressor designer will have a good idea of the expected pitch/ 
chord ratios at the outset of the design process, and the diffusion factor is an 
excellent preliminary check on aerodynamic loading. 

5.9 Calculation of stage performance 

After completion of the stage design, it will now be necessary to check over the 
performance, particularly in regard to the efficiency which for a given work input 
will completely govern the final pressure ratio. This efficiency is dependent on the 
total drag coefficient for each of the blade rows comprising the stage, and in order 
to evaluate these quantities it will be necessary to revert to the loss measurements 
in cascade tests. From the measured values of mean loss w, two coefficients can 
be obtained. These are the lift and profile drag coefficients CL and Cnp, formulae 
for which may be obtained as follows. 

Referring to tlie diagram offorces acting on tlie cascade as shown in Fig. 5.28, 
tlie static pressure rise across the blades is given by 

L'ip =pz -pi 

=(paz- ~pVf)- (pOI- !pVf) 
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FIG. 5.28 Applied and effective forces acting on cascade 

The incompressible flow formula is used because the change of density is neg­
ligible. Hence, still using cascade notation for velocities and angles, 

Ap = & (V{ - vi) - w 
=! pVJ(tan2 IX1 - tan2 

1X2)- W (5.30) 

the axial velocity Va being assmned the same at inlet and outlet. 
The axial force per unit length of each blade is sAp and, from consideration of 

momentum changes, the force acting along the cascade per unit length is given by 

F = spVa x change in velocity component along cascade 

= spVJ(tan IX1 - tan 1X2) (5.31) 

The coefficients CL and Cnp are based on a vector mean velocity V"' defined by 
the velocity triangles in Fig. 5.28. Thus 

where 1Xm is given by 

tan G(m = [! Wa tan lXI - va tan 1Xz) + va tan 1Xz]/ Va = ! (tan lXI + tan 1Xz) 

If D and L are the drag and lift forces along and perpendicular to the direction of 
the vector mean velocity, then resolving along the vector mean gives 

D =! p V~cCnp (by definition of Cnp) 

= F sin IX"' - sAp cos 1Xm 

Hence from equations (5.30) and (5.31), 

!PV~cCnp = spVJ(tan IX1 -tan 1X2) sin IX"' 

- !PV,;s(tan2 
IX1 - tan2 

1X2) cos IX"'+ 1:Vs cos IX"' 
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Since 

.tan2 o:1 - tan2 o:2 = (tan o: 1 -tan o:2)(tan o:1 +tan o:2) 

= 2(tan o: 1 -tan o:2 ) tan o:m 

the first two terms in the expressions for Cnp are equal and the equation reduces 
to 

i.e. 

Cn _ (:) (~) (cos
3 

o:m) 
'P- c !PVf cos2 o: 1 

Also, resolving perpendicularly to the vector mean, 

L = ~pVJ;cCL (by defmition of Ct) 

= F cos o:m + s!lp sin O:m 

Therefore 

~pv;,ccL = spv;(tan o:1- tan o:2) cos o:m 

+ 1 p v; s( tan2 
0:1 - tan2 O:z) sin 0:"' - MIS sin o:m 

which on reduction finally gives 

CL = 2(sjc)(tan o:1 -tan o:2) cos o:m- CDp tan o:m 

(5.32) 

(5.33) 

Using these fonnulae the values of C L and C Dp may be calculated from the data 
given by the curves of Fig. 5.25. Since o:'1 is !mown from the geometry of the 
blade row, the following data may be found for any incidence angle i: 

0:1 =o:'1+i 

O:z = 0:1- E* 

o~m = tan-1[!(tan o:1 +tan o:2)] 

Then by using values of M'/ ! p Vl read from the curve and the known value of sic 
for the cascade, Cnp and CL may be calculated from equations (5.32) and (5.33) 
and plotted against incidence as in Fig. 5.29. 

Because the value of the term Cnp tan O:m in equation (5.33) is negligibly 
small, it is usual to use the more convenient 'theoretical' value of CL given by 

CL = 2(sjc)(tan o:1 -tan o:2) cos o:m (5.34) 

in which the effect of profile drag is ignored. Using this formula, curves of C L can 
be plotted for nominal (or design) conditions to correspond with the curves of 
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deflection given in Fig. 5.26. These curves, which are again plotted against air 
outlet angle o:2 for fixed values of pitch/chord ratio sic, are given in Fig. 5.30. 

Before these coefficients can be applied to the blade rows of the compressor 
stage, two additional factors must be taken into account. These are the additional 
drag effects due to the walls of the compressor annulus, and the secondary loss 
due to trailing vortices ana tip clearance. The flow effects which give rise to these 
losses are illustrated in Fig. 5 .31. Analysis of compressor perfonnance figures 
have shown that the secondary loss is of major importance and that its magnitude 
is of the same order as that incurred by the profile drag of the blades. It is greatly 
influenced by tip clearance which should consequently be kept as small as 
possible-in the region of 1-2 per cent of the blade height. For typical axial 

2.0 

0 
-1.,..0 --'---'---:"-----'---'40---5LO -6.LO-....J70 

Air outlet angle o: 2, degrees 

FIG. 5.30 Design lift coefficients 
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(a) Annulus drag (b) Secondary losses 

FIG. 5.31 Three-dimensionalliow effects in compressor annulns 

compressor designs, the following empirical formula for the additional drag 
coefficient arising from secondary losses has been derived, 

Cns = 0·018CE (5.35) 

where CL is the lift coefficient as given by equation (5.34) and the curves of Fig. 
5.30. 

The loss due to annulus drag is naturally dependent on the relative proportions 
of the blade row, its influence increasing as the blades become shorter relative to 
their chord length. It has been found convenient to relate the drag coefficient, 
resulting from this loss, to the blade row dimensions by the empirical formula, 

CDA = 0·020(sjh) (5.36) 

where s and h are the pitch and height of the blades respectively. Therefore, on 
inclusion of these factors, an overall drag coefficient can be determined which is 
given by 

(5.37) 

The argument used in deriving equation (5.32) for the profile drag coefficient 
in the case of a straight cascade will apply equally well to the annular case if Cv is 
substituted for Cvp· Hence for the annular case 

(5.38) 

This enables the loss coefficient w 1! p Vr for the blade row to be determined. The 
theoretical static pressure rise through the blade row is found by putting the loss 
M' equal to zero in equation (5.30), which gives 

!J.pth = ~pVJ(tan2 
IX1 - tan2 

1X2) 

=! pVJ(sec2 
IX1 - sec2 

1X2) 

TI1erefore 
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so that the theoretical pressure rise in terms of the inlet dynamic head and cascade 
air angles becomes 

Apth - 1 cos2 o:i 
lpV2 - - cos2 o: 
2 I 2 

The efficiency of the blade row, 1Jh, which is defined as the ratio of the actual 
pressure rise to the theoretical pressure rise, can then be found from 
1Jb = (APth - }v)/ Apth· Or in non-dimensional terms, 

wf!PVl 
1Jb = 1 - A I 2 

.Pth!:z P vi 
(5.39) 

When dealing with cascade data, efficiency is evaluated from pressure rises, 
whereas compressor stage efficiency is defined in terms of temperature rises. 
Furthermore, the stage efficiency encompasses both a rotor and a stator row. It is 
therefore not obvious how the efficiency of a blade row obtained from cascade 
tests can be related to the stage efficiency. Initially we will consider this problem 
in the context of a stage designed for 50 per cent reaction at the mean diameter. In 
such a case, because of the symmetrical blading, 1Jh [evaluated from equation 
(5.39) for conditions obtaining at the mean diameter] will be virtually the same 
for both the rotor and stator blade row.t What we shall now proceed to show is 
that this value of 11 b can be regarded as being equal to the isentropic efficiency of 
the whole stage, 1Js· 

If pi and p2 are the static pressures at inlet to and outlet from the rotor, 
P2 -pi 

1]---
b- P2 -pi 

where P2 denotes the ideal pressure at outlet corresponding to no losses. If the 
stage efficiency 17 s is defined as the ratio of the isentropic static temperature rise 
to the actual static temperature rise, 

.....?.=I+~ 
p [ 1J AT ]Y/(J•-1) 

Pi 2Ti 

because ATs /2 will be the temperature rise in the rotor for 50 per cent reaction. 
Also 

...1.= 1 +-s 
p' [ AT ]yf(y-i) 

Pi 2Ti 

Therefore 

t Owing to slight differences in blade pitch and height between the rotor and stator rows of a stage, 
CDA from equation (5.36) may differ marginally. But as the following numerical example will show, 
CDA is only a small proportion of CD and this difference will have little effect on ~b· 
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After expanding and neglecting second-order terms, this reduces to 

'h = 1Js[l- Y ~ 1 x ~~; (l-1Js)] 

But l!Ts is of the order 20 K and T1 about 300 K, so that the second term in the 
bracket is negligible and 

1Jb = 1Js 

For cases other than 50 per cent reaction at the mean diameter, an approximate 
stage efficiency can be deduced by taking the arithmetic mean of the efficiencies 
of the two blade rows, i.e. 

1Js =! (1Jb rotor + '1b stator) 

If the degree of reaction is far removed from the 50 per cent condition, then a 
more accurate expression for the stage efficiency may be taken as 

1Js = A11b rotor + (1 - A)IJb stator 

where A is the degree of reaction as given in section 5.5. 
Using this theory, we will estimate the performance of the third stage of the 

compressor used as an example of compressor design, for which the degree of 
reaction was 50 per cent at the mean diameter. From the blade design given in the 
previous section, and remembering that /3 1 and {32 are the air inlet and outlet 
angles o:1 and o:2 respectively in cascade terminology, 

tan o:m =!(tan o:1 +tan o:2) =!(tan 50·92 +tan 28-63) = 0-889 

whence 

O:m = 41-63° 

From Fig. 5.30, CL at sic= 0·9 and o:2 = 28-63 is equal to 0-875. Hence from 
equation (5.33) 

Cns = 0-018(0·875)2 = 0-0138 

Recalling that s=0-0248 m and h=0·0836 m we have from equation (5.36) 

C _ 0-020 X 0-0248 _ O· O 
DA - 0·0836 - 0 59 

From Fig. 5.29, at zero incidence Cnp=0-018; hence the total drag coefficient is 

Cn = Cnp + CnA + Cns = 0-018 + 0-0059 + 0·0138 = 0·0377 

Therefore, from equation (5.38) 

~ = Cn/[(~) cos
3 

o:m] = 0·0377 cos
2 

50·92° = 0_0399 
! p Vf c cos2 o: 1 0·9 cos3 41·63° 

We also have 

11p1h cos2 o:1 cos2 50·92° 
8 -- = 1 - -- = 1 - = 0·4 42 ! p Vf cos2 o:2 cos2 28·63° 
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Therefore, from equation (5.39) 

0·0399 
11b = 1·0---= 0·918 

0-4842 

The efficiency of the stator row will be similar, and hence we may take 

1Js,;, 0·92 
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The static temperature at entry to the stage can be found to be 318·5 K, and with 
a stage temperature rise of 24 K, the static pressure ratio of the stage is found to 
be 

[ 
1Js/:,.Ts]y((J•-l) [ 0·92 X 24] 3'

5 

Rs = I+-- = 1 + = 1·264 
T1 318·5 

We have now seen how the design point performance of a stage may be 
estimated. It will have been noticed that the results are in terms of an isentropic 
stage efficiency based on static temperatures and a stage pressure ratio based on 
static pressures. To the compressor designer, however, it is the efficiency based on 
stagnation temperature rise and the stagnation pressure ratio which are of inter­
est. Making use of the relations p0jp = (T0j1)yl(y-I) and T0 = T + c!-j2cP it is of 
course possible to transform a static pressure ratio into a stagnation pressure ratio 
when the inlet and"outlet velocities are known. But for the common case where 
these velocities are equal (i.e. C3 = C1) there is no need for this elaboration. 
/:,.T0s = !:,.Ts, and it is easy to show as follows that rrs is virtually the same whether 
based on static or stagnation temperatures. Then merely by substituting T01 for T1 

in the foregoing equation for Rs the stagnation pressure ratio is obtained directly. 
Referring to Fig. 5.32, where the stage inlet and outlet states are denoted by 1 

and 3 (static) and 01 and 03 (stagnation), we have 

_T~-T1 _T3 -T1 -x_ x 
1Js---- -l--

T3 - Tl T3 - TI !:,.Ts 

FIG. 5.32 
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And when based on stagnation temperatures, 

1Js = T~3 - Toi = 1 - _Y_ 
Tm - ToJ 11Tos 

AXIAL FLOW COMPRESSORS 

With C3 = C~> flTos= AT8. Furthermore, since the pressure ratio per stage is 
small the constant p03 and p 3 lines are virtually parallel between 3' and 3 so that 
y~x. It follows that 1Js has the same value on either basis. For the stage of our 
example, T01 was 333 K, and hence the stagnation pressure ratio is 

[ 
0·92 X 20]

3 5 

Rs = 1 + 
333 

= 1-252 

It will be remembered that it was necessary to make use of two assumed 
efficiencies at the start of the design process: a polytropic efficiency for the 
compressor as a whole, and a stage efficiency. As a first approximation these were 
taken to be equal and a value of 0-90 was assumed. The estimated value of 1Js for 
the third stage, i.e. 0·92, is in sufficient agreement, bearing in mind the uncer­
tainties in predicting the secondary and annulus losses. If similar agreement were 
to be obtained for all the stages, we might conclude that the design had been 
conservative and that the compressor should have no difficulty in achieving the 
specified performance. To obtain an estimate of the overall efficiency it would be 
necessary to repeat the foregoing for all the stages. The product of the stage 
pressure ratios would then yield the overall pressure ratio from which the overall 
isentropic temperature 1ise, and hence the overall efficiency, could be calculated. 

Before continuing, it may be helpful to sunnnarize the main steps in the design 
procedure described in the previous sections. Having made appropriate 
assumptions about the efficiency, tip speed, axial velocity, and so on, it was 
possible to size the annulus at inlet and outlet of the compressor and calculate the 
air angles required for each stage at the mean diameter. A choice was then made 
of a suitable vortex theory to enable the air angles to be calculated at various radii 
from root to tip. Throughout this work it was necessary to ensure that limitations 
on blade stresses, rates of diffusion and Mach number were not exceeded. 
Cascade test data were used to determine a blade geometry which would give 
these air angles, and also the lift and drag coefficients for a two-dimensional row 
of blades of this form. Finally, empirical correction factors were evaluated to 
enable these coefficients to be applied to the annular row at the mean diameter so 
that the stage efficiency and pressure ratio could be estimated. 

5.10 Compressibility effects 

Over a long period of time, the development of high-performance gas turbines 
has led to the use of much higher flow rates per unit frontal area and blade tip 
speeds, resulting in higher velocities and Mach numbers in compressors. While 
early units had to be designed with subsonic velocities throughout, Mach num-
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hers exceeding unity are now found in the compressors of industrial gas turbines 
and Mach numbers as high as 1·5 are used in the design of fans for turbofans of 
high bypass ratio. It is not within the scope ofthis book to cover transonic design 
in detail, and the treatment will be confined to a brief introduction and provision 
of some key references; again, it should be realized that much of the relevant 
infonnation is of a proprietary nature and is not available in the open literature. 

High-speed cascade testing is required to provide experimental data on 
compressibility effects, and in particular to detennine the values of the Mach 
numbers, corresponding to entry velocities relative to the blades, which bring 
about poor cascade performance. The first high velocity of interest is that 
corresponding to what is called the 'critical' Mach number Me; at entry velocities 
lower than this, the performance of the cascade differs very little from that at low 
speeds. Above this velocity, the losses begin to show a marked increase until a 
point is reached where the losses completely cancel the pressure rise and the 
blade ceases to be any use as a diffuser. The corresponding Mach nun1ber is then 
referred to as the 'maximum' value Mm. For a typical subsonic compressor 
cascade at zero incidence, the values of these Mach numbers are in the region of 
0· 7 and 0·85 respectively. A typical variation of fluid deflection and pressure loss 
for subsonic blading was shown in Fig. 5.25, representing flow at low Mach 
numbers. As the Mach nmnber increases, two important effects take place: first, 
the overall level of losses increase substantially, and second, the range of 
incidence for which losses are acceptable is drastically reduced. Tins means that 
off-design performance of the compressor may be seriously affected. Figure 5.33 
shows test results for a subsonic blade section over a range of Mach number from 
0·5 to 0·8; the usable range of incidence at M 0·8 can be seen to be very narrow 
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FIG. 5.33 Effect of Mach number on losses 
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and clearly compressor blading of tllis type could not be used at Mach numbers 
approaching or exceeding unity. It should be pointed out that for compressible 
flow the denominator in the loss coefficient is (pOl - Pl) rather than p v? /2. 

Compressibility effects will be most important at the front of the compressor 
where the inlet temperature, and hence the acoustic velocity, are lowest. The 
Mach number corresponding to the velocity relative to the tip of the rotor is the 
highest encountered and is important both from the viewpoint of shock losses and 
noise. The stator Mach number is generally highest at the hub radius because of 
the increased whirl velocity nmmally required to give constant work input at all 
radii in the rotor. The rotor and stator Mach numbers corresponding to the first 
stage of the compressor designed in section 5.7 are shown in Fig. 5.34, which 
shows that the flow relative to the rotor is supersonic over a considerable length of 
the blade. The stator Mach numbers can be seen to be significantly lower, this 
being due to the fact that they are unaffected by the blade speed. 

Analysis of a large amount of compressor tests by NACA [Refs (1 0, 11 )] 
showed that losses for subsonic conditions correlated well on the basis of 
diffusion factor, as shown in Fig. 5.8, but were significantly higher for transonic 
conditions. It was deduced that this increase in loss must be due to shock losses, 
but it was also found that the spacing of the blades had a considerable effect; a 
reduction in solidity (i.e. an increase in pitch/chord ratio) caused a rapid increase 
in loss. A simple method for predicting the loss was developed and can be 
explained with reference to Fig. 5.35. 

A pair of double circular arc (DCA) blades are shown, with a supersonic 
velocity entering in a direction aligned with the leading edge. The supersonic 
expansion along the uncovered portion of the suction side can be analysed by 
means of the Prandtl-Meyer relations discussed in Appendix A.8, and the Mach 
number will increase as the flow progresses along the suction surface. A shock 
structure is assumed in which the shock stands near the entrance to the blade 
passage, striking the suction surface at B, extending in front of the blade at C and 
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then bending back similar to a bow wave. It is then assmned that the loss across 
the shock can be approximated by the normal shock loss taken for the average of 
the Mach nmnbers at A and B. At A the Mach nmnber is taken to be the inlet 
relative Mach nmnber. The value at B can be calculated from the inlet Mach 
nmnber and the angle of supersonic turning to the point B, where the flow is 
tangential to the surface, using the Prandtl-Meyer relations. The location of the 
point B is taken to be at the intersection of the suction surface and a line drawn 
normal to the mean passage camber-line and through the leading edge of the next 
blade. The requirement, then, is to establish the supersonic turning from inlet to 
point B and this clearly depends on the blade spacing; moving the blades further 
apart (reducing solidity) results in point B moving back, increasing both the 
turning and Mach nmnber, resulting in an increased shock loss. Figure 5.36 
shows the relationship between inlet Mach nmnber, supersonic turning and shock 
loss. If we consider the tip of our first-stage rotor, the relative Mach nmnber was 
1·165 and the rotor air angles were 67·11° at inlet and 62-69° at exit. The total 
turning was therefore 4-42°, and the supersonic turning to point B would depend 
on the blade spacing; making a reasonable assmnption of 2°, from Fig. 5.36 it is 
found that M8 = 1-22 and w = 0-015. The additional loss due to shocks can be 
significant and would increase rapidly with increased supersonic turning; this is 
another reason for the designer to select a slightly reduced temperature rise in the 
first stage. 

The fans of high bypass turbofans require a large diameter, and even though 
they run at a lower rotational speed than a conventional jet engine, the tip speeds 
are significantly higher; typical Mach nmnbers at the tip would be of the order of 
1·4-1-6 and DCA blading is not satisfactory. Blade sections have been specially 
developed to ·meet this high Mach nmnber requirement and are not based on 
aerofoil sections. To keep shock losses to an acceptable level, it is necessary to 
provide supersonic diffusion to a Mach nmnber of about 1·2 prior to the normal 
shock at entry to the blade passage. It is shown in Appendix A.2 that supersonic 
diffusion requires a decrease in flow area. This may be accomplished in two ways, 
either by decreasing the annulus area or by making the suction side slightly 
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Ma 

FIG. 5.36 Shock loss coefficient 

concave. Both methods may be used together. A typical blade profile is shown in 
Fig. 5.37, where it can be seen that the amount of turning is very small. Until 
recently it was thought that shock losses explained the decrease in efficiency with 
Mach number which has been observed, but it is now realized that the shocks 
only account for part of the additional losses. There are also significant losses 
resulting from shock-boundary layer interaction and the net effect appears to be a 
magnification of the viscous losses. Kerrebrock [Ref. (12)] gives a comprehensive 
review of the aerodynamic problems of transonic compressors and fans. 

Direction of rotation 

FIG. 5.37 Blade section for supersonic liow 
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Fan blades tend to be long and flexible, and most require part-span dampers to 
prevent excessive vibration and torsional movement. These are located in a region 
of high Mach number and lead to considerable local decreases in efficiency. 
Manufacturers can now design fan blades without dampers, giving a considerable 
improvement in aerodynamic performance; they normally have significantly 
wider chords and this helps to meet bird strike certification requirements. Figure 
5.38(a) shows the effect of a seagull strike on a large turbofan during take-off and 

FIG. 5.311(a) 

FIG. 5.38(b) 
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gives some idea of the impact forces involved. The blade shown has two part­
span dampers, but later versions have only one. Figure 5.38(b) shows the shape of 
the tip section and the use of a concave portion on the suction side can be 
observed. 

5.11 Off-design performance 

Attention so far has focused on the aerothermodynamic design of axial flow 
compressors to meet a particular design point of mass flow, pressure ratio and 
efficiency. It must be realized at the outset, however, that any compressor will be 
required to operate at conditions far removed from the design point including 
engine starting, idling, reduced power, maximmn power, acceleration and de­
celeration. Thus it is clear that the compressor must be capable of satisfactory 
operation over a wide range of rotational speeds and inlet conditions. With the 
compressor blading and annulus dimensions chosen to satisfy the design point 
condition, it is obvious that these will not be correct for conditions far removed 
from design. Previous sections showed that compressor blading had a limited 
range of incidence before losses became unacceptably high, resulting in low 
compressor efficiency. What is even more important, however, is that the prob­
lems of blade stalling may lead to surging of the whole compressor, preventing 
operation of the engine at particular conditions; this may lead to severe engine 
damage or, in the case of aircraft, a critical safety hazard. 

An overall picture of compressor off-design performance can be built up from 
consideration of the behaviour of individual stages and the interaction between a 
series of stages. Recalling equation (5.5), the temperature rise in a stage is given 
by 

ATos = uca (tan PJ -tan Pz) 
cP 

which is expressed in terms of the rotor air angles. This can be recast to give 

u 
AT0s =- [U- Ca(tan IX1 +tan P2)] 

Cp 

The angle IX1 is the outlet air angle from the preceding stator, Pz is the rotor outlet 
air angle, and these can be considered essentially constant, being determined by 
the blading geometry; p 1, on the other hand, will vary widely as Ca and U change. 
Dividing the previous equation throughout by U2 and rearranging we get 

cPAT0s Ca ----uz =I- u(tan IX! +tan Pz) 

The term Ca/U is known as the flow coefficient (¢) and (cpAT0s/U2
) as the 

temperature coefficient (1/J). With the stage operating at the design value of¢ the 
incidence will be at its design value and a high efficiency will be achieved. With 
the assumption that IX 1 and P2 are constant, 
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where k= tan ex,+ tan p2. This relationship is shown by the dotted straight line in 
Fig. 5.39. It is obvious that the temperature coefficient increases as the flow 
coefficient decreases and reaches a value of 1 when ¢ = 0. The temperature 
coefficient can be interpreted from the shape of the velocity diagram. Recalling 
that 

it immediately follows that 

cP!lT0s ACw 
U2 u 

Thus, ifljl = 1, ACw= U and from earlier examination of velocity diagrams it will 
be recognized that this results in excessive diffusion in the blade passage and 
efficiency will decrease. For satisfactory operation, ACw/U. and hence 1/J, should 
be around 0-3-0-4. 

The pressure rise across the stage, Ap0s, is determined by the temperature rise 
and the isentropic efficiency of the stage. 

!l )y((y-1) 
Po1 + flPos = 1 + APos = (l + 1Js Tos 

POI POI Tal 

Expanding by means of the binomial theorem, assuming that ATos« T01 , we 
have 

APos Y ATos 
--=--1Js--
POI Y- 1 To, 

¢, ¢d 
Flow coefficient ¢ ~ C8 /U 

FIG. 5.39 Stage characteristic 



224 AXW_, FLOW COMPRESSORS 

Making use of the equation of state and the relationship (y - 1) /1' = R/ cP, it 

follows that 

11Pos -- = 1Jsc/'>Tos 
P01 

and hence 

!J.Pos cP!J.Tos 
Poi uz = 1'/s-----uz-

The term IJ.pos/ Poi U2 is referred to as the pressure coefficient, which can be 
seen to be the product of the stage efficiency and temperature coefficient. Thus 
the overall performance of a stage can be expressed in terms of flow coefficient, 
temperature coefficient and either a pressure coefficient or the stage efficiency. 
The resulting form of the stage characteristic is shown in Fig. 5.39; in practice, o:i 
and p2 will not remain constant due to increased deviation as conditions change 
from the design point. In regions of blade stalling, both at positive and negative 
incidence, there will be a considerable departure from the linear relationship 
giving the shape shown. Choking will occur at a high value of flow coefficient, 
leading to a very rapid drop in efficiency and placing an upper limit on the flow 
which can be passed at a given blade speed. Stage characteristics may be obtained 
from single-stage tests, by analysis of interstage data on a complete compressor 
or by prediction using cascade data. In practice, not all the constant speed lines 
would collapse into a single curve as shown, but for the following brief discus­
sion a single line characteristic will be assumed. 

The t/1-¢ curve in Fig. 5.39 is drawn for the case where the efficiency is a 
maximum at the design flow coefficient, r/Ja. Moving away from r/Ja results in a 
change in incidence and increased losses. Reducing ¢ results in increased 
positive incidence and stall at r/Js; increasing ¢ eventually results in choking of the 
stage and a severe drop in efficiency. It is essential that all individual stages of a 
compressor operate in the region of high efficiency without encountering either 
stall or choke at normal operating conditions; at conditions far removed from 
design it may not be possible to achieve this without remedial action involving 
changes in compressor geometry. The difficulties involved in achieving correct 
matching of the stages can be understood by considering the operation of several 
identical stages in series. This procedure is !mown as 'stage stacking' and is an 
invaluable tool to the aerodynamicist who is concerned with the overall 
performance of a compressor and determining the reasons for sub-standard 
performance; stage stacking can be used to produce overall compressor 
characteristics, showing the regions in which individual stages stall. In this 
elementary treatment we will only touch on the use of this procedure. An 
idealized stage characteristic is shown in Fig. 5.40 and we will consider that at the 
design point all stages operate at ¢a. If the compressor should be subjected to a 
decrease in mass flow, this will result in a reduction in the flow coefficient 
entering the first stage to r/JJ. which will result in an increase in pressure ratio 
causing the density at entry to the second stage to be increased. The axial velocity 
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Flow coefficient , ¢ 

FIG. 5.40 Effect of reduction in 1/J• at inlet 

at entry to the second stage is determined by the continuity equation and both 
effects combine to give a further decrease in flow coefficient for that stage to ¢2. 

This effect is propagated through the compressor and eventually some stage will 
stall at rPn· Increasing the flow coefficient has the opposite effect and will drive 
some stage into choke. 

5.12 Axial compressor characterh;tics 

The characteristic curves of an axial compressor take a form similar to those of 
the centrifugal type, being plotted on the same non-dimensional basis, i.e. pres­
sure ratio p021p01 and isentropic efficiency 1Jc against the non-dimensional mass 
flow m.JT;;Ip01 for fixed values of the non-dimensional speed NI.JT;;. 

A typical set of such curves is shown in Fig. 5.41 and in comparison with Fig. 
4.10 it will be observed that the characteristics for fixed values of N I .;T;; cover a 
much narrower range of mass flow than in the case of the centrifugal compressor. 
At high rotational speeds the constant speed lines become very steep and 
ultimately may be vertical. The same limitations occur at either end of the 
N 1 JT;;;" lines due to surging and choking. The surge points, however, are 
normally reached before the curves reach a maximum value and, because of this, 
the design operating point, which is always near the peak of the characteristic, is 
also very near the surge line. Consequently the range of stable operation of axial 
compressors is nan·ow and gas turbine plant incorporating this type of 
compressor call for great care in matching the individual components if 
instability is to be avoided at operating conditions removed from the design point. 
Chapter 8 deals with this aspect in detail. The mechanism of surging in axial 
compressors is complex and is still not yet fully understood. It is often difficult to 
distinguish between surging and stalling and one phenomenon may easily lead to 
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FIG. 5.41 Axial compressor characteristics 

1 2 

the other. The phenomenon of rotating stall referred to in section 4.6 may also be 
encountered: it can lead to loss of performance and severe blade vibration without 
actually causing surge. A comprehensive review of compressor stall phenomena 
is given by Greitzer in Ref. (13). 

The complete compressor characteristic can be obtained only if the 
compressor is driven by an external power source; it will be shown in Chapter 8 
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that the running range of the compressor is severely restricted when 1t 1s 
wmbined with a combustion chamber and turbine. The driving unit must be 
capable of variable speed operation, with the speed continuously variable and 
closely controlled. Compressor test rigs in the past have been driven by electric 

. motors, steam turbines or gas turbines. One of the major problems of testing 
compressors is the very large power requirement. As an example, at ta_ke-off 
condition the compressor of an Olympus 593 in Concorde absorbs about 75 MW, 
with approximately 25 MW going to the LP compressor and 50 MW to the HP 
compressor. A typical fan stage from a large turbofan will compress about 
700 kg/s through a pressure ratio of about 1·5, requiring about 30 MW Two 
methods of reducing the total power requirement are to throttle the intake to the 
compressor or to test a scaled-down model. Throttling the intake reduces the 
density and hence the mass flow, thereby reducing the power input; a major 
problem that occurs, however, is the large drop in Reynolds number with reduced 
density. The Reynolds number may well be reduced by a factor of 3 or 4, which 
has the effect of increasing the relative magnitude of the viscous losses giving 
unrealistically low values of compressor efficiency. Model testing of single-stage 
fans is more common than throttled intake testing. Another problem with 
compressor testing is that the operating environment of the compressor in the test 
rig is not the same as that encountered in the engine, due to causes such as 
changes in tip clearance as a result of different casing temperatures and shaft 
expansions. Some manufacturers prefer to carry out compressor tests on a gas 
generator rig, using .the actual combustion system and turbine, but this requires 
the use of a variable exhaust nozzle to cover a reasonable range of the compressor 
characteristic; the compressor, however, is exposed to realistic engine operating 
conditions. Compressor testing is both complex and expensive, but is essential for 
the development of a high-performance engine. A typical compressor develop­
ment programme for an industrial gas turbine is described in Ref. (15). 

Some deductions from the compressor characteristics 

TI1e axial flow compressor consists of a series of stages, each of which has its 
own characteristic: stage characteristics are sinlilar to the overall characteristic but 
have much lower pressure ratios. The mass flow through the compressor is 
limited by choking in the various stages and under some conditions this will 
occur in the early stages and under others in the rear stages. 

We have noted that if an axial flow compressor is designed for a constant axial 
velocity through all stages, the annulus area must progressively decrease as the 
flow proceeds through the compressor, because of the increasing density. The 
annulus area required for each stage will be deteflllined for the design condition 
and clearly at any other operating condition the fixed area will result in a variation 
of axial velocity through the compressor. When the compressor is run at a speed 
lower than design, the temperature rise and pressure ratio will be lower than the 
design value. The effect of the reduction in density will be to increase the axial 
velocity in the rear stages, where choking will eventually occur and linlit the mass 
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flow. Thus at low speeds the mass flow will be detemrined by choking of the rear 
stages, as indicated in Fig. 5 .42. As the speed is increased, the density in the 
stages is increased to the design value and the rear stages of the compressor can 
pass all the flow provided by the early stages. Eventually, however, choking will 
occur at the inlet; the vertical constant speed line in Fig. 5.42 is due to choking at 

the inlet of the compressor. 
When the compressor is operating at its design condition, all stages are 

operating at the correct value of Ca/U and hence at the correct incidence. If we 
consider moving from design point A to point B on the surge line at the design 
speed it can be seen that the density at the compressor exit will be increased due 
to the increase in delivery pressure, but the mass flow is slightly reduced. Both of 
these effects will reduce the axial velocity in the last stage and hence increase the 
incidence as shown by the velocity triangle (a) in Fig. 5.42. A relatively small 
increase in incidence will cause the rotor blade to stall, and it is thought that surge 
at high speeds is caused by stalling of the last stage. 

When speed is reduced from A to C, the mass flow generally falls off more 
rapidly than the speed, and the effect is to decrease the axial velocity at inlet and 
cause the incidence on the first-stage blade to increase as shown in Fig. 5.42(b). 
The axial velocity in the latter stages, however, is increased because of the lower 
pressure and density, so causing the incidence to decrease as shown. Thus at low 
speeds, surging is probably due to stalling of the first stage. It is possible for axial 
compressors to operate with several of the early stages stalled, and this is thought 
to account for the 'kink' in the surge line which is often encountered with high­
performance compressors (see Fig. 5.42). A detailed discussion of the relation 
between stage stalling and the surge line using stage stacking techniques is given 
in Ref. (14). 
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FIG. 5.42 Phenomena at off-design operation 
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At conditions far removed from surge the density will be much lower than 
required and the resulting high axial velocities will give a large decrease in 
incidence, which will eventually result in stalling at negative incidences. The 
efficiency will be very low in these regions. 

The twin-spool compressor 

It will be evident that as the design pressure ratio is increased, the difference in 
density between design and off-design conditions will be increased, and the 
probability of blades stalling due to incorrect axial velocities will be much higher. 
The effects of increased axial velocity towards the rear of the compressor can be 
alleviated by means of blow-off, where air is discharged from the compressor at 
some intermediate stage through a valve to reduce the mass flow through the later 
stages. Blow-off is wasteful, but is sometimes necessary to prevent the engine 
running line intersecting the surge line; this will be discussed in Chapter 8. A 
more satisfactory solution is to use a twin-spool compressor. 

We have seen that reduction of compressor speed from the design value will 
cause an increase of incidence in the first stage and a decrease of incidence in the 
last stage; clearly the effect will increase with pressure ratio. The incidence could 
be maintained at the design value by increasing the speed of the last stage and 
decreasing the speed of the first stage, as indicated in Fig. 5.43. These conflicting 
requirements can be met by splitting the compressor into two (or more) sections, 
each being driven by a separate turbine, as shown in Fig. I. 7 for example. In the 
common twin-spool configuration the LP compressor is driven by the LP turbine 
and the HP compressor by the HP turbine. The speeds of the two spools are 
mechanically independent but a strong aerodynamic coupling exists which has 
the desired effect on the relative speeds when the gas turbine is operating off the 
design point. This will be discussed in Chapter 9. 

The variable geometly compressor 

An alternative approach to satisfying the off-design performance of high-pressure 
ratio compressors is to use several rows of variable stators at the front of the 
compressor, permitting pressure ratios of over 16: I to be achieved in a single 

FIG. 5.43 
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spool. If the stators are rotated away from the axial direction, increasing IX1 in Fig. 
5.4, the effect is to decrease the axial velocity and mass flow for a given rotational 
speed. This delays stalling of the first few stages and choking in the last stages, at 
low rotational speeds. The earlier discussion on stage characteristics showed that 
ideally 

1/t = 1- k¢ 

where k= tan IX1 +tan p2• Using variable stators, it is possible to increase 1X1 with 
p2 remaining constant. The effect is to decrease the temperature coefficient for a 
given flow coefficient; the pressure coefficient will also be reduced because of the 
reduction in temperature coefficient. The stage characteristic will be shifted to the 
left as shown in Fig. 5.44 because of the reduction in mass flow. The stage 
stacking techniques mentioned in section 5.11 can be used to predict the effects 
of incorporating variable geometry on the overall compressor characteristics. One 
of the major benefits is an improvement in the surge margin at low engine speeds, 
which is particularly important during starting and operation at idle conditions: 
these topics will be discussed further in Chapter 8. 

The compressor of the Ruston Tornado, shown in Fig. 1.13 and described in 
Ref. (15), uses variable IGVs followed by four rows of variable stators to achieve 
a pressure ratio of 12: 1. The design speed of the compressor is 11 085 rev/min 
and at speeds below 10 000 rev/min the stators start to close progressively until 
they are in the fully closed position for all speeds below 8000 rev/min: the IGVs 
are rotated through 35° and the stators through 32°, 25°, 25° and 10° from the 
first to the fourth stage. While the effect of variable stators can be predicted with 
reasonable accuracy, it is necessary to optimize the settings of each row by rig­
testing the compressor. 

ldeallJI (= 1 - k¢) 
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FIG. 5.44 Effect of variable stators 
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5.13 Closure 

It must be emphasized that the foregoing treatment of axial compressor theory 
and design has been kept at an elementary level to serve as an introduction to 
what has now become an extremely complex field of study. Since the early 
pioneering work ofNGTE and NACA in establishing rational design techniques 
based on empirical data, much effort has gone into the development of sophisti­
cated methods making use of digital computers. While digital computers have 
been used in compressor development for many years, the enormous improve­
ments in computing speed and storage capacity in recent years have had a major 
impact on turbomachinery design; this effort is truly international in scope. Two 
of these methods are referred to as 'streamline curvature' and 'matrix through 
flow' techniques. These attempt to determine the flow pattern in the so-called 
'meridional plane' which is the plane containing the axial and radial directions. 
This is in contrast to earlier methods which were essentially concerned with flow 
patterns in the peripheral-axial planes at various positions along the blade span. 
For a summary of these techniques the reader is referred to Ref. (16) which 
compares them from the user's point of view. A third approach involving ad­
vanced numerical analysis is the so-called 'time marching' method, in which an 
initial estimate of the flow pattern is made and unsteady aerodynamic theory is 
used to predict succeeding solutions until equilibrium is finally achieved, Ref. 
(17). Reviews of computational methods and their application are given in Refs 
(18) and (19). Modem methods of numerical analysis have resulted in develop­
ments such as 'controlled diffusion' and 'end bend' blading; the first of these 
malces use of supercritical airfoil sections developed from high subsonic wing 
sections and the second alters the shape of the blades at both inner and outer 
annulus walls to allow for the decreased axial velocity in the boundary layer. 
Computational methods will play an ever-increasing role in compressor design in 
the future, but it is unlikely that empiricism or experimental tests will ever be 
completely displaced. 

Finally, it should be recognized that the very limited number of references 
supplied are intended to be central to the foundation of compressor design. The 
literature is expanding very rapidly and those actively involved in compressor 
design have to follow this closely, maldng it all too easy to forget the source of 
this technology. The books by Horlock [Ref. (5)], updated in 1982, and Gostelow 
[Ref. (8)] both contain extensive bibliographies. 

NOMENCLATURE 

For velocity triangle notation (U, C, V, IX, p) see Fig. 5.4 
For cascade notation (rl, b, e, C e, i, s, c) see Fig. 5.23 

Cn overall drag coefficient 
CnA annulus drag coefficient 
C Dp profile drag coefficient 
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Cns secondary loss coefficient 
C L lift coefficient 
D diffusion factor 
h blade height, specific enthalpy 
n number of blades 
N nmnber of stages 
r radius 
R r/r m as well as pressure ratio and gas constant 
w stagnation pressure loss 
hie aspect ratio 
sic pitch/chord ratio 
A work-done factor 
1\. degree of reaction (ATrotor/ ATstage) 
¢ flow coefficient (Cal U) 
t/1 temperature coefficient ( cPATosl U2

) 

Suffixes 
a, w axial, whirl, component 
b blade row 
m mean, vector mean 
s stage 
r root radius, radial component 

tip radius 



6 Combustion systems 

The design of a gas turbine combustion system is a complex process involving 
fluid dynamics, combustion and mechanical design. For many years the 
combustion system was much less amenable to theoretical treatment than other 
components of the gas turbine, and any development program required a 
considerable amount of trial and error. With the very high cycle temperatures of 
modem gas turbines, mechanical design remains difficult and a mechanical 
development program is inevitable. The rapidly increasing use of Computational 
Fluid Dynamics (CFD) in recent years has had a major impact on the design 
process, greatly increasing the understanding of the complex flow and so 
reducing the amount of trial and error required. CFD methods are beyond the 
scope of this introductory text, but their importance should be recognized. 

The main purpose of this chapter is to show how the problem of design is 
basically one of reaching the best compromise between a number of conflicting 
requirements, which will vary widely with different applications. Aircraft and 
ground-based gas turbine combustion systems differ in some respects and are 
similar in others. The most common fuels for gas turbines are liquid petroleum 
distillates and natural gas, and attention will be focussed on combustion systems 
suitable for these fuels. In the mid 1990s there is considerable interest in the 
development of systems to burn gas produced from coal. Gasification requires 
large amounts of steam so that it is a long-tenn option for modifying combined 
cycle plant currently burning natural gas. 

In the early days of gas turbine design, major goals included high combustion 
efficiency and the reduction of visible smoke, both of which were largely solved 
by the early 1970s. A much more demanding problem has been the reduction of 
oxides of nitrogen, and on-going research programs are essential to meet the ever 
more stringent pollution limits while maintaining existing levels of reliability and 
keeping costs affordable. The chapter will close with a brief treatment of methods 
currently under development for low-emissions combustion systems. 
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6.1 Operational requirements 

Chapter 2 discussed the thermodynamic design of gas turbines, emphasizing the 
importance of high cycle temperature and high component efficiencies. For com­
bustion systems the latter implies the need for high combustion efficiency and 
low pressure loss, typical value~ assmned for cycle calculations being 99 per cent 
and 2-8 per cent of the compressor delivery pressure. Although the effect of these 
losses on cycle efficiency and specific output is not so pronounced as that of 
inefficiencies in the turbomachinery, the combustor is a critical component be­
cause it must operate reliably at extreme temperatures, provide a suitable tem­
perature distribution at entry to the turbine (to be discussed in section 7 .3), and 
create the minimmn amount of pollutants over a long operating life. 

Aircraft (and ships) must carry the fuel required for their missions, and this 
has resulted in the universal use of liquid fuels. Proposals have been made for 
hydrogen powered aircraft, and a few experimental flights have been made using 
hydrogen fuelled engines, but it is very unlikely that hydrogen will be widely 
used. Aircraft gas turbines face the problems associated with operating over a 
wide range of inlet pressure and temperature within the flight envelope of Mach 
nmnber and altitude. A typical subsonic airliner will operate at a cruise altitude of 
11 000 m, where the ambient pressure and temperature for I.S.A. conditions are 
0·2270 bar and 216-8 K, compared with the sea level values of 1-013 bar and 
28 8 ·15 K. Thus the combustor has to operate with a greatly reduced air density 
and mass flow at altitude, while using approximately the same fuel/air ratio as at 
sea level to maintain an appropriate value of turbine inlet temperature. 
Atmospheric conditions will change quite rapidly during climb and descent, 
and the combustor must deal with a continuously varying fuel flow without 
allowing the engine to flame-out or exceed temperature limits; high performance 
fighters, for example, may climb from sea level to 11 000 m in less than 2 
minutes. In the event of a flame-out in flight, the combustor must be capable of 
relighting over a wide range of flight conditions. Supersonic aircraft operate 
under very different conditions; at high Mach nmnber and altitude, because of the 
large ram pressure rise, the compressor inlet pressure may be almost equivalent to 
the Sea Level Static value but the inlet temperature is significantly higher. It is 
clear that a supersonic aircraft will operate over a much wider range of conditions 
than its subsonic counterpart, and emissions of oxides of nitrogen at high 
altitudes proposed for future supersonic transports could be a serious enough 
problem to terminate proposed ventures. 

Stationary land-based gas turbines have a wider choice of fuel. It should be 
recognized, however, that altitude effects can still be significant: some engines are 
operated at altitudes of nearly 4000 m in regions of South America, and in 
Western Canada many engines operate at altitudes of 1000 m. Natural gas is the 
preferred fuel for applications such as pipeline compression, utility power and 
cogeneration. If natural gas is not available, the most widely used fuel is a liquid 
distillate. A relatively small nmnber of gas turbines bum residual fuels, but such 
fuels generally require pre-treatment which is costly. Units for continuous 
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operation would normally use natural gas, but peale load applications may use 
liquid fuels requiring the storage of substantial quantities. Gas turbines may be 
designed for dual-fuel operation, with normal operation on natural gas with an 
option to switch to liquid fuels for short periods. The combustion system may 
have to be designed to burn one or more fuels, sometimes simultaneously, and 
also to accommodate water or steam injection for emissions control. 

There ani very few commercial applications of gas turbines in ships, and 
nearly all marine gas turbines are aircraft derivatives operating in warships. They 
universally use marine diesel as fuel. Propulsion plant for warships are also 
becoming liable for emissions produced in harbour, and are subject to similar 
requirements as land based units. 

6.2 Types of comllm§tiO!Il system 

Combustion in the normal, open cycle, gas turbine is a continuous process in 
which fuel is burned in the air supplied by the compressor; an electric spark is 
required only for initiating the combustion process, and thereafter the flame must 
be self-sustaining. The designer has considerable latitude in choosing a combus­
tor configuration and the different requirements of aircraft and ground-based units 
with respect to weight, volume and frontal area can result in widely different 
solutions. In recent years the effect of stringent restrictions on emissions of oxides 
of nitrogen (NOx)·has had a major impact on combustion design, both for in­
dustrial and aircraft applications. 

The earliest aircraft engines made use of can (or tubular) combustors, as 
shown in Fig. 6.1, in which the air leaving the compressor is split into a number 
of separate streams, each supplying a separate chamber. These chambers are 
spaced around the shaft connecting the compressor and turbine, each chamber 
having its own fuel jet fed from a common supply line. This arrangement was 
well suited to engines with centJ.ifugal compressors, where the flow was divided 
into separate streams in the diffuser. The Rolls-Royce Dart, shown in Fig. 1.1 0, is 
an example. A major advantage of can type combustors was that development 
could be carried out on a single can using only a fraction of the overall airflow 
and fuel flow. In the aircraft application, however, the can type of combustor is 
undesirable in tenns of weight, volmne and frontal area and is no longer used in 
current designs. Small gas turbines, such as auxiliary power units (APUs) and 
those proposed for vehicles, have often been designed with a single combustion 
can. 

Separate combustion cans are still widely used in industrial engines, but recent 
designs make use of a cannular (or tuba-annular) system, where individual flame 
tubes are uniformly spaced around an annular casing. The Ruston Tornado, 
shown in Fig. 1.13, uses this system; the General Electric and Westinghouse 
families of industrial gas turbines also use this arrangement. Figure 1.13 shows 
the reverse flow nature of the airflow after leaving the diffuser downstream of the 
axial compressor; the use of a reverse flow arrangement allows a significant 
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FIG. 6.1 Can type combustor [courtesy Rolls-Royce] 

reduction in the overall length of the compressor-turbine shaft and also permits 
easy access to the fuel nozzles and combustion cans for maintenance. 

The ideal configuration in terms of compact dimensions is the annular 
combustor, in which maximum use is made of the space available within a 
specified diameter; this should reduce the pressure loss and result ill an engine of 
minimum diameter. Annular combustors presented some disadvantages, which 
led to the development of cannular combustors initially. Firstly, although a large 
number of fuel jets can be employed, it is more difficult to obtain an even fuel fair 
distribution and an even outlet temperature distribution. Secondly, the annular 
chamber is inevitably weaker structurally and it is difficult to avoid buckling of 
the hot flame tube walls. Thirdly, most of the development work must be carried 
out on the complete chamber, requiring a test facility capable of supplying the full 
engine air mass flow, compared with the testing of a single can in the multi­
chamber layout. These problems were vigorously attacked and annular 
combustors are universally used in modem aircraft engines. The Olympus 593 
(Fig. 1.9), PT-6 (Fig. 1.11), JT-15D (Fig. 1.12(a)) and V-2500 (Fig. 1.12(b)) all 
use annular combustors. The most recent designs by ABB and Siemens have 
introduced annular combustors in units of over 150 MW 

Large industrial gas turbines, where the space required by the combustion 
system is less critical, have used one or two large cylindrical combustion 
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chambers; these were mounted vertically and were often referred to as silo type 
combustors because of their size and physical resemblance to silos. ABB designs 
used a single combustor, while Siemens used two; Fig. 1.14 shows a typical 
Siemens arrangement. These large combustors allowed lower fluid velocities and 
hence pressure losses, and were capable of burning lower quality fuels. Some 
later Siemens engines use two large combustion chambers arranged horizontally 
rather than vertically, and they no longer resemble silos. 

Figure 1.16 shows the configurations of both the aero and industrial versions 
of the Rolls-Royce Trent, and the major differences in the design of the 
combustion system are clearly shown. The industrial engine uses separate 
combustion cans arranged radially, this arrangement being used to provide d1y 
low emissions (DLE), i.e. without the added complexity of steam or water 
injection. The aircraft engine uses a conventional annular combustor. 

For the remainder of this chapter we shall concentrate mainly on the way in 
which combustion is arranged to talce place inside a flame tube, and need not be 
concerned with the overall configuration. 

6.3 Some important facton affecting eombustor desigll1l 

Over a period of five decades, the basic factors influencing the design of com­
bustion systems f~~ gas turbines have not changed, although recently some new 
requirements have evolved. The key issues may be summarized as follows. 

(a) The temperature of the gases after combustion must be comparatively low to 
suit the highly stressed turbine materials. Development of improved 
materials and methods of blade cooling, however, has enabled permissible 
combustor outlet temperatures to rise from about 11 00 K to as much as 
1850 K for aircraft applications. 

(b) At the end of the combustion space the temperature distribution must be of 
known form if the turbine blades are not to suffer from local overheating. In 
practice, the temperature can increase with radius over the turbine annulus, 
because of the strong influence of temperature on allowable stress and the 
decrease of blade centrifugal stress from root to tip. 

(c) Combustion must be maintained in a stream of air moving with a high 
velocity in the region of 30-60 rn!s, and stable operation is required over a 
wide range of air/fuel ratio from full load to idling conditions. The air/fuel 
ratio might vary from about 60 : 1 to 120 : 1 for simple cycle gas turbines and 
from 100: 1 to 200: 1 if a heat-exchanger is used. Considering that the 
stoichiometric ratio is approximately 15: 1 it is clear that a high dilution is 
required to maintain the temperature level dictated by turbine stresses. 

(d) The formation of carbon deposits ('coking') must be avoided, particularly 
the hard brittle variety. Small particles carried into the turbine in the high­
velocity gas stream can erode the blades and block cooling air passages; 
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furthermore, aerodynamically excited vibration in the combustion chamber 
might cause sizeable pieces of carbon to break free resulting in even worse 
damage to the turbine. 

(e) In aircraft gas turbines, combustion must also be stable over a wide range of 
chamber pressure because of the substantial change in this parameter with 
altitude and forward speed. Another important requirement is the capability 
of relighting at high altitude in the event of an engine flame-out. 

(j) Avoidance of smoke in the exhaust is of major importance for all types of 
gas turbine; early jet engines had very smoky exhausts, and this became a 
serious problem around airports when jet transport aircraft started to operate 
in large numbers. Smoke trails in flight were a problem for military aircraft, 
permitting them to be seen from a great distance. Stationary gas turbines are 
now found in urban locations, sometimes close to residential areas. 

(g) Although gas turbine combustion systems operate at extremely high 
efficiencies, they produce pollutants such as oxides of nitrogen (NOx), 
carbon monoxide (CO) and unburned hydrocarbons (UHC) and these must 
be controlled to very low levels. Over the years, the performance of the gas 
turbine has been improved mainly by increasing the compressor pressure 
ratio and turbine inlet temperature (TIT). Unfortunately this results in 
increased production ofNOx. Ever more stringent emissions legislation has 
led to significant changes in combustor design to cope with the problem. 

Probably the only feature of the gas turbine that eases the combustion 
designer's problem is the peculiar interdependence of compressor delivery air 
density and mass flow which leads to the velocity of the air at entry to the 
combustion system being reasonably constant over the operating range. 

For aircraft applications there are the additional limitations of small space and 
low weight, which are, however, slightly offset by somewhat shorter endurance 
requirements. Aircraft engine combustion chambers are normally constructed of 
light-gauge, heat-resisting alloy sheet (approx. 0.8 mm thick), but are only 
expected to have a life of some 10 000 hours. Combustion chambers for industrial 
gas turbine plant may be constructed on much sturdier lines but, on the other 
hand, a life of about 1 00 000 hours is required. Refractory linings are sometimes 
used in heavy chambers, although the remarks made in (d) about the effects of 
hard carbon deposits brealdng free apply with even greater force to refractor] 
material. 

We have seen that the gas turbine cycle is very sensitive to component 
inefficiencies, and it is important that the aforementioned requirements should be 
met without sacrificing combustion efficiency. That is, it is essential that over 
most of the operating range all the fuel injected should be completely burnt and 
the full calorific value realized. Any pressure drop between h'llet and outlet of the 
combustor leads to both an increase in SFC and a reduction in specific power 
output, so it is essential to keep the pressure loss to a minimum. It will be 
appreciated from the following discussion, that the smaller the space available for 
combustion, and hence the shorter the time available for the necessary chemical 
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reactions, the more difficult it is to meet all the requirements and still obtain a 
high combustion efficiency with low pressure loss. Clearly in this respect 
designers of combustion systems for industrial gas turbines have an easier task 
than their counterparts in the aircraft field. 

6.4 The combustion process 

Combustion of a liquid fuel involves the mixing of a fine spray of droplets with 
air, vaporization of the droplets, the breaking down of heavy hydrocarbons into 
lighter fractions, the intimate mixing of molecules of these hydrocarbons with 
oxygen molecules, and finally the chemical reactions themselves. A high tem­
perature, such as is provided by the combustion of an approximately stoichio­
metric mixture, is necessary if all these processes are to occur sufficiently rapidly 
for combustion in a moving air stream to be completed in a small space. Com­
bustion of a gaseous fuel involves fewer processes, but much of what follows is 
still applicable. 

Since the overall air/fuel ratio is in the region of 100: 1, while the 
stoichiometric ratio is approximately 15 : 1, the first essential is that the air 
should be introduced in stages. Three such stages can be distinguished. About 
15-20 per cent of the air is introduced around the jet of fuel in the primary zone 
to provide the necessary high temperature for rapid combustion. Some 30 per 
cent of the total a-ir is then introduced through holes in the flame-tube in the 
secondary zone to complete the combustion. For high combustion efficiency, tllis 
air must be injected carefully at the right points in the process, to avoid chilling 
the flame locally and drastically reducing the reaction rate in that neighbourhood. 
Finally, in the tertiary or dilution zone the remaining air is mixed with the 
products of combustion to cool them down to the temperature required at inlet to 
the turbine. Sufficient turbulence must be promoted so that the hot and cold 
streams are thoroughly mixed to give the desired outlet temperature distribution, 
with no hot streaks which would damage the turbine blades. 

The zonal method of introducing the air cannot by itself give a self-piloting 
flame in an air stream which is moving an order of magnitude faster than the 
flame speed in a burning mixture. The second essential feature is therefore a 
recirculating flow pattern which directs some of the burning mixture in the 
primary zone back on to the incoming fuel and air. One way of achieving tllis is 
shown in Fig. 6.2, which is typical of British practice. The fuel is injected in the 
same direction as the air stream, and the primary air is introduced through twisted 
radial vanes, known as swirl vanes, so that the resulting vortex motion will induce 
a region of low pressure along the axis of the chamber. This vortex motion is 
sometimes enhanced by injecting the secondary air through short tangential 
chutes in the flame-tube, instead of through plain holes as in the figure. The net 
result is that the burning gases tend to flow towards the region of low pressure, 
and some portion of them is swept round towards the jet of fuel as indicated by 
the arrows. 
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FIG. 6.2 Combustioll chamber with swirl vanes 

Many other solutions to the problem of obtaining a stable flame are possible. 
One American practice is to dispense with the swirl vanes and achieve the 
recirculation by a careful positioning of holes in the flame-tube downstream of a 
hemispherical baffle as shown in Fig. 6.3(a). Figure 6.3(b) shows a possible 
solution using upstream injection which gives good mixing of the fuel and 
primary air. It is difficult to avoid overheating the fuel injector, however, and 
upstream injection is employed more for afterburners (or 'reheat') in the jet-pipe 
of aircraft engines than in main combustion systems. Afterburners operate only 
for short periods of thrust-boosting. Finally, Fig. 6.3( c) illustrates a vaporizer 
system wherein the fuel is injected at low pressure into walking-stick shaped 
tubes placed in the primary zone. A rich mixture of fuel vapour and air issues 
from the vaporizer tubes in the upstream direction to mix with the remaining 
primary air passing through holes in a baffle around the fuel supply pipes. The 
fuel system is much simpler, and the difficulty of arranging for an adequate 
distribution of fine droplets over the whole operating range of fuel flow is 
overcome (see 'Fuel injection' in section 6.6). The problem in this case is to avoid 
local 'cracking' of the fuel in the vaporizer tubes with the formation of deposits of 
low thermal conductivity leading to overheating and burn-out. Vaporizer schemes 
are particularly well suited for annular combustors where it is inherently more 
difficult to obtain a satisfactory fuel-air distribution with sprays of droplets from 
high pressure injectors, and they have been used in several successful aircraft 
engines. The original walking-stick shaped tubes have been replaced in modem 
engines by more compact and mechanically rugged T-shape vaporizers as shown 

(a) (b) (c) 

FIG. 6.3 Methods of liame stabilization 
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in Fig. 6.4. Sotheran (1) describes the history of vaporizer development at Rolls­
Royce. 

Having described the way in which the combustion process is accomplished, it 
is now possible to see how incomplete combustion and pressure losses arise. 
When not due simply to poor fuel injector design leading to fuel droplets being 
carried along the flame-tube wall, incomplete combustion may be caused by local 
chilling of the flame at points of secondary air entry. This can easily reduce the 
reaction rate to the point where some of the products into which the fuel has 
decomposed are left in their partially burnt state, and the temperature at the 
downstream end of the chamber is normally below that at which the burning of 
these products can be expected to take place. Since the lighter hydrocarbons into 
which the fuel has decomposed have a higher ignition temperature than the 
original fuel, it is clearly difficult to prevent some chilling from taking place, 
particularly if space is limited and the secondary air cannot be introduced 
gradually enough. If devices are used to increase large-scale turbulence and so 
distribute the secondary air more uniformly throughout the burning gases, the 
combustion efficiency will be improved but at the expense of increased pressure 
loss. A satisfactory compromise must somehow be reached. 

Combustion chamber pressure loss is due to two distinct causes: (i) skin 
friction and turbulence and (ii) the rise in temperature due to combustion. The 
stagnation pressure drop associated with the latter, often called the fUndamental 
loss, arises because an increase in temperature implies a decrease in density and 
consequently an increase in velocity and momentum of the stream. A pressure 
force (!J.p x A) must be present to impart the increase in momentum. One of the 
standard idealized cases considered in gas dynamics is that of a heated gas stream 
flowing without friction in a duct of constant cross-sectional area. The stagnation 

: pressure drop in this situation, for any given temperature rise, can be predicted 
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with the aid of the Rayleigh-line functions (see Appendix A.4). When the velocity 
is low and the fluid flow can be treated as incompressible (in the sense that 
although p is a function of Tit is independent of p ), a simple equation for the 
pressure drop can be found as follows. 

The momentum equation for one-dimensional frictionless flow in a duct of 
constant cross-sectional area A is 

A(pz- Pi)+ m(Cz- C1) = 0 

For incompressible flow the stagnation pressure p0 is simply (p + pC /2), and 

Paz- Po1 = (pz- Pi)+! (pzC~ -Pi Cf) 

Combining these equations, remembering that m = p1AC1 = p2AC2, 

Paz- P01 = -(pzC~ -Pi Cf) +! (pzCi- Pi Ci) 
= -!(pzC~- piCi) 

The stagnation pressure loss as a fraction of the inlet dynamic head then becomes 

POI -2Poz = (p2C~- 1) = (Pi- 1) 
PJCi/2 PIC! Pz 

Finally, since p ex liT for incompressible flow, 

POI ~Paz= (Tz _ r) 
p 1CJ12 T1 

This will be seen fi·om the Appendix to be the same as the compressible flow 
value of (p01 - p02 )/(p01 - p1) in the limiting case of zero inlet Mach number. 
At this condition T2/Ti = T02/T01 . 

Although the assmnptions of incompressible flow and constant cross-sectional 
area are not quite true for a combustion chamber, the result is sufficiently accurate 
to provide us with the order of magnitude of the fundamental loss. Thus, since the 
outlet/inlet temperature ratio is in the region of 2-3, it is clear that the 
fundamental loss is only about 1-2 inlet dynamic heads. The pressure loss due to 
friction is found to be very much higher-{)f the order of 20 inlet dynamic heads. 
When measured by pitot traverses at inlet and outlet with no combustion taking 
place, it is known as the cold loss. That the friction loss is so high, is due to the 
need for large-scale turbulence. Turbulence of this kind is created by the devices 
used to stabilize the flame, e.g. the swirl vanes in Fig. 6.2. In addition, there is the 
turbulence induced by the jets of secondary and dilution air. The need for good 
mixing of the secondary air with the burning gases to avoid chilling has been 
emphasized. Similarly, good mixing of the dilution air to avoid hot streaks in the 
turbine is essential. In general, the more effective the mixing the higher the 
pressure loss. Here again a compromise must be reached: this time between 
uniformity of outlet temperature distribution and low pressure loss. 

Usually it is found that adequate mixing is obtained merely by injecting air 
through circular or elongated holes in the flame-tube. Sufficient penetration of the 
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cold air jets into the hot stream is achieved as a result of the cold air having the 
greater density. The pressure loss produced by such a mixing process is 
associated with the change in momentum of the streams before and after mixing. 
In aircraft gas turbines the duct between combustion chamber outlet and turbine 
inlet is very short, and the compromise reached between good temperature 
distribution and low pressure loss is normally such that the temperature non­
uniformity is· up to ± 10 per cent of the mean value. The length of duct is often 
greater in an industrial gas turbine and the temperature distribution at the turbine 
inlet may be more uniform, although at the expense of increased pressure drop 
due to skin friction in the dueling. The paper by Lefebvre and Norster in Ref. (2) 
outlines a method of proportioning a tubular combustion chamber to give the 
most effective mixing for a given pressure loss. Making use of empirical data 
from mixing experiments, such as dilution hole discharge coefficients, the authors 
show how to estimate the optimmn ratio of flame-tube to casing diameter, and the 
optimmn pitch/diameter ratio and nmnber of dilution holes. 

6.5 Combustion chamber performance 

The main factors of importance in assessing combustion chamber performance 
are (a) pressure loss, (b) combustion efficiency, (c) outlet temperature distribu­
tion, (d) stability limits and (e) combustion intensity. We need say no more of(c), 
but (a) and (b) require further con1111ent, and (d) and (e) have not yet received 
attention. 

Pressure loss 

We have seen in section 6.4 that the overall stagnation pressure loss can be 
regarded as the smn of the fundamental loss (a small component which is a 
function of T02 /T01 ) and the frictional loss. Our knowledge of friction in ordinary 
turbulent pipe flow at high Reynolds nmnber would suggest that when the pres­
sure loss is expressed non-dimensionally in terms of the dynamic head it will not 
vary much over the range of Reynolds nmnber under which combustion systems 
operate. Expe1iments have shown, in fact, that the overall pressure loss can often 
be expressed adequately by an equation of the form 

pressure loss factor, PLF = o Apo 
2 

= K1 + K2 (Toz- 1) (6.1) 
m· /2p 1A, Ta1 

Note that rather than p 1 q /2, a conventional dynamic head is used based on a 
velocity calculated from the inlet density, air mass flow m, and maximmn cross­
sectional area Am of the chamber. This velocity-sometimes !mown as the refer­
ence velocity-is more representative of conditions in the chamber, and the 
convention is useful when comparing results from chambers of different shape. 
Equation (6.1) is illustrated in Fig. 6.5. If K1 and K2 are determined from a 
combustion chamber on a test rig from a cold run and a hot run, then equation 
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(6.1) enables the pressure loss to be estimated when the chamber is operating as 
part of a gas turbine over a wide range of conditions of mass flow, pressure ratio 
and fuel input. 

To give an idea of relative orders of magnitude, typical values of PLF at design 
operating conditions for tubular, tubo-annular and annular combustion chambers 
are 35, 25 and 18 respectively. There are two points which must be remembered 
when considering pressure loss data. Firstly, the velocity of the air leaving the last 
stage of an axial compressor is quite high-say 150 rnls-and some form of 
diffusing section is introduced between the compressor and combustion chamber 
to reduce the velocity to about 60 rnls. It is a matter of convention, depending 
upon the layout of the gas turbine, as to how much of the stagnation pressure loss 
in this diffuser is included in the PLF of the combustion system. In other words, it 
depends on where the compressor is deemed to end and the combustion chamber 
begin. 

Secondly, it should be appreciated from Chapters 2 and 3 that from the point of 
view of cycle performance calculations it is !lp0 as a fraction of the compressor 
delivery pressure (p01 in the notation of this chapter) which is the useful 
parameter. This is related to the PLF as follows. 

(6.2) 

where the difference between p 1 and p01 has been ignored because the velocity is 
low. By combining equations (6.1) and (6.2) it can be seen that !lp0 jp01 can be 
expressed as a function of non-dimensional mass flow at entry to the combustion 
chamber and combustion temperature ratio: such a relation is useful when pre­
dicting pressure losses at conditions other than design, as discussed in Chapter 8. 
Consider now the two extreme cases of tubular and annular designs. If the values 
of Ap0 fpo 1 are to be similar, it follows from equation (6.2) and the values of PLF 
given above that the chamber cross-sectional area per unit mass flow (Am/m) can 
be smaller for the annular design. For aircraft engines, where space and weight 
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are vital, the value of Am/m is normally chosen to yield a value of Ap0 jp01 

between 4 and 7 per cent. For industrial gas turbine chambers, A,jm is usually 
such that Ap0 jp01 is little more than 2 per cent. 

Combustion efficiency 

The efficiency of a combustion process may be found from a chemical analysis of 
the combustion products. Knowing the airjfuel ratio used and the proportion of 
incompletely burnt constituents, it is possible to calculate the ratio of the actual 
energy released to the theoretical quantity available. This approach via chemical 
analysis is not easy, because not only is it difficult to obtain truly representative 
samples from the high velocity stieam, but also, owing to the high airjfuel ratios 
employed in gas turbines, the unbumt constituents to be measured are a very 
small proportion of the whole sample. Ordinary gas analysis apparatus, such as 
the Orsat, is not adequate and much more elaborate techniques have had to be 
developed. 

If an overall combustion efficiency is all that is required, however, and not an 
investigation of the state of the combustion process at different stages, it is easier 
to conduct development work on a test rig on the basis of the combustion 
efficiency which was defined in Chapter 2, namely 

theoretical! for actual AT 
1Jb = actual! for actual AT 

For this purpose, the only measurements required are those necessary for deter­
mining the fuel/air ratio and the mean stagnation temperatures at inlet and outlet 
of the chamber. The theoretical f can be obtained from curves such as those in 
Fig. 2.15. 

It is worth describing how the mean stagnation temperature may be measured: 
there are two aspects, associated with the adjectives 'mean' and 'stagnation'. 
Firstly, it should be realized from the discussion in section 2.2 under heading 
'Fuel/air ratio, combustion efficiency and cycle efficiency', that the expression 
for 170 arises from the energy equation which consists of such terms as mcPT0. 

Since in practice there is always a variation in velocity as well as temperature over 
the cross-section, it is necessary to determine, not the ordinary aritlunetic mean of 
a number of temperature readings, but what is !mown as the 'weighted mean'. If 
the cross-section is divided into a nmnber of elemental areas A 1, A 2, •.. , 

A;, ... , A,, at which the stagnation temperatures are To1. To2, ... , To;, ... , Tom 
and the mass flows are 111], m2, ... , m;, ... , mm then the weighted mean 
temperature Tow is defined by 

To - L,m;To;- L,m,To~ 
w- Lm; - Jn 

where the sunnnations are from I to n. We may assume that cP is effectively 
constant over the cross-section. It follows that the product mcpTow will be a true 
measure of the energy passing the section per unit time. 
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A simple expression for Tow in terms of measured quantities can be derived as 
follows. The velocity at the centre of each elemental area may be found using a 
pitot-static tube. Denoting the dynamic head pc'-/2 by Pd, the mass flow for area 
A; is then 

I 

m1 = p1A1(2pdJ P;)2 

If the static pressure is constant over the cross-section, as it will be when there is 
simple axial flow with no swirl, 

I 

Pt ex 1/I'; and m1 cxA1(pdJT1)' 

and thus 

T. _ 'E.,A;ToJPd;/T;)~ 
Ow- 1 

'E.,A1(pdJT;)' 

Since T; has only a second order effect on Tow, we can write T; = T01 • Further­
more, it is usual to divide the cross-section into equal areas. The expression then 
finally reduces to 

L(Pd;To;)~ 
Tow= I 

L,(pdJTo;)' 

Thus the weighted mean temperature may be determined directly from measure­
ments of dynamic head and stagnation temperature at the centre of each elemen­
tal area. It remains to describe how stagnation temperatures may be measured. 

In gas turbine work, temperatures are usually measured by thermocouples. The 
high accuracy of a pitot-static tube is well known, but considerable difficulty has 
been experienced in designing thermocouples to operate in a high-temperature 
fast-moving gas stream with a similar order of accuracy. Since the combustion 
efficiency rarely falls below 98 per cent over much of the operating range, 
accurate measurements are essential. Chromel-alumel thermocouples have been 
found to withstand the arduous requirements of combustion chamber testing 
satisfactorily, and give accurate results up to about 1300 Kif special precautions 
are taken. It must be remembered that the temperature recorded is that of the hot 
junction of the thermocouple which for various reasons may not be at the 
temperature of the gas stream in which it is situated, particularly if the velocity of 
the stream is high. 

If it be imagined that the thermocouple junction is moving with the stream of 
gas, then the temperature of the junction may differ from the static temperature of 
the gas by an amount depending upon the conduction of heat along the 
thermocouple wires, the convection between the junction and the gas stream, the 
radiation from the hot flame to the junction, and the radiation from the junction to 
the walls of the containing boundary if these are cooler than the junction. There is 
an additional possible error, because in practice the thermocouple is stationary, 
and the gas velocity will be reduced by friction in the boundary layer around the 
thermocouple junction. Kinetic energy is transformed into internal energy, some 
of which raises the temperature of the junction, while some is carried away by 
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convection. In a high-speed gas stream it is obviously important to know how 
much of the velocity energy is being measured as temperature. The temperature 
corresponding to the velocity energy, i.e. the dynamic temperature, is about 40 K 
for a velocity of 300 mjs. 

Since it is the stagnation temperature which is of interest, it is usual to place 
the thermoc~uple wires and junction in a metal tube in which the gas stream can 
be brought to rest adiabatically so that almost the whole of the dynamic 
temperature is measured, on the same principle as a pitot tube measuring 
stagnation pressure. Figure 6.6(a) shows one form of stagnation thermocouple 
which will measure about 98 per cent of the dynamic temperature as against the 
60-70 per cent measured by a simple junction placed directly in the gas stream. A 
large hole facing upstream allows the gas to enter the tube, while a small hole, not 
more than 5 per cent ofthe area of the inlet orifice, provides sufficient ventilation 
without spoiling the pitot effect. This form of thermocouple is excellent for all 
work where radiation effects are small, such as the measurement of compressor 
delivery temperature. Where radiation effects are appreciable, as at the outlet of a 
combustion chamber, it is preferable to use a thermocouple of the type shown in 
Fig. 6.6(b). A radiation error of the order of60 Kin 1300 K is quite possible with 
a completely unshielded thermocouple. A short length of polished stainless steel 
sheet, twisted into a helix and placed in front of the junction, provides an effective 
radiation shield without impeding the flow of gas into the thermocouple tube. One 
or more concentric cylindrical shields may also be included. The bending of the 
wires so that aboul two or three centimetres run parallel with the direction of the 
stream, i.e. parallel with an isothermal, reduces the error due to conduction of 
heat away from the junction along the wires. This is in most cases quite a small 
error if the wires are of small diameter. If all these precautions are taken, 
stagnation temperature measurement up to 1300 K is possible to within ± 5 K. 
While these few remarks do not by any means exhaust all the possibilities of 
thermocouple design, they at least indicate the extreme care necessary when 
choosing thermocouples for gas turbine temperature measurement. 

(a) (b) 

FIG. 6.6 Stagnation thermocouples 
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The temperature at outlet from the combustion chamber is not often measured 
on an engine, where there is the added problem that mechanical failure of the 
thermocouple support system could lead to major damage in the turbine. For this 
reason, on an engine it is normal to measure the temperature downstream of the 
turbine. For a simple jet engine the temperature at exit from the turbine is !mown 
as the jet pipe temperature (Jl'T) but the nomenclature exhaust gas temperature 
(EGT) is more commonly used for industrial gas turbines. When a twin-spool or 
free turbine configuration is used it is more common to measure the temperature 
downstream of the high pressure turbine, this being referred to as the inter­
turbine temperature (ITT). The combustion outlet temperature (i.e. turbine inlet 
temperature) can be calculated fi:om the indirect measurements of ITT or EGT 
using the methods described in Chapter 8. Either ITT or EGTis used as a control 
system limit to prevent overheating of the turbine and these are the only 
temperature measurements that will nonnally be available to the user of gas 
turbines. 

Stability limits 

For any particular combustion chamber there is both a rich and a weak limit to the 
airjfuel ratio beyond which the flame is unstable. Usually the limit is taken as the 
airjfuel ratio at which the flame blows out, although instability often occurs 
before this limit is reached. Such instability takes the form of rough running, 
which not only indicates poor combustion, but sets up aerodynamic vibration 
which reduces the life of the chamber and causes blade vibration problems. The 
range of airjfuel ratio between the rich and weak limits is reduced with increase 
of air velocity, and if the air mass flow is increased beyond a certain value it is 
impossible to initiate combustion at alL A typical stability loop is shown in Fig. 
6.7, where the limiting airjfuel ratio is plotted against air mass flow. If a com-

200 

150 

0 

~ 
a; 100 
.2 
"" < 

50 

0 0 25 

Weak limit 

/ 
-Stable region 

'· 

0 50 0.75 

Air mass flow kg/s 

FIG. 6.7 Stability loop 
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bustion chamber is to be suitable, its operating range defined by the stability loop 
must obviously cover the required range of air/ fuel ratio and mass flow of the gas 
turbine for which it is intended. Furthermore, allowance must be made for con­
ditions which prevail when the engine is accelerated or decelerated. For example, 
on acceleration there will be a rapid increase in fuel flow as the 'throttle' is 
opened while the air flow will not reach its new equilibrium value until the engine 
has reached. its new speed. Momentarily the combustion system will be operating 
with a very low airjfuel ratio. Most control systems have a built-in device which 
places an upper limit on the rate of change of fuel flow: not only to avoid blow­
out, but also to avoid transient high temperatures in the turbine. 

The stability loop is a function of the pressure in the chamber: a decrease in 
pressure reduces the rate at which the chemical reactions proceed, and 
consequently it narrows the stability limits. For aircraft engines it is important 
to check that the limits are sufficiently wide with a chamber pressure equal to the 
compressor delivery pressure which exists at the highest operating altitude. 
Engines of high pressure ratio present less of a problem to the combustion 
chamber designer than those of low pressure ratio. If the stability limits are too 
narrow, changes must be made to improve the recirculation pattern in the primary 
zone. 

Combustion in(ensity 

The size of combustion chamber is determined primarily by the rate of heat 
release required. The nominal heat release rate can be found from m/Qnet,p where 
m is the air mass flow,f the fuel/ air ratio and Qnet,p the net calorific value of the 
fuel. Enough has been said for the reader to appreciate that the larger the volume 
which can be provided the easier it will be to achieve a low pressure drop, high 
efficiency, good outlet temperature distribution and satisfactory stability charac­
teristics. 

The design problem is also eased by an increase in the pressure and 
temperature of the air entering the chamber, for two reasons. Firstly, an increase 
will reduce the time necessary for the 'preparation' of the fuel and air mixture 
(evaporation of droplets, etc.) making more time available for the combustion 
process itself. Nate that since the compressor delivery temperature is a function of 
the compressor delivery pressure, the pressure (usually expressed in atmospheres) 
is an adequate measure of both. 

Secondly, we have already observed under the heading 'Stability limits' above, 
that the combustion chamber pressure is important because of its effect on the 
rate at which the chemical reactions proceed. An indication of the nature of this 
dependence can be obtained from chemical kinetics, i.e. kinetic theory applied to 
reacting gases. By calculating the number of molecular collisions per unit time 
and unit volume which have an energy exceeding a certain activation value E, it is 
possible to obtain the following expression for the rate r at which a simple 
bimolecular gas reaction proceeds, Ref. (3). 
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rex mimkp2CJ2ylf2M-3f2,ffRT 

p and T have their usual meaning and the other symbols denote: 

m1, mk local concentrations of molecules j and k 
CJ mean molecular diameter 
M mean molecUlar weight 
E activation energy 
R molar (universal) gas constant 

Substituting for p in terms of p and T we can for our purpose simplifY the 
expression to 

rex p2f(T) 

Now Tis maintained at a high value by having au approximately stoichiometric 
mixture in the primary zone: we are concerned here with the independent variable 
p. It is not to be expected that the theoretical exponent 2 will apply to the complex 
set of reactions occurring when a hydrocarbon fuel is burnt in air, and experi­
ments with homogeneous mixtures in stoichiometric proportions suggest that it 
should be 1·8. At first sight it appears therefore that the design problem should be 
eased as the pressure is increased according to the law p 1

"
8

. In fact there is reason 
to believe that under design operating conditions the chemical reaction rate is not 
a limiting factor in au actual combustion chamber where physical mixing pro­
cesses play such an important role, and that an exponent of unity is more realistic. 
This is not to say that under extreme conditions-say at high altitude-the per­
fonnance will not fall off more in accordance with the pJ.B law. 

A quantity known as the combustion intensity has been introduced to take 
account of the foregoing effects. One definition used is 

. . . heat release rate 3 combustlon mtensrty = kW jm atrn 
comb. val. x pressure 

Another definition employs p 1 8
, with the units kW/m3 atrn1 8

. However it is 
defined, certainly the lower the value of the combustion intensity the easier it is to 
design a combustion system which will meet all the desired requirements. It is 
quite inappropriate to compare the performance of different systems on the basis 
of efficiency, pressure loss, etc., if they are operating with widely differing orders 
of combustion intensity. In aircraft systems the combustion intensity is in the 
region of2-5 x 104 leW jm3 atrn,t while in industrial gas turbines the figure can 
be much lower because of the larger volume of combustion space available; a 
further reduction would result if a heat-exchanger were used, requiring a signi­
ficantly smaller heat release in the combustor. 

6.6 Some practical problems 

We will briefly describe some of the problems which have not so far been men­
tioned but which are none the less important. These are concerned with (i) fiame-

t Note that 1 kW/m3 atm=96-62 Btu/h ft3 atm 
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tube cooling, (ii) fuel injection, (iii) starting and ignition and (iv) the use of 
cheaper fuels. 

Flame-tube cooling 

One problem which has assumed greater importance as permissible turbine inlet 
temperatures have increased is that of cooling the flame-tube. The tube receives 
energy by convection from the hot gases and by radiation from the flame. It loses 
energy by convection to the cooler air flowing along the outside surface and by 
radiation to the outer casing, but this loss is not sufficient to maintain the tube 
wall at a safe temperature. A common practice is to leave narrow annular gaps 
between overlapping sections of the flame tube so that a film of cooling air is 
swept along the inner surface; corrugated 'wigglestrip', spot welded to successive 
lengths of flame-tube, provides adequate stiffuess with annular gaps which do not 
vary too much with thermal expansion, as shown in Fig. 6.8(a). Another method 
is to use a ring of small holes with an internal splash ring to deflect the jets along 
the inner surface, as shown in Fig. 6.8(b). A more recent development is the use 
of transpiration cooling, allowing cooling air to enter a network of passages 
within the flame tube wall before exiting to fonn an insulating film of air; this 
method may permit a reduction in cooling flow of up to 50 per cent. 

Although empirical relations are available from which it is possible to predict 
convective heat transfer rates when film cooling a plate of known temperature, the 
emissivities of th~: flame and flame-tube can vary so widely that prediction of the 
flame-tube temperature from an energy balance is not possible with any accuracy. 
Even in this limited aspect of combustion chamber design, final development is 
still a matter of trial and error on the test rig. The emissivity of the flame varies 
with the type of fuel, tending to increase with the specific gravity. Carbon dioxide 
and water vapour are the principal radiating components in non-luminous flames, 
and soot particles in luminous flames. It is worth noting that vaporizer systems 
ease the problem, because flames from pre-mixed fuel vapour-air mixtures have a 
lower luminosity than those from sprays of droplets. 

Higher turbine inlet temperatures imply the use of lower air/fuel ratios, with 
consequently less air available for fihn cooling. Furthermore, the use of a higher 
cycle temperature is usually accompanied by the use of a higher cycle pressure 
ratio to obtain the full benefit in terms of cycle efficiency. Thus the temperature of 
the air leaving the compressor is increased and its cooling potential is reduced. At 
projected levels of turbine inlet temperature, up to 1850 K, the use of 
transpiration cooling to reduce the required cooling flow may become essential. 

±--;z::;: 
I 

(a) (b) 

FIG. 6.8 Film cooling of liame-tube 
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Fuel injection 

Most combustion chambers employ high-pressure fuel systems in which the 
liquid fuel is forced through a small orifice to form a conical spray of fine droplets 
in the primary zone. The fuel is said to be 'atomized' and the burner is often 
referred to as an 'atomizer'. An alternative is the vaporizer system, but it should 
be realized that even this requires an auxiliary starting burner of the atomizing 
type. 

In the simplest form of atomizing burner, fuel is fed to a conical vortex 
chamber via tangential ports which impart a swirling action to the flow. The 
vortex chamber does not run full but has a vapour/air core. The combination of 
axial and tangential components of velocity causes a hollow conical sheet of fuel 
to issue from the orifice, the ratio of the components determining the cone angle. 
This conical sheet then breaks up in the air stream into a spray of droplets, and the 
higher the fuel pressure the closer to the orifice does this break up occur. There 
will be a certain minimum fuel pressure at which a fully developed spray will 
issue from the orifice, although for the following reason the effective minimum 
pressure may well be higher than this. 

The spray will consist of droplets having a wide range of diameter, and the 
degree of atomization is usually expressed in tenns of a mean droplet diameter. In 
common use is the Sauter mean diameter, which is the diameter of a drop having 
the same surface/volume ratio as the mean value for the spray: 50-100 microns is 
the order of magnitude used in practice. The higher the supply pressure, the 
smaller the mean diameter. If the droplets are too small they will not penetrate far 
enough into the air stream, and if too large the evaporation time may be too long. 
The effective minimum supply pressure is that which will provide the required 
degree of atomization. 

The object is to produce an approximately stoichiometric mixture of air and 
fuel uniformly distributed across the primary zone, and to achieve this over the 
whole range of fuel flow from idling to full load conditions. Herein lies the main 
problem of burner design. If the fuel is metered by varying the pressure in the fuel 
supply line, the simple type of burner just described (sometimes referred to as the 
simplex) will have widely differing atomizing properties over the range of fuel 
flow. It must be remembered that the flow through an orifice is proportional to the 
square root of the pressure difference across it, and thus a fuel flow range of 1 0 : 1 
implies a supply pressure range of 100 : 1. If the burner is designed to give 
adequate atomization at full load, the atomization will be inadequate at low load. 
This problem has been overcome in a variety of ways. 

Perhaps the most commonly used solution to the problem is that employed in 
the duplex burner, an example of which is shown in Fig. 6.9(a). Two fuel 
manifolds are required, each supplying independent orifices. The small central 
orifice is used alone for the lower flows, while the larger annular orifice 
surrounding it is additionally brought into operation for the higher flows. The 
sketch also shows a third annulus formed by a shroud through which air passes to 
prevent carbon deposits building up on the face of the burner. This feature is 
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(a) (b) 

FIG. 6.9 Duplex amll spiJ] bumrners 

incorporated in most burners. An alternate form of duplex burner employs a 
single vortex chamber and final orifice, with the two fuel supply lines feeding two 
sets of tangential ports in the vortex chamber. 

Figure 6.9(b) illustrates a second practical method of obtaining good 
atomization over a wide range of fuel flow: the spill burner. It is virtually a 
simplex burner with a passage fi"om the vortex chamber through which excess 
fuel can be spilled off. The supply pressure can remain at the high value 
necessary for good atomization while the flow through the orifice is reduced by 
reducing the pressure in the spill line. One disadvantage of this system is that 
when a large quantity of fuel is being recirculated to the pump Lnlet there may be 
undesirable heating and consequent deterioration of the fuel. 

Dual-fuel burners are used in industrial gas turbines where gas is the normal 
fuel, but oil is required for short periods when the gas supply may be interrupted. 
The gas and liquid fuels would be supplied through separate concentJ.ic annuli; an 
additional annulus may also be provided for water or steam injection for emission 
control. Such engines can operate on either fuel separately or both simulta­
neously. A typical dual-fuel nozzle for an aero-derivative gas turbine is shown in 
Fig. 6.10. 

Burners of the type described here by no means exhaust all the possibilities. 
For example, for small gas turbines having a single chamber, it has been found 
possible to use rotary atomizers. Here fuel is fed to a spinning disc or cup and 
flung into the air stream fi"om the rim. High tip speeds are required for good 
atomization, but only a low-pressure fuel supply is required. 

Starting and ignition 

Under normal operating conditions, gas turbine combustion is continuous and 
self-sustaining. An ignition system, however, is required for starting, and the 
ignition and starting systems must be closely integrated. The first step in starting 
a gas turbine is to accelerate the compressor to a speed that gives an air flow 
capable of sustaining combustion; during the period of acceleration the ignition 
system is switched on and fuel is fed to the burners when the rotational speed 
reaches about 15-20 per cent of normal. An igniter plug is situated near the 
primary zone in one or two of the flame-tubes or cans. Once the flame is estab-
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FIG. 6.10 Dual-fuel burner [Courtesy Rolls-Royce) 

lished, suitably placed interconnecting tubes between the cans permit 'light 
round', i.e. flame propagation from one flame-tube to the other. Light round 
presents few problems in annular combustors. When the engine has achieved self­
sustaining operation, the ignition system is turned off. Aircraft gas turbines have 
two additional requirements to meet: (i) re-ignition must be possible under wind­
milling conditions if for any reason the flame is extinguished at altitude and (ii) 
operation at idle power must be demonstrated while ingesting large amounts of 
water. This latter requirement is to prevent flame-out during final approach to an 
airport in very heavy rain, and it is normal operating procedure to turn on the 
ignition system in adverse weather at low altitude during both climb and descent. 
Engine shut down normally requires the engine to be brought back to idle fol­
lowed by shutting off the fuel; shut downs from full power should be avoided 
because of the possibility of differential expansion/contractions leading to seal 
rubs or seizure of the rotor. 

The starting systems for aircraft and industrial gas turbines are quite different, 
with compact size and low weight being critical for the former and very large 
powers sometimes required for the latter. Starting devices include electric motors, 
compressed air or hydraulic starters, diesel engines, steam turbines or gas 
expansion turbines. Early civil aircraft were dependent on ground power supplies 
for starting and some engines used direct air impingement on the turbine blades; 
modem aircraft normally use an air turbine starter, which is connected to the main 
rotor by a reduction gear-box and clutch. The supply of compressed air may be 
from a ground cart, auxiliary power unit (APU) or bled from the compressor of an 
engine already running. Military aircraft use similar systems, but early aircraft 
used cartridge-type starters which provided a flow of hot, high-pressure gas for up 
to 30 seconds; this was expanded through a small turbine geared to the main rotor 
via a clutch. 

The type of starting system required for an industrial gas turbine depends on 
the configuration; for units with a free power turbine it is only necessary to 
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accelerate the gas generator. A single-shaft unit for electrical power generation, 
however, requires that the gas turbine and electric generator be accelerated as a 
single train. Power requirements for a 150 MW unit can be as high as 5 MW; for 
the largest units it is now common for the generator to be wound so that it can 
also be used as a motor, which is then used as the starting device. Diesel or steam 
turbine starting units with a power of 400-500 kW may be used for 60-80 MW 
units. The starter requirements for a free turbine engine are much less, and this is 
even more pronounced for a twin-spool gas generator where only the high­
pressure rotor has to be turned over; a 30 MW unit may then require as little as 
20 kW for starting. 

The ignition performance can be expressed by an ignition loop which is 
similar to the stability loop of Fig. 6.6 but lying inside it. That is, at any given air 
mass flow the range of airjfuel ratio within which the mixture can be ignited is 
smaller than that for which stable combustion is possible once ignition has 
occUlTed. The ignition loop is very dependent on combustion chamber pressure, 
and the lower the pressure the more difficult the problem of ignition. Re-light of 
an aircraft engine at altitude is thus the most stringent requirement. Although 
high-tension sparking plugs similar to those used in piston engines are adequate 
for ground starting, a spark of much greater energy is necessary to ensure ignition 
under adverse conditions. A surface-discharge igniter, yielding a spark having an 
energy of about three joules at the rate of one per second, is probably the most 
widely used type for aircraft gas turbines in which fuel is injected as a spray of 
droplets. 

One example of a surface-discharge igniter is shm'III in Fig. 6.11. It consists of 
a central and outer electrode separated by a ceramic insulator except near the tip 
where the separation is by a layer of semiconductor material. When a condenser 
voltage is applied, current flows through the semiconductor which becomes 
incandescent and provides an ionized path of low resistance for the energy stored 
in the capacitor. Once ionization has occurred, the main discharge takes place as 
an intense flashover. To obtain good performance and long life the location of the 
igniter is critical: it must protrude through the layer of cooling air on the inside of 
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FIG. 6.11 Surface-discharge igniter 
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the flame-tube wall to the outer edge of the fuel spray, but not so far as to be 

seriously wetted by the fuel. 
For vaporizing combustors, some form of torch igniter is necessary. This 

comprises a spark plug and auxiliary spray burner in a cmmnon housing, 
resulting in a bulkier and heavier system than the surface discharge type. 

The normal spark rate of!). typical ignition system is between 60 and 100 
sparks per minute. Each discharge causes progressive erosion of the igniter 
electrodes, making periodic replacement of the igniter plug necessary; it is for 
this reason that the ignition system is switched off in normal operation. The pilot, 
however, must be provided with the capability of re-engaging the ignition system 
in the event of flame-out or extremely heavy rain. 

Use of cheap fuels 

Gas turbines rapidly supplanted piston engines in aircraft because of their major 
advantages in power and weight, permitting much higher flight speeds. Pene­
tration of industrial markets was much slower, initially because of uncompetitive 
thermal efficiency and later, as performance improved, because of the need for 
expensive fuel. Gas turbines became established in applications such as peak-load 
or emergency electricity generation, where the running hours were short; the oil 
crises of the 1970s, resulting in soaring oil costs, saw a large number of units 
mothballed because of high fuel costs. 

Natural gas, although a relatively expensive fuel, is ideal for use in stationary 
gas turbines, containing very few impurities such as sulphur and not requiring 
atomization or vaporization as do liquid fuels. As a result, gas turbines rapidly 
became the prime mover of choice for gas compression duties on pipelines, 
making use of the high-pressure gas flowing through the pipeline as fuel. Natural 
gas is now used widely for base-load electrical power generation, using combined 
cycle plant with capacities in excess of 2000 MW and thermal efficiencies of 
around 55 per cent. The long term availability of natural gas is somewhat 
controversial, but these stations could eventually be converted to burning gas 
obtained from coal. 

Market penetration would be greatly enhanced if gas turbines could burn 
residual oil. This cheap fuel is the residue from crude oil following the extraction 
of profitable light fractions. Some of its undesirable characteristics are: 

(a) high viscosity requiring heating before delivery to the atomizers; 
(b) tendency to polymerize to form tar or sludge when overheated; 
(c) incompatability with other oils with which it might come into contact, 

leading to jelly-like substances which can clog the fuel system; 
(d) high carbon content leading to excessive carbon deposits in the combustion 

chamber; 
(e) presence of vanadium, the vanadium compounds formed during combustion 

causing corrosion in the turbine; 
(f) presence of alkali metals, such as sodium, which combine with sulphur in 

the fuel to form corrosive sulphates; 
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(g) relatively large amount of ash, causing build up of deposits on the nozzle 
blades with consequent reduction in air mass flow and power output. 

The problems arising from characteristics (a), (b), (c) and (d) can be overcome 
without excessive difficulty. A typical residual fuel may require heating to about 
140 oc, and for a large station this would require steam heating both for the 
storage tanks and prior to delivery to the atomizers. It is the major problems 
arising from (e), (f) and (g) that have greatly restricted the use of residual oil. 
The rate of corrosion from (e) and (f) increases with turbine inlet temperature, 
and early industrial gas turbines designed for residual oil operated with 
temperatures around 900 K to avoid the problem. Such a low cycle temperature 
inevitably meant a low cycle efficiency. It has now been found that the alkali 
metals can be removed, and that fuel additives such as magnesium compounds 
can neutralize the vanadium; sulphur caunot be removed at this stage, and would 
need to be done as part of the refinery process. There are two basic methods of 
treating the alkali metals. The first is to wash the fuel oil with water, followed by 
centrifuging of the mixture to separate the heavier liquids containing the alkali 
metals. The second is a process in which the fuel is mixed with water, pumped to 
a high pressure and then subjected to a high-voltage static discharge resulting in 
the required separation. Both methods require a sophisticated fuel treatment plant 
which means a considerable capital expense plus additional operating costs, so 
the actual cost of the apparently cheap fuel is significantly increased. Residual oil 
is not used very often, but may be used as a back-up fuel with natural gas as the 
prime fuel. In a typical modem large plant using residual oil as back up, the site 
rating of the gas turbine was reduced from 139 MW to 116 MW owing to the 
need to operate at reduced turbine inlet temperature. It is important to realize that 
this dual-fuel type of operation is often dictated by the supply of natural gas at 
reduced cost on an interruptible basis; this means that the gas supplier can cut off 
gas in peale periods, so the customer must have a capability of switching fuels. It 
is common to find gas turbines designed to switch automatical(v from gas to oil 
while continuing to operate at full power. 

In the early days of gas turbines, much effort went into experiments with 
burning coal; these used coal in the form of a pulverized solid, and were 
unsuccessful owing to the severe erosion caused by hard particles. For many years 
coal was not considered as a fuel, but recently a major effort has been expended 
on developing schemes for producing gas from coal, i.e. coal gasification. The 
establishment of the combined cycle has made this feasible, as many gasification 
schemes require large quantities of steam. This will be discussed further in the 
last section of this chapter. 

6. 7 Gas turbine emissions 

Gas turbine combustion is a steady flow process in which a hydrocarbon fuel is 
burned with a large amount of excess air, to keep the turbine inlet temperature at 
an appropriate value. This is essentially a clean and efficient process and for many 
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years there was no concern about emissions, with the exception of the need to 
eliminate smoke from the exhaust. Recently, however, control of emissions has 
become probably the most important factor in the design of industrial gas tur­
bines, as the causes and effects of industrial pollution become better understood 
and the population of gas turbines increases. Emissions from aero-engines are 
also important, but the problt;ms and solutions are quite different to those for 
land-based gas turbines. 

Combustion equations express conservation of mass in molecular terms 
following the rearrangement of molecules during the combustion process. The 
basic principles of combustion are described in standard texts on thermo­
dynamics, e.g. Ref. (4). The oxygen required for stoichiometric combustion can 
be found fi'om the general equation 

where 

a =x, b = (v/2) andn =x+(v/4) 

Each kilogram of oxygen will be accompanied by (76·7123·3) kg of nitrogen, 
which is normally considered to be inert and to appear unchanged in the exhaust; 
at the temperatures in the primary zone, however, small amounts of oxides of 
nitrogen are formed. The combustion equation assumes complete combustion of 
the carbon to C02, but incomplete combustion can result in small amounts of 
carbon monoxide (CO) and unburned hydrocarbons (UHC) being present in the 
exhaust. The gas turbine uses a large quantity of excess air, resulting in consider­
able oxygen in the exhaust; the amount can be deduced from the total oxygen in 
the incoming air less that required for combustion. Thus the exhaust of any gas 
turbine consists primarily of C02, H20, 0 2 and N2 and the composition can be 
expressed in terms of either gravimetric (by mass) or molar (by volume) com­
position. Concern about the possible harmful effects of C02 as a 'greenhouse' 
gas leading to global warming has been mentioned in section 1.6. 

The pollutants appearing in the exhaust will include oxides of nitrogen (NOx), 
carbon monoxide (CO) and unburned hydrocarbons (UHC); any sulphur in the 
fuel will result in oxides of sulphur (SOx), the most common of which is S02. 

Although these all represent a very small proportion of the exhaust, the large flow 
of exhaust gases produces significant quantities of pollutants which can become 
concentrated in the area close to the plant. The oxides of nitrogen, in particular, 
can reacr in the presence of sunlight to produce 'smog' which can be seen as a 
brownish cloud; this problem was originally identified in the Los Angeles area, 
where the combination of vehicle exhausts, strong sunlight, local geography and 
temperature inversions resulted in severe smog. This led to major efforts to clean 
up the emissions fi'om vehicle exhausts and stringent restrictions on emissions 
from all types of power plant. Oxides of nitrogen also cause acid rain, in 
combination with moisture in the atmosphere, and ozone depletion at high 
altitudes, which may result in a reduction in the protection from ultra violet rays 
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provided by the ozone layer, leading to increases in the incidence of skin cancer. 
UHC may also contain carcinogens, and CO is fatal if inhaled in significant 
amounts. With an ever-increasing worldwide demand for power and transporta­
tion, control of emissions is becoming increasingly important. 

Operational considerations 

The probleni of controlling emissions is complicated by the fact that gas turbines 
may be operated over a wide range of power and ambient conditions. The off­
design performance of gas turbines will be discussed in Chapters 8 and 9, where 
it will be shown that different engine configurations will have widely varying 
operating characteristics. As a simple example, power changes on a single-shaft 
gas turbine driving a generator will occur with the compressor operating at con­
stant speed and approximately constant airflow, while an engine with a free power 
turbine must operate at different compressor speeds, and hence airflows, as the 
power setting is changed. Multi-spool and variable geometry compressor systems 
introduce further problems. In the past, the function of the engine control system 
was to provide the correcr amount of fuel for all operating conditions, both steady 
state and transient; emissions control was a function of the combustor design. 
With modem engines, however, the control system plays a major role in adjusting 
fuel/ air ratios to minimize emissions over the complete operating range; this may 
involve supplying fuel to different zones of the combustor at different operating 
conditions, and is only possible with the advent of sophisticated digital fuel 
control systems. ·· 

With gas turbines being increasingly used for large base-load electricity 
generation, they consume very large quantities of fuel; they are normally operated 
at a fixed rating for long periods, but may be operated at lower loads for shorter 
periods. Cogeneration installations are generally designed to operate at full load 
on a continuous basis, but are more lilcely to be located close to residential areas 
than is the case for power stations. Pipeline gas turbines are often located in 
remote regions, and will mostly operate at steady power settings; at the present 
time they have not been subjected to the same emissions standards as power 
stations, but it is lilcely that this will change in the near future. 

Aircraft engines have two quite different requirements. The fust is for very 
high combustion efficiency at low power, because of the large amounts of fuel 
burned during taxiing and ground manoeuvring. The primary problem here is the 
reduction of UHC. At take-off power, climb and cruise the main concern is NOx. 
The International Civil Aviation Organization (ICAO) sets standards on a 
worldwide basis, both for the take-off and landing cycle and also for cruise at 
high altitude; the first is concerned with air quality in the vicinity of airports and 
the second with ozone depletion in the upper atmosphere. 

Pollutant formation 

For many years the attention of combustion engineers was focussed on the design 
and development of high efficiency combustors that were rugged and durable, 
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followed by relatively simple solutions to the problem ofsmoke. When the re­
quirements for emission control emerged, much basic research was necessary to 
establish the fundamentals of pollutant formation. 

The single most important factor affecting the formation of NOx is the flame 
temperature; this is theoretically a maximum at stoichiometric conditions and will 
fall off at both rich and lean ~tures. Unfortunately, while NOx could be reduced 
by operating well away from stoichiom.etric, this results in increasing fonnation of 
both CO and UHC, as shown in Fig. 6.12. The rate offonnation ofNOx varies 
exponentially with the flame temperature, so the key to reducing NOx is reduction 
of the flame temperature. The fom1ation of NOx is slightly dependent on the 
residence time of the fluid in the combustor, decreasing in a linear fashion as 
residence time is reduced; an increase in residence time, however, has a 
favourable effect on reducing both CO and UHC emissions. Increasing the 
residence time implies an increase in combustor cross-sectional area or volume. 

It is important to understand the relationship between emissions and the key 
cycle parameters of pressure ratio and turbine inlet temperature. Initial attempts to 
correlate emissions were based on the pollutants produced for a given power 
level, but it was soon realized that the rate of formation of pollutants depends on 
the internal conditions in the combustor, which are functions of the basic cycle 
parameters. One of the most widely used correlations was due to Lippfert, Ref. 
(5), who found that NOx emissions increased with combustor inlet temperature 
(i.e. compressor delivery temperature). His correlation was based on results from 
a range of engines from small APUs to the high bypass turbofans of the period 
such as the JT-9D. This work led to the unwelcome conclusion that the use of a 
high pressure ratio to obtain high efficiency will have a deleterious effect on 
emissions. Fortunately this is no longer true. Once designers of combustion 
systems began to understand the problem and incorporate the necessary measures 
to minimize NOx, it was found that cycle pressure ratio did not have a major 
effect: it is the flame temperature which is important. Figure 6.13, a correlation 
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from Leonard and Stegmaier, Ref (6), shows that NOx emissions can be more 
than halved by reducing the flame temperature from 1900 K to 1800 K. In this 
figure NOx is measured in units of 'corrected ppmvd', which means 'parts per 
million by volume of dry exhaust gas corrected to standard pressure and 
temperature'. In the next subsection we will consider some of the methods used to 
rrrinllnize emissions. 

Methods for reducing emissions 

Emissions control requirements for NOx were first applied to stationary gas 
turbines in the Los Angeles area in the early 1970s, where it was found 
that an emissions level of about 75 parts per million by volume of dry exhaust 
(75 ppmvd) when burning oil could be achieved by injecting water into the 
combustor to lower the flame temperature. Because of this the Environmental 
Protection Agency (EPA) set this level as a standard for new installations; with 
the increasing use of gas turbines and the longer running hours associated 
with base-load or cogeneration plant these limits have become ever more restric­
tive. Areas which are particularly environmentally sensitive, such as Southern 
California and Japan, have promulgated even lower levels. Europe also began to 
introduce their own standards, in this case specifying pollutants in terms of 
mgjm3 of exhaust flow. Thus there are many varied requhements to be met in 
different parts of the world and even in different areas of the same country. 

The picture is rather more coherent with respect to emissions from civil 
aircraft, where standards are set on a world-wide basis by the International Civil 
Aviation Organization (ICAO) with limits being set following extensive 
deliberations by multinational committees. Limits are specified in terms of the 
an1ount of pollutants produced per unit thrust or unit mass of fuel burned, with 
emphasis on both the take-off/landing cycle and the high altitude cruise 
condition. 
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The emission of pollutants into the atmosphere may be taclded either during 
the combustion process, or post combustion by exhaust clean-up; the latter 
method is widely used in coal burning steam plant, e.g. as flue gas 
desulphurization. Gas turbine designers have chosen to attack the problem by 
focusing on new combustor designs, although sometimes exhaust clean-up is also 
used to obtain very low emissions. There are basically three major methods of 
minimizing emissions: (i) water or steam injection into the combustor, (ii) 
selective catalytic reduction (SCR) and (iii) dry low NO, (so called because no 
water is involved). 

(i) Water or steam injection 
As stated earlier, the purpose of water injection is to provide a substantial de­
crease in flame temperature. In the first installations where this was used it was 
found that to obtain 75 ppmvd it was necessary to use half as much water as fuel, 
resulting in approximately 40 per cent reduction in NOx. The amounts of water 
required are substantial, and demineralized water must be used to prevent cor­
rosive deposits in the turbine. For lower levels ofNOx the water/fuel ratio may be 
1·0 or even higher. Unfortunately, the small increase in power due to the higher 
mass flow through the turbine is offset by a decrease in thermal efficiency. It is 
also found that increasing the water/fuel ratio, while continuing to decrease NOx, 
increases both CO and UHC emissions. In many locations water is scarce or 
expensive, and is obviously difficult to use on a year round basis in countries 
where the ambient temperature is well below freezing for months on end. To give 
some indication of the amounts of water required, a 4 MW gas turbine needs 
about 4 million litres of water annually. It is clear that water injection introduces 
many new problems for the operator, but it has been successful in allowing 
operation at low levels of NOx while better methods are developed. 

Steam injection operates on the same principle, and is often available at high 
pressure from the waste heat boiler (WHB) in combined cycle or cogeneration 
installations. With high -efficiency engines operating at compressor delivery 
pressures in excess of 30 bar, the availability of steam at even higher pressures is 
necessary. As an example, a 40 MW aero-derivative gas turbine may use about 25 
per cent of the steam produced in the WHB for NOx control. 

(ii) Selective Catalytic Reduction 
SCR has been used in situations where extremely low ( <1 0 ppmvd) limits of 
NOx have been specified. This is a system for exhaust clean-up, where a catalyst 
is used together with injection of controlled amounts of anunonia (NH3) resulting 
in the conversion of NOx to N2 and H20. The catalytic reaction only occurs in 
a limited temperature range (285--400 oq, and the system is installed midway 
through the WHB; because of the limited temperature range, SCR can be used 
only with waste heat recovery applications. The use of SCR introduces a whole 
range of new problems including increased capital cost, handling and storage of a 
noxious fluid, control of NH3 flow and difficulty in dealing with variable loads. 
SCR systems have been used in gas turbines burning natural gas, and although 
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proposed for units burning oil it appears that none have actually been built at the 
time of writing. The need arose because of the installation of dual-fuel engines 
which may be required to operate for relatively short periods on oil when the gas 
supply is interrupted. It appears likely that SCR will be a method which is 
superseded as dry low NOx systems enter the market. 

(iii) Dry low NOx 
Currently all designers of gas turbines are heavily involved in research and de­
velopment into combustor designs capable of operation at low levels of NOx 
without any requirement for water, i.e. dry systems. Remembering the exponen­
tial variation of NOx emissions wilh flame temperature, it is possible to consider 
either lean burning or rich burning in the primary zone to achieve the necessary 
reduction in flame temperature. Both approaches have been investigated; in the 
case of rich burning, there is the probability of smoke being produced in the 
primary zone. This led to investigation of the rich bum/quick quench concept in 
which the combustor is designed with two axial 'stages', with rich combustion in 
the first followed by large amounts of dilution air in the second. Most manu­
facturers, however, have decided to use the lean burn approach, with the major 
modification of pre-mixing lhe air and fuel prior to combustion. The use of lean 
burn, however, leads to problems of maintaining stable combustion as power is 
reduced; this leads to significant increase in the complexity of the engine control 
system. Many different design approaches have been used by the principal engine 
manufacturers, and some of these will be considered in the next subsection. 

Design of dry low NOx systems 

There are three approaches to the design of dry low NOx systems, depending on 
the type of gas turbine. With the industrial gas turbine, considerable space is 
available and the fuel is usually natural gas. For aircraft engines volume and 
frontal area must be kept to a minimum, and liquid fuel is always used. The third 
type requiring special consideration is the aero-engine which has been modified 
for use as a land-based unit: it is then necessary for the new combustor to be 
capable of being retrofitted in place of the original. There are a large number of 
these aero-derivative gas turbines in use which may be subject to more severe 
emissions limits than when they entered service. This is also true for industrial 
engines, where the problem is eased by the less stringent demands on space. 

It is only possible to give a very brief overview of some of the approaches 
talcen, but the wide range of solutions arrived at gives some indication of the 
amount of on-going research and development. An important concept for 
emissions reduction is fuel staging, where the total engine fuel flow is divided 
into two parts which are supplied separately to two distinct combustion zones. 
One of these is fuelled continuously, providing fuel for starting and idling, acting 
as a pilot stage. The bulle of the fuel is burned in the second zone, which serves as 
the main stage of combustion. Fuel staging is widely used in modem combustors, 
and many different arrangements are found in practice. 
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(i) Industrial gas turbines 
General Electric have always used multiple combustors in a carmular configura­
tion in their heavy industrial gas turbines, so their approach is based on modifi­
cations to the individual cans. The original cans had a single burner, but this has 
been replaced by a ring of six primary dual-fuel burners surrounding a single 
secondary dual-fuel burner. The combustor is shown schematically in Fig. 6.14. 
A convergent-divergent section at the end of the primary zone serves to accel­
erate the flow to prevent upstream propagation of the flame from the second stage 
to the first, that could happen under some modes of operation. The venturi also 
produces a recirculation zone on its downstream face to stabilize the flame. The 
split of fuel between the primary and secondary burners changes with load. At 
start up, and up to 20 per cent load, all the fuel is supplied to the primary burners 
and combustion tal(es place in the first stage. From about 20-40 per cent load, 
about 30 per cent of the fuel is supplied to the secondary burner and lean 
combustion talces place in both stages. At about 40 per cent load, all fuel is 
supplied to the secondary burner with no combustion in the first stage; this is a 
transient situation leading to fully pre-mixed operation. From 40-100 per cent 
load, fuel is supplied to all burners (approximately 83 per cent to the primary set), 
the fuel is pre-mixed in the primary stage and then combustion talces place only in 
the second stage. The development of this combustor is described by Davis and 
Washam Ref. (7). 

Siemens and ABB have adopted the approach of developing single burners, 
which can then be used in the numbers required for the specified power output. 
The Siemens development is referred to as a hybrid burner, operating in different 
modes at low and high power. At low power only a pilot burner is lit, providing a 
diffusion flame. At about 40 per cent load, the mode is changed to pre-mixed lean 
burning, giving very low emissions of both NOx and CO. The burners are 
designed to burn gas, liquids, or gas and liquids simultaneously, and also to use 
water or steam for NOx reduction. The variation of emission levels with load is 
shown in Fig. 6.15. A rotating shutter ring is used to control fuel/air ratio at low 
powers to keep emissions at an acceptable level, and the engine air flow is 
modified by use of variable inlet guide vanes (VIGVs) in the compressor. 
Maghon et al. (8) describe the development of this burner. The ABB approach is 
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FIG. 6.14 Calli for General Electric low NOx combustor 
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novel, using a double-cone burner where flame stabilization is achieved by vortex 
breakdown at exit from the burner as shown in Fig. 6.16. This is another example 
of a pre-mixed lean burn system, and the burner is used in both silo type and fully 
annular combustors. The burners are arranged in concentric circles, and various 
segments are lit in sequence as power is increased. Development of this concept is 
described by Satte];meyer et al. (9). 

The methods described above are all based on the requirements of single-shaft 
units which operate at constant speed. Solar Gas Thrbines build smaller units, up 
to 10 MW, most of which use free turbines requiring variation in compressor 
speed, and hence airflow, as load is changed. Their solution also uses the pre­
mixed lean burn concept, but requires the use of overboard bleed from 
compressor discharge at low power to provide the correct fueljair ratio to 
maintain the specified emission levels. This is a simple and reliable method, but a 
penalty in thermal efficiency is incurred when using bleed. Etheridge (10) 

front 

FIG. 6.16 ABB Dual-fuel double-cone burner [courtesy ABBI 

Air 
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(a) Parallel staging (b) Axial stag1ng 

FIG. 6.17 L()w-emission aero-engine combustors 

describes field experience with this system, including the effects of ambient 
temperatures on emissions; NOx increases at low· temperatures, whereas CO 
increases at high temperatures. This once again illustrates the many problems 
facing the combustion designer. 

(ii) Aircraft gas turbines 
ICAO sets standards for emissions for both the take-off/landing cycle and the 
cruise condition. The talce-off/landing cycle prescribes standard times at take-off 
and approach power, and the limits are specif1ed in te1ms of gjkN of take-off 
thrust At typical subsonic cruise conditions a modem turbofan produces about 
12 g ofNOx per kg of fuel burned, compared to about 34 gjkg at talce-off; this is 
primarily due to the reduction in turbine inlet temperature at cruise. Emissions 
of UHC and CO are negligible in comparison, as low as 0·1 and 0-6 g/kg re­
spectively, both at take-off and cruise. These data are from Bahr Ref. ( 11 ), who 
also shows that for a modem twin engine transport operating over an 800 km 
range approximately 25 per cent of the emissions are produced during the take­
off/landing cycle, with the remainder during climbjcruisejdescent; approxi­
mately 86 per cent of the total emissions are NOx. 

The aircraft problem can be solved by using lean primary zone mixtures, but 
great care must be talcen that this does not result in unacceptable losses in ignition 
and blowout performance or unacceptable increases in UHC and CO emissions at 
idle. These conflicting requirements led to the development of combustors using 
two or more combustion zones which may be staged, either in parallel or in series. 

General Electric developed a double annular combustor for civil aircraft 
engines, resulting in parallel staging. The arrangement is shown schematically in 
Fig. 6.17(a); during starting, idle and relighting at altitude only the outer ring of 
burners is fuelled. At normal operating conditions both annuli are fuelled and the 
fuel flow split can be adjusted to provide lean fueljair ratios in both zones at high 
powers. Future requirements for lower emissions may require pre-mixing as well, 
but this adds considerably to the complexity of the combustor design; Bahr, Ref. 
(II), discusses some of the problems which must be overcome. 

The alternative approach of axially staged combustion was adopted by 
International Aero Engines for the design of a low NOx combustor for the V2500, 
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as described by Segelman eta!. Ref. (12). The combustor layout is shown in Fig. 
6.17(b), and results in a longer combustor than could be achieved with a double 
annular arrangement. This layout, however, was chosen because it was considered 
to have greater potential for emissions reduction, and the length penalty could be 
reduced by using the staggered inline arrangement shown. 

(iii) Aero-derivative engines 
Aero-derivative units in service in the mid 1990s were based on aero-engines 
developed in the early 1970s which incorporated very compact annular combus­
tors. These engines were not designed with low emissions in mind, and having 
high design pressure ratios the level of emissions was high. This was overcome 
by using water or steam injection, especially in cogeneration applications. As 
pointed out earlier, water or steam injection introduces many operational probl­
ems and is particularly inappropriate for pipeline applications. Manufacturers of 
aero-derivative engines have therefore been forced to develop dry low NOx 
systems, which have to be retrofittable to engines in the field. 

The well proven concept of lean pre-mixed combustion has been adapted. It is 
interesting to contrast the solutions arrived at by General Electric and Rolls­
Royce. The General Electric system increases the combustor volmne to get longer 
residence times for low UHC and CO, and this is done by increasing the depth of 
the annulus; three concentric circles of burners are used, with a centre-body 
between each circle. The outer two circles each have 30 burners, while the inner 
has 15; the burners. are mounted on a stalk which may have either 2 or 3 burners, 
to allow for the reduced nmnber in the inner circle. As in the case of the ABB 
design, they can be lit in sequence as power is increased. Leonard and Stegmaier, 
Ref. (6), discuss the development of the low emissions combustor for the 
LM6000, and the same technology will be applied to the other aero derivatives in 
the General Electric stable (LM2500 and LM1600). 

Rolls-Royce have moved away from the fully annular combustor to separate 
combustion cans arranged radially inwards; this gives the increased volmne 
required for increased residence time, without the need for any increase in length. 
This system was originally developed for the RB 211, Ref. (11), but a similar 
system is used on the industrial version of the Trent. Figure 1.16 shows the aero 
and industrial versions on the same centreline and clearly shows the differences 
between the two combustors. Corbett and Lines, Ref. (14), show that the need for 
introducing the fuel in stages results in a very sophisticated control system; the 
problems are more complex than on the single-shaft machines described earlier, 
because the compressor speeds and airflow are changing continually on the multi­
spool engine as load is increased. 

6.8 Coal gasification 

The prospect of future shortages of natural gas has led to a resurgence of interest 
in the use of coal. Several closed-cycle gas turbines, with external combustion, 
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were built in Germany and ran successfully for over 120 000 hours. All but one 
have been decommissioned. They were small units of 2-17 MW and were not 
economic with the current relative price of coal and gas. This German experience 
is described in Ref. (15). 

The approach receiving most attention at the present time is integration of a 
coal gasification process with a. combined cycle plant, described by the acronym 
IGCC. The principle was discussed in section 1.7, and Fig. 1.21 showed a 
diagrammatic sketch of a possible scheme. The actual gasification takes place in a 
pressure vessel where coal is reacted with an oxidant (steam, oxygen or air) 
yielding a 'dirty' gas and slag or ash. The dirty gas may contain particulates 
which must be removed by cyclone separators to avoid damage to the turbine and 
also undesirable chemicals which cause corrosion and pollution. In particular, 
sulphur is likely to be present in the form of either H2S or S02; coal with up to 7 
per cent sulphur may have to be used. In many systems the sulphur is reduced to 
its elemental form and is then sold as a valuable by-product. The cleaned fuel gas 
is then delivered to the combustor. It should be noted that the purification (clean­
up) process often requires cooling of the dirty gas, and the heat removed is 
transferred to the steam raising process. 

Three types of gasifier are under development: (i) moving bed, (ii) fluidized 
bed and (iii) entrained bed in which the coal and oxidant are introduced together. 
The oxidant preferred seems to be either air or oxygen, rather than steam. Some 
relevant characteristics of four gasifiers are given in the following table: 

Bed Type Feed Oxidant 02 flow Gas Temp 
(kg/kg coal) (K) 

Texaco Entrained Slurry 02 0-9 1480 
Shell Entrained Dry 02 0·85 1750 
Combustion Engineering Entrained Dry Arr 0·7 1280 
British Gas/Lurgi Moving Dry 02 0-5 1000 

The gas temperature is that following the gasification process, and a high value 
requires more complex integration into the steam raising process. The quantity of 
oxygen required per unit mass of coal is important, as an oxygen blown gasifier 
requires the incorporation of an air separation unit (ASU), which separates the 
oxygen from the nitrogen in some of the compressor delivery air. The ASU is a 
complex and expensive component with a considerable power demand; the 
chemical process required for separation is beyond the scope of this book. With 
air blown gasifiers the resulting gas has a low calorific value (4500-5500 kJ/m3) 

because of the large nitrogen content; oxygen blown units give gas with a 
significantly higher calorific value (9000-13 000 kJ/m3

). 

Two major demonstration projects have been the Cool Water plant in 
Califomia and the Buggenum plant in Holland. Cool Water used a Texaco gasifier 
mated to a General Electric gas turbine, which demonstrated that a standard 
80 MW gas turbine could operate in IGCC configuration on an electric utility 
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system. The plant was operated from 1984 to 1989, and completed 27 000 hours 
using four different coals. A dual-fuel system was used, permitting operation on 
distillate fuel during periods when gasifier maintenance was required. The 
emissions achieved were excellent, with NOx values of 20 ppm; the ash produced 
was non-hazardous and saleable. The Cool Water plant was purchased by Texaco 
and will continue to be used to provide electricity while gaining further 
operational experience on the gasifier. The coal consumption was about 1100 
tonne/day and the maximum output was 118 MW; this is too small for a 
commercial plant, but successfully demonstrated the concept at large scale. It is 
anticipated that a modem gas turbine and improved gasifier could give an IGCC 
efficiency of 40-42 per cent, compared with conventional co&l-fired steam plant 
efficiencies of 36-38 per cent. 

A larger demonstration unit, with an output of 250 MW, started operations at 
Buggenum in Holland at the end of 1993. The IGCC uses a Siemens gas turbine 
combined with a Shell gasifier; the gas turbine has to be capable of operating on 
both natural gas and coal gas, with natural gas used for start up and operation 
when the gasifier requires maintenance. The steam turbine is also supplied by 
Siemens, and the heat to the steam cycle is transferred both from the gas turbine 
exhaust and the heat rejection from the gas clean-up process. The gasification unit 
has a capacity of 2000 tonne/day and oxygen for the gasifier is supplied by an 
ASU with a capacity of 1700 tonne/day. The air supply for the ASU is bled from 
the compressor discharge, saving the need for a separate compressor. The coal gas 
is desulphurized to· produce sulphur as a saleable connnodity. Figure 6.18 shows 
the plant layout, where it can be seen that the gas turbine/steam turbine/generator 
is dwarfed by the gasification plant, the ASU and the sulphur processing plant. 

The clean coal gas, after sulphur removal, has a composition of approximately 
65% CO, 30% Hz, 1% COz, 1% H20 and 3% Nz +Argon. Both CO and Hz have 
adiabatic flame temperatures that are higher than for natural gas, which would 
result in a substantial increase in NOx. The technology of pre-mixing the fuel and 
air to minimize NOx cannot be used because of the high concentration of H2, 

which would form an explosive mixture. The adiabatic flame temperature is 
lowered by another method, dilution with inert constituents; 16 per cent of the 
compressor delivery air is used for the ASU and the nitrogen resulting from the 
separation process is used to dilute the coal gas. Further dilution is provided by 
water vapour resulting from saturating the gas with warm water, and the low 
flame temperature results in very favourable levels of NOx. 

Although designed as a demonstration plant, to prove the technology at large 
scale, a very creditable thermal efficiency of 4 3 per cent is obtained. It is predicted 
that with developments in both the gas turbine and the gas purification process the 
efficiency could be raised to 48 per cent. It also appears that the technology used 
would be capable of being scaled up to 400 MW, and possibly even to 600 MW. 

While coal gasification has still to be fully proved in connnercial service, 
progress to date is extremely encouraging and suggests that it may be 
economically viable for large power stations. Many of the large natural gas­
fired combined cycles commissioned in the early 1990s could eventually be 
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FIG. 6.111 IGCC plant, Buggennm [courtesy Ilemlwlec] 

converted to coal gasification if the supply of natural gas becomes inadequate to 
meet growing demand. When planning expansion of an electric power system, by 
adding power stations, utilities may do this in phases. In the first phase, simple 
cycle units may be installed quicldy to provide the initial increase in capacity; 
they do not, of course, have a high enough thermal efficiency for long term use as 
base-load plant. In the second phase, these could be converted to combined cycle 
operation; steam turbines take longer to manufacture and install, largely because 
of the extensive civil engineering work required. The second phase may be 
completed about one or two years after the first phase. Finally, if the supply of 
natural gas becomes a problem the combined cycle plants could be converted to 
an IGCC system. 



Axial and radial flow turbines 

As with the compressor, there are two basic types of turbine-radial flow and 
axial flow. The vast majority of gas turbines employ the axial flow turbine, so 
most of the chapter will be devoted to the theory of this type. The simple mean­
diameter treatment is described first, and the essential differences between steam 
and gas turbine design are pointed out. The application of vortex theory is then 
discussed, followed by a description of the method of applying cascade test data 
to complete the design procedure and provide an estimate of the isentropic ef­
ficiency. Recent developments in the calculation of blade profiles to give specified 
velocity distributions are also mentioned. Blade stresses are considered briefly 
because they have .. a direct impact upon the aerodynamic design. The chapter 
closes with a section on the cooled turbine, followed by some material on the 
radial flow turbine. 

The radial turbine can handle low mass flows more efficiently lhan the axial 
flow machine and has been widely used in the cryogenic industry as a 
turboexpander, and in turbochargers for reciprocating engines. Although for all 
but the lowest powers the axial flow turbine is normally the more efficient, when 
mounted back-to-baclc with a centrifugal compressor the radial turbine offers the 
benefit of a very short and rigid rotor. This configuration is eminently suitable for 
gas turbines where compactness is more important than low fuel consumption. 
Auxiliary power units for aircraft (APUs), generating sets of up to 3 MW, and 
mobile power plants are typical applications. 

7.1 Elementary theory of axial flow turbine 

Figure 7 .I shows the velocity triangles for one axial flow turbine stage and the 
nomenclature employed. The gas enters the row of nozzle bladest with a static 
pressure and temperature p 1,T1 and a velocity Cb is expanded to p2,T2 and leaves 

t These are also known as 'stator blades' and 'nozzle guide vanes'. We shall use suffix N when 
necessary to denote quantities associated with the nozzle row, but will often use the tenn 'stator' in the 
text. Suffix s will be used to denote 'stage'. 
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FIG. 7.1 Axialliow turbine stage 

with an increased velocity C2 at an angle IX2.t The rotor blade inlet angle will be 
chosen to suit the direction p2 of the gas velocity V2 relative to the blade at inlet. 
p2 and V2 are found by vectorial subtraction of the blade speed U from the 
absolute velocity C2. After being deflected, and usually further expanded, in the 
rotor blade passages, the gas leaves at p 3,T3 with relative velocity V3 at angle P3· 
Vectorial addition of U yields the magnitude and direction of the gas velocity at 
exit from the stage, C3 and IX3. IX3 is lmown as the swirl angle. 

In a single-stage turbine cl will be axial, i.e. IXJ = 0 and cl =Cal· If on the 
other hand the stage is typical of many in a multi-stage turbine, C1 and IX1 will 
probably be equal to C3 and IX3 so that the same blade shapes can be used in 
successive stages: it is then sometimes called a repeating stage. Because the blade 
speed U increases with increasing radius, the shape of the velocity triangles varies 
from root to tip of the blade. We shall assmne in this section that we are tall(ing 
about conditions at the mean diameter of the annulus, and that this represents an 
average picture of what happens to the total mass flow m as it passes through the 
stage. This approach is valid when the ratio of the tip radius to the root radius is 
low, i.e. for short blades, but for long blades it is essential to accomlt for three­
dimensional effects as shown in subsequent sections. 

(Cw2 + Cw3) represents the change in whirl (or tangential) component of 
momentum per unit mass flow which produces the useful torque. The change in 
axial component (Ca2- Ca3) produces an axial thrust on the rotor which may 
supplement or offset the pressure thrust arising from the pressure drop (p2 - p 3). 

In a gas turbine the net thrust on the turbine rotor will be partially balanced by the 
thrust on the compressor rotor, so easing the design of the thrust bearing. In what 

t In the early days of gas turbines the blade angles were measured from the tangential direction 
following steam turbine practice. It is now usual to measure angles from the axial direction as for axial 
compressor blading. 

Dinesh
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follows we shall largely restrict our attention to designs in which the axial flow 
velocity Ca is constant through the rotor. This will imply an annulus flared as in 
Fig. 7.1 to accommodate the decrease in density as the gas expands through the 
stage. With this restriction, when the velocity triangles are superimposed in the 
usual way we have the velocity diagram for the stage shown in Fig. 7.2. 

The geometry of the diagram gives immediately the relations 

u C = tan o:2 - tan {32 = tan {33 - tan o:3 (7 .1) 
a 

Applying the principle of angular momentum to the rotor, the stage work output 
per unit mass flow is 

Jif~ = U(Cw2 + Cw3) = UCa(tan O:z +tan o:3) 

Combining with (7 .I) we have Ws in terms of the gas angles associated with the 
rotor blade, namely 

(7.2) 

Note that the 'work-done factor' required in the case of the axial compressor is 
unnecessary here. This is because in an accelerating flow the effect of the growth 
of the boundary layer along the annulus walls is much less than when there is a 
decelerating flow with an adverse pressure gradient. 

From the steady flow energy equation we have Ws = cpflT0, where ATos is the 
stagnation temperature drop in the stage, and hence 

(7.3) 

When the stage inlet and outlet velocities are equal, i.e. C1 = C3, (7 .3) also gives 
the static temperature drop in the stage AT5 • In Chapter 2 we used as typical of 
combustion gases the average values 

cP = 1·148 kJjkg K; y = 1.333 oryj(y- I)= 4 

and noted that they were consistent with a gas constant R of 0·287 kJ/kg K. For 
preliminary design calculations these values are quite adequate and we shall use 
them throughout this chapter. With velocities in m/s, !lT05 in Kelvin units is 
conveniently given by 

AT0s = 8·71 C~o) C?o)(tan {32 +tan {33) (7.4) 

u 

1....._ ~2 
-------- I 

Cw2 + cw3 ~I 
FIG. 7.2 Velocity diagram 
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The stagnation pressure ratio of the stage p 0 J/p03 can be found from 

[ ( 

1 )()'-1)/Y] 
L'l.Tas = 11sTol 1- --­

PoJ!Po3 
(7.5) 

wbere 11s is the isentropi~ stage efficiency based on stagnation (or 'total') tem­
perature. Equation (7.5) is simply equation (2.12) applied to a stage, and 11s is 
often called the total-to-total stage efficiency. It is the appropriate efficiency if the 
stage is followed by others in a multi-stage turbine because the leaving kinetic 
energy cq /2) is utilized in the next stage. It is certainly also relevant if the stage 
is part of a turbojet engine, because the leaving kinetic energy is used in the 
propelling nozzle. Even if it is the last stage of an industrial plant exhausting to 
atmosphere, the leaving kinetic energy is substantially recovered in a diffuser or 
volute and, as explained under the heading 'Compressor and turbine efficiencies', 
section 2.2, we can putp03 =pa and regard 11s as the combined efficiency of the 
last stage and diffuser. [Although we shall not use it, it should be noted that a 
total-to-static isentropic efficiency is sometimes quoted for a turbine as a whole 
and for a stage, and it would be used where it is desirable to separate the turbine 
and exhaust diffuser losses. Applied to the stage, we would have 

1 
. ffi . Tal - T03 

tota -to-static e Iclency = ----, 
To1 -- T3 

where T~ is the static temperature reached after an isentropic expansion from p 01 

to p 3• It assumes that as far as the turbine is concerned all the leaving kinetic 
energy is wasted, and its value is somewhat less than the total-to-total efficiency 
which we shall use here.] 

There are three dimensionless parameters found to be useful in turbine design. 
One, which expresses the work capacity of a stage, is called the blade loading 
coefficient or temperature drop coefficient t/1. We shall adopt NGTE practice and 
define it as cPL'l.Tos! ~ U2

, although cPAT0sfU2 is also used. Thus from equation 
(7.3), 

2c L'l.T0s 2C 
t/1 = ~ = cfCtan /32 +tan /33) (7.6) 

Another useful parameter is the degree of reaction or simply the reaction A. 
This expresses the fraction of the stage expansion which occurs in the rotor, and it 
is usual to define it in terms of static temperature (or enthalpy) drops rather than 
pressure drops, namely 

For the type of stage we are considering, where Caz = Ca3 = Ca and C3 = Cb a 
simple expression for A can be derived as follows. From (7.4), 
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Relative to the rotor blades the flow does no work and the steady flow energy 
equation yields 

cp(T2 - T3) = ! (V? - V]) 

And thus 

=! C~(sec2 {33 - sec2 {32) 

= ! c,;c tan2 {33 - tan2 {32) 

A =~~(tan {33 -tan {32) (7.7) 

The third dimensionless parameter often referred to in gas turbine design 
appears in both equations (7.6) and (7.7): it is the ratio Ca/U called the flow 

coefficient¢. (It plays the same part as the blade speed ratio U/ C1 used by steam 
turbine designers.) Thus (7.6) and (7.7) can be written as 

l/1 = 2¢(tan {32 +tan {33) 

A= t(tan {33 -tan {32) 

(7.8) 

(7.9) 

The gas angles can now be expressed in terms of l/1, A and rjJ as follows. Adding 
and subtracting (7 .8) and (7 .9) in turn we get 

1 
tan [33 =-C! l/1 + 2A) (7.10) 

2¢. 

tan {32 = 2~ C!l/1- 2A) (7.11) 

Then using relations (7 .1 ), 

1 
tan 1X3 = tan [33 - ¢ 

1 
tan IX2 =tan {32 +-;p 

(7 .12) 

(7.13) 

Even with the restrictions we have already introduced (that is, Ca3 = Caz and 
C3 = C1), and remembering that stressing considerations will place a limit on the 
blade speed U, there is still an infinite choice facing the designer. For example, 
although the overall turbine temperature drop will be fixed by cycle calculations, 
it is open to the designer to choose one or two stages of large l/1 or a larger 
number of smaller l/J. To limit still further our discussion at this point, we may 
observe that any turbine for a gas turbine power plant is essentially a low pressure 
ratio machine by steam turbine standards (e.g. in the region of 10: 1 compared 
with over 1 000 : 1 even for cycles operating with subcritical steam pressures). 
Thus there is little case for adopting impulse stages (A= 0) which find a place at 
the high pressure end of steam turbines. Impulse designs are the most efficient 
type for that duty, because under such conditions the 'leakage losses' associated 
with rotor blade tip clearances are excessive in reaction stages. It must be 
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remembered that at the high pressure end of an expansion of large pressure ratio 
the stage pressure differences are considerable even though the stage pressure 
ratios are modest. Let us then rule out values of A near zero, and for the moment 
consider 50 per cent reaction designs. Our general knowledge of the way nature 
behaves would suggest that the most efficient design is likely to be achieved when 
the expansion is reasonably ev.enly divided between the stator and rotor rows. We 
shall see later that the reaction will vary from root to tip of the blade, but here we 
are thinking of 50 per cent reaction at the mean diameter. 

Putting A=0·5 in equation (7.9) we have 

1 
"¢=tan P3 - tan P2 (7.14) 

Direct comparison with relations (7 .1) then shows that 

(7 .15) 

and the velocity diagram becomes symmetrical. Further, if we are considering 
a repeating stage with C3 = C1 in direction as well as magnitude, we have o: 1 = 
o:3 = p2 also, and the stator and rotor blades then have the same inlet and outlet 
angles. Finally, from (7.10) and (7.15) we have for A= 0·5, 

t/1 = 4¢ tan P3 - 2 = 4¢ tan o:2 - 2 (7.16) 

and from (7 .11) and (7 .15) we get 

t/1 = 4¢ tan P2 + 2 = 4¢ tan o:3 + 2 (7.17) 

Equations (7.15), (7.16) and (7.17) give all the gas angles in terms of t/1 and¢. 
Figure 7.3 shows the result of plotting nozzle outlet angle o:2 and stage outlet 
swirl angle o:3 on a t/1-¢ basis. 

Because the blade shapes are determined within close limits by the gas angles, 
it is possible from results of cascade tests on families of blades to predict the 
losses in the blade rows and estimate the stage efficiency of the range of 50 per 
cent reaction designs covered by Fig. 7.3. One such estimate is shown by the 
efficiency contours superimposed on the t/1-¢ plot. The values of 1Js on the 
contours represent an average of detailed estimates quoted in Refs (1) and (2). 
Many assumptions have to be made about blade profile, blade aspect ratio 
(height/chord), tip clearance and so on, and no reliance should be placed upon the 
absolute values of efficiency shown. Nevertheless a knowledge of the general 
trend is valuable and even essential to fue designer. Similar curves for other 
values of reaction are given in Ref. (2). 

We may note that designs having a low 1jJ and low ¢ yield the best stage 
efficiencies. Referring to the comparative velocity diagrams also given in Fig. 7.3 
(drawn for a constant blade speed U), we can see that low values of t/1 and ¢ 
imply low gas velocities and hence reduced friction losses. But a low 1jJ means 
more stages for a given overall turbine output, and a low ¢ means a larger turbine 
annulus area for a given mass flow. For an industrial gas turbine when size and 
weight are of little consequence and a low SFC is vital, it would be sensible to 
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FIG. 7.3 50 per cent reaction designs 

design with a low t/1 and low ¢. Certainly in the last stage a low axial veloc'ity and 
a small swirl angle IX3 are desirable to keep down the losses in the exhaust 
diffuser. For an aircraft propulsion unit, however, it is important to keep the 
weight and frontal area to a minimum, and this means using higher values of t/1 
and ¢. The most efficient stage design is one which leads to the most efficient 
power plant for its particular purpose, and strictly speaking the optimum t/1 and ¢ 
cannot be determined without detailed calculations of the performance of the 
aircraft as a whole. It would appear from current aircraft practice that the 
optimum values for 1jJ range from 3 to 5, with ¢ ranging from 0·8 to 1·0. A low 
swirl angle ( IX3 < 20 degrees) is desirable because swirl increases the losses in the 
jet pipe and propelling nozzle; to maintain the required high value of t/1 and low 
value of IX3 it might be necessary to use a degree of reaction somewhat less than 
50 per cent. The dotted lines in the velocity diagram for t/1 = 4 indicate what 
happens when the proportion of the expansion carried out in the rotor is reduced 
and V3 becomes more equal to V2, while maintaining U, t/1 and ¢ constant. 

We will close this section with a worked example showing how a first tentative 
'mean-diameter' design may be arrived at. To do this we need some method of 
accounting for the losses in the blade rows. Two principal parameters are used, 
based upon temperature drops and pressure drops respectively. These parameters 
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FIG. 7.4 T-s diagram for a reaction stage 

can best be described by sketching the processes in the nozzle and rotor blade 
passages on the T-s diagram as in Fig_ 7.4. The full and chain dotted lines 
connect stagnation and static states respectively. T02 = T01 because no work is 
done in the nozzles; and the short horizontal portion of the full line represents the 
stagnation pressure drop (p01 - p 02) due to friction in the nozzles. The losses are 
of course exaggerated in the figure. When obtaining the temperature equivalent of 
the velocity of the gas leaving the nozzle row, we may say that ideally the gas 
would be expanded from T01 to T~ but that due to friction the temperature at the 
nozzle exit is T2, somewhat higher than l'!z- The loss coefficient for the nozzle 
blades may be defined either by 

1 _ Tz - T~ or y _ Po1 -Paz 
"w- 2 N-

Czf2cP Paz - Pz 
(7 .18) 

Both A and Y express the proportion of the leaving energy which is degraded by 
friction. YN can be measured relatively easily in cascade tests (the results being 
modified to allow for three-dimensional effects on the same lines as described for 
axial compressors), whereas AN is the more easily used in design. It will be shown 
that AN and YN are not very different numerically. 

Returning to Fig. 7.4, we see that ftniher expansion in the moving blade 
passages reduces the pressure to p3. Isentropic expansion in the whole stage 
would result in a final temperature T3, and in the rotor blade passages alone rr. 
Expansion with friction leads to a final temperature T3. The rotor blade loss can 
be expressed by 

1 _T3-T3' 
ILR- 2 

V3 /2cP 
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Note that it is defined as a proportion of the leaving kinetic energy relative to the 
row so that it can be related to cascade test results. As no work is done by the gas 
relative to the blades, Tmrel = Tozrel· The loss coefficient in terms of pressure drop 
for the rotor blades is defined by 

Jr _ Po2rel - Pmret 
R-

P03rel- P3 

We may show that A and Yare not very different numerically by the following 
argument (which applies equally to the stator and rotor rows of blades although 
given only for the former). 

JN =Po1 - Poz = (PodPoz)- 1 
Po2- Pz 1 - (p2/Poz) 

Now 

Pol =Pol P2 = (To/)y/(y-l)('!J__)1'1(y-
1
J 

Po2 Pz Poz Tz To2 

(
Tz)yf(y-1) 

= Tz because T01 = T02 

Hence 

y - (Tz/T2)YI(y-1)- 1 

N- 1 - _(Tz/Toz)Yf(y-JJ 

1 +-2 __ 2 -1 
[ 

T - T']yf(y- 1) 

Tz 

1- ~+1 [
T - 'l Jy/(y-1J 

To2 

Expanding the bracketed expressions binomially and using the first terms only 
(although not very accurate for the denominator) we have 

YN = Tz- Tz x To,z = )w(To;) ~ AN(Toz) (7.19) 
T02 - T2 T2 T2 T2 

From Appendix A, equation (8), we have the general relation 

To2 = (1 + Y - 1 Mi) 
T2 2 

Even if the Mach number at the blade exit is unity, as it might be for the nozzle 
blades of a highly loaded stage, A= 0-86Y and thus A is only 14 per cent less 
than Y. 

The type of information which is available for predicting values of A or Y is 
described briefly in section 7.4. AN and AR can be related to the stage isentropic 

efficiency 1Js as follows. 

T01 - T03 
1Js = T01 - T~3 I + (T03 - T~3)j(T01 - Tm) 



280 AXIAL AND RADIAL FLOW TURBINES 

Now a glance at Fig. 7.4 shows that 

T03 - Tb3 ::: (T3 - T~) = (T3 - T~') + (T~' - T3) 

But ( T~ 1 T~) = ( T2/ T'f) because both equal (p2IP3iy- 1 
Jiy. Rearranging and sub­

tracting one from both sides we get 

T~' - T~ = (T2 - T]J 'or (T" - T!) ::: (T - T') T3 
T' T' 3 3 2 2 T 

3 2 2 

Hence 

- 1 + [AR(Vlf2cp) + (T3/T2)AN(Cif2cp)]/(TOJ- T03 ) 

Alternatively, substituting V3 = Ca sec P3, C2 = Ca sec IJ(z, and 

cp(T01 - T03) = UCa(tan P3 +tan P2) 
= UCa[tan P3 +tan ()(2- (U /Ca)l 

equation (7.20) can be written in the form 

1 

1Js::: 1 Ca[AR sec2 P3 + (T3/T2)AN sec2 ()(2] 1 +-- -"---'-"'--..:._::.;c..___.;:~-__::. 
2 U tan P3 +tan ()(2- (U /Ca) 

(7.20) 

(7 .21) 

Because Y::: ,1, loss coefficients YR and YN may replace AR and AN in equations 
(7.20) and (7.21) if desired. 

For the purpose of the following example we shall assume that AN= 0·05 and 
1Js = 0·9. In suggesting /,11'= 0·05 we are assuming that convergent nozzles are 
employed and that they are operating with a pressure ratio (p0J/p2) less than the 
critical pressure ratio [(y + 1 )/2tCr-O. Convergent-divergent nozzles as in Fig. 
7.5(a) are not used, partly because they tend to be inefficient at pressure ratios 
other than the design value (i.e. at part load), and partly because high values of C2 

usually imply high values of V2. If the Mach number relative to the moving blades 
at inlet, Mv2, exceeds about 0·75, additional losses may be incurred by the 
formation of shock waves in the rotor blade passages (see section A.l of 
Appendix A). If V2 is in fact not too high, perhaps because a low value of the flow 
coefficient ¢ is being used as in an industrial gas turbine, there is no reason why 
convergent nozzles should not be operated at pressure ratios giving an efflux 
velocity which is slightly supersonic (namely 1 <M2 < 1·2): very little additional 
loss seems to be incurred. The pressure at the throats of the nozzles is then the 
critical pressure, and there is further semi-controlled expansion to p 2 after 
the throat. As depicted in Fig. 7.5(b), the flow is controlled by the trailing edge on 
the convex side. On the other side the supersonic stream expands as though 
turning a comer: it is possible to obtain some idea of the deflection of the stream 
by treating it as a Prandtl-Meyer expansion and using the method of 
characteristics (see section A.8 of Appendix A, and Ref. (2) for further details). 
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FIG. 7.5 Convergent-divergent nozzle, and convergent nozzle operating at a pressure 
ratio greater than the critical value 

As an example of turbine design procedure, we will now consider a possible 
'mean-diameter' design for the turbine of a small, cheap, turbojet unit, which 
should be a single-stage turbine if possible. From cycle calculations the following 
design-point specification is proposed for the turbine. 

Mass flow m 
Isentropic efficiency 11 1 

Inlet temperature T01 

Temperature drop T01-T03 

Pressure ratio Pod Po3 
Inlet pressure Po 1 

20 kg/s 
0·9 
!lOOK 
145 K 
1·873 
4bar 

In addition to this information, we are likely to have the rotational speed fixed by 
the compressor, the design of which is always more critical than the turbine 
because of the decelerating flow. t Also, experience will suggest an upper limit to 
the blade speed above which stressing difficulties will be severe. Accordingly, we 
will assume 

Rotational speed N 
Mean blade speed U 

250 rev/s 
340 mjs 

Finally, we shall assume a nozzle loss coefficient AN of 0·05 as a reasonable first 
guess. 

We will start by assuming (a) Ca2 = Ca3 and (b) C1 = C3• As it is to be a 
single-stage turbine the inlet velocity will be axial, i.e. IX1 = 0. From the data, the 
temperature drop coefficient is 

_ 2c/1Tos _ 2 X 1·148 >C 145 X 103 __ 
8 t/1 - U2 - 3402 - 2 8 

This is a modest value and there is no difficulty about obtaining the required 
output from a single stage in a turbojet unit wherein high values of Ca can be 
used. We will try a flow coefficient ¢ of 0·8 and, because swirl increases the 
losses in the jet pipe, an IX3 of zero. The degree of reaction that these conditions 
imply can be found as follows, remembering that because of assumptions (a) and 

t In practice the compressor and turbine designs interact at this point: a small mcrease in rotational 
speed to avoid the use of more than one stage in the torbine would normally be worthwhile even if it 
meant modifying the compressor design 
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(b) equations (7.8) to (7.13) are applicable. From equation (7.12) 

1 
tan o:3 = 0 = tan P3 - ""¢ 

tan p3 = 1·25 

From equation (7.10) 

1 I 
tan {33 = 

2
¢ (:zt/t + 2A) 

1 
1·25 = T-6(1-44 + 2A) 

A= 0·28 

We shall see from section 7.2 that when three-dimensional effects are included 
the reaction will increase from root to tip of the blades, and a degree of reaction of 
only 0·28 at the mean diameter might mean too low a value at the root. Negative 
values must certainly be avoided because this would imply expansion in the 
nozzles followed by recompression in the rotor and the losses would be large. 
Perhaps a modest amount of swirl will bring the reaction to a more reasonable 
value: we will try o:3 = 10 degrees. 

tan o:3 = 0·1763; tan p3 = 0·1763 + 1·25 = 1·426 

1 
1·426 = J.6 (1-44 + 2A) 

A= 0·421 

This is acceptable: the reaction at the root will be checked when the example is 
continued in section 7.2. The gas angles can now be established. So far we have 

o:3 = lOo; P3 = tan- 1 1·426 = 54·96° 

From equations (7 .11) and (7 .13) 

1 
tan P2 = T-6(1-44- 0·842) = 0·3737 

1 
tan IXz = 0·3737 + 

0
.
8 

= 1·624 

Pz = 20-49°; IX2 = 58·38° 

The velocity diagram can now be sketched as in Fig. 7 .6, and the next task is to 
calculate the density at stations 1, 2 and 3 so that the blade height hand tip/root 
radius ratio (r1/rr) can be estimated. We shall commence with station 2 because 
some modifications will be required if the pressure ratio p0 J/p 2 across the con­
vergent nozzles is much above the critical value, or if the Mach number relative to 
the rotor blades at inlet (M112) exceeds about 0·75. 
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340 m/s 

FIG. 7.6 

From the geometry of the velocity diagram, 

Ca2 = U rjJ = 340 X 0·8 = 272 m/s 

C - caz - __E__3__- 519 1 z- - - ms 
cos o:2 0-5242 

The temperature equivalent of the outlet velocity is 

Ci 5192 

T02 - T2 =- = -- = 117·3 K 
2cP 2296 

Since Toz = To 1 = 1100 K, Tz = 982·7 K 

I 1 Ci T2 - T2 = ILN- = 0-05 x 117-3 = 5·9 K 
, 2cP 

T~ = 982·7- 5·9 = 976·8 K 

p 2 can be found from the isentropic relation 

_Q!. = _Q!. = -- = 1-607 p (T )yf(y-
1
) ( 1100)

4 

Pz T~ 976·8 
4-0 

p2 = 
1

_
607 

= 2·49 bar 

283 

Ignoring the effect of friction on the critical pressure ratio, and putting A.= 1·333 
in equation (A.l2) we have 

POI (y + l)y/(y-1) 
-= - =1-853 
Pc 2 

The actual pressure ratio is 1·607, well below the critical value. The nozzles are 
not choking and the pressure in the plane of the throat is equal to p 2• 

p2 100 x 2·49 3 
Pz = RT

2 
= 0·287 x 982-7 = 0"883 kg/m 

Annulus area at plane 2 is 

A - m - 20 -0 3 2 
2 - -c - 0 83 2 2 - ·OS 3 m Pz a2 ·8 x 7 
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Throat area of nozzles required is 

m 2 
A2N = -- or A2 cos o:2 = 0·0883 x 0·524 = 0·0437 m 

P2C2 

Note that if the pressure ratio had been slightly above the critical value it would 
be acceptable if a check (given later) on M V2 proved satisfactory. p2 and A 2 would 
be unchanged, but the throat area would then be given by m/ PcCc, where Pc is 
obtained from Pc and Tc, and Cc corresponds to a Mach number of unity so that it 
can be found from y'(yRTc)· 

We may now calculate the annulus area required in planes 1 and 3 as follows. 
Because it is not a repeating stage, we are assuming that C1 is axial and this, 
together with assumptions (a) and (b) that C1 = C3 and Ca3 = Caz yields 

Ca3 272 
c 1 = c1 = c3 = -- = -- = 276·4 mjs 

a COS ()(3 COS 10° 

Temperature equivalent of the inlet (and outlet) kinetic energy is 

Ci = 276·4
2 = 33_3 K 

2cP 2296 

C2 
T1 = T01 --

2
1 = 1100-33-3 = 1067 K 

cP 

P1 ( T1 )yf(y-1) 4-0 
Pm = TO! or P1 = (1100/1067)4 = 3-54 bar 

_ 100 X 3-54 _ j. k 3 

P! - 0-287 X 1067 - 155 g/m 

m 20 2 
A = --= = 0·0626 m 1 p1Ca1 1·155 x 276-4 

Similarly, at outlet from the stage we have 

T03 = T01 - !J.T0s = 1100- 145 = 955 K 

c2 
T3 = T03 - _1_ = 955 - 33·3 = 922 K 

2cP 

Po3 is given in the data by POI(Po3/Po1) and hence 

P3 =Pm(~:Jy((y-
1

)= c.:73)(~~D
4

= 1-856 bar 

_100 X 1·856 _ 
0

_
702 

k 3 

p3 - 0·287 X 922- gjm 

A - __!!2_ - 20 - . 2 
3 - P3Ca3 0·702 X 272- 0 1047 m 

The blade height and annulus radius ratio at stations 1, 2 and 3 can now be 
established. At the mean diameter, which we shall now begin to emphasize by the 



ELEMENTARY THEORY OF AXIAL FLOW TURBINE 

use of suffix m, 

340 
Um = 2nNr '"' so that rm = -

2 
O = 0·216 m 

n25 

Since the annulus area is given by 

A =. 2nrmh = U'!J-h 

the height and radius ratio of the annulus can be found from 

h =AN= (250)A and 0_ = rm + (h/2) 
um 340 ' ~"r rm - (h/2) 

and the results are as given in the following table. 

Station 

A/[m2
] 

hf[m] 
r,frr 

0-0626 
0-046 
1-24 

2 

0-0833 
0·0612 
1-33 

3 

0-1047 
0-077 
1-43 

285 

Although we shall leave the discussion of the effects of high and low annulus 
radius ratio to a later section, we may note here that values in the region of 1· 2-
1·4 would be regarded as satisfactory. If the rotational speed, which we have 
assumed to be fixed by the compressor, had led to an ill-proportioned annulus, it 
would be necessary to rework this preliminary design. For example r,frr could be 
reduced by increasing the axial velocity, i.e. by using a higher value of the flow 
coefficient ¢. This would also increase the nozzle efflux velocity, but we noted 
that it was comfortably subsonic and so could be increased if necessary. 

The turbine annulus we have arrived at in this example is flared as shown in 
Fig. 7. 7. In sketching this we have assumed a value of blade height/width ratio of 
about 3-0 and a space between the stator and rotor blades of about 0-25 of the 
blade width. The included angle of divergence of the walls then becomes 
approximately 29 degrees. This might be regarded as rather high, involving a risk 

2 

FIG. 7.7 
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of flow separation from the inner wall where the reaction, and therefore the 
acceleration, is not large. 25 degrees has been suggested as a safe limit, Ref. (3). 
We shall not pause for adjustment here, because the blade height/width ratio of 
3·0 is merely a rough guess to be justified or altered later when the effect of blade 
stresses on the design has to be considered. Furthermore, the choice of 0·25 for 
the space/blade width ratio is rather low: a low value is desirable only to reduce 
the axial length and weight of the turbine. Vibrational stresses are induced in the 
rotor blades as they pass through the wakes of the nozzle blades, and these 
stresses increase sharply with decrease in axial space between the blade rows. 0-2 
is the lowest value of space/blade width ratio considered to be safe, but a value 
nearer 0·5 is often used and this would reduce both the vibrational stresses and 
the annulus flare. 

If it was thought desirable to reduce the flare without increasing the axial 
length of the turbine, then it would be necessary to repeat the calculations 
allowing the axial velocity to increase through the stage. It would be necessary to 
check the Mach number at exit from the stage, M3, because if this is too high the 
friction losses in the jet pipe become unduly large. For the present design we have 

M = _s_ = 276-4 = 0-4 
3 J(yRT3) J(l·333 X 0·287 X 922 X 1000) 

7 

This could be safely increased to reduce the flare if desired. [It must be remem­
bered that most of the equations we have derived, and in particular (7.8)-(7.13) 
relating i/J, ¢ and the gas angles, are not valid when Ca3 =P Ca2. It is necessary to 
revert to first principles or derive new relations. For example, relations (7 .1) 
become 

u u 
- = tan cx2 - tan P2 and - = tan P3 - tan cx3 
ca2 ca3 

and the temperature drop coefficient becomes 

Additionally, if the flare is not symmetrical U must be replaced by Um2 and Um 3 

as appropriate.] 
Finally, for this preliminary design we have taken losses into account via lw 

and 1Js rather than AN and AR. The value of ,1R implied by the design can be found 
by determining (T3 - T~'). Thus 

T2 = _1 orT~'= 982·7 '=913K ~ )
(J•-1)/]• 

T~' 3 (2-49/1·856)' 
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We also require the temperature equivalent of the outlet kinetic energy relative to 
the blading. 

ca3 272 v3 = --= = 473·5 mjs 
cos p3 cos 54·96° 

v; 473-52 

2cP := 2296 = 97 "8 K 

Then 

A = T3 - T~' = 922- 913 = 0_092 
R Vl/2cP 97 ·8 

Had we used the approximate relation between 1]., AN and AR, equation (7 .20), we 
would have found AR to be 0·1 08 (which is a useful check on the arithmetic). Note 
that AR > AN, which it should be by virtue of the tip leakage loss in the rotor 
blades. 

The next steps in the design are 

(a) to consider the three-dimensional nature of the flow in so far as it affects the 
variation of the gas angles with radius; 

(b) to consider the blade shapes necessary to achieve the required gas angles, 
and the effect of centrifugal and gas bending stresses on the design; 

(c) to check the design by estimating AN and AR from the results of cascade tests 
suitably modified to take account of three-dimensional flows. 

7.2 Vortex theory 

Early in the previous section it was pointed out that the shape of the velocity 
triangles must vary from root to tip of the blade because the blade speed U 
increases with radius. Another reason is that the whirl component in the flow at 
outlet from the nozzles causes the static pressure and temperature to vary across 
the annulus. With a uniform pressure at inlet, or at least with a much smaller 
variation because the whirl component is smaller, it is clear that the pressure drop 
across the nozzle will vary giving rise to a corresponding variation in efflux 
velocity C2. Twisted blading designed to take account of the changing gas angles 
is called vortex blading. 

It has been common steam turbine practice, except in low-pressure blading 
where the blades are very long, to design on conditions at the mean diameter, 
keep the blade angles constant from root to tip, and assume that no additional loss 
is incurred by the variation in incidence along the blade caused by the changing 
gas angles. Comparative tests, Ref. (4), have been conducted on a single-stage gas 
turbine of radius ratio 1·37, using in turn blades of constant angle and vortex 
blading. The results showed that any improvement in efficiency obtained with 
vortex blading was within the margin of experimental error. This contrasts with 
similar tests on a 6-stage axial compressor, Ref. ( 5), which showed a distinct 
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improvement from the use of vortex blading. This was, however, not so much an 
improvement in efficiency (of about I· 5 per cent) as in the delay of the onset of 
surging which of course does not arise in accelerating flow. It appears, therefore, 
that steam turbine designers have been correct in not applying vortex theory 
except when absolutely necessary at the LP end. They have to consider the 
additional cost of twisted blades for the very large number of rows of blading 
required, and they !mow that the Rankine cycle is relatively insensitive to 
component losses. Conversely, it is not surprising that the gas turbine designer, 
struggling to achieve the highest possible component efficiency, has consistently 
used some form of vortex blading which it is felt intuitively must give a better 
performance however small. 

Vortex theory has been outlined in section 5.4 where it was shown that if the 
elements of fluid are to be in radial equilibrium, an increase in static pressure 
from root to tip is necessary whenever there is a whirl component of velocity. 
Figure 7.8 shows why the gas turbine designer cannot talk of impulse or 50 per 
cent reaction stages. The proportion of the stage pressure or temperature drop 
which occurs in the rotor must increase from root to tip. Although Fig. 7.8 refers 
to a single-stage turbine with axial inlet velocity and no swirl at outlet, the whirl 
component at inlet and outlet of a repeating stage will be small compared with 
Cwz: the reaction will therefore still increase from root to tip, if somewhat less 
markedly. 

Free vortex design 

Referring to section 5.6, it was shown that if 

(a) the stagnation enthalpy h0 is constant over the annulus (i.e. dh0 jdr=O), 
(b) the axial velocity is constant over the annulus, 
(c) the whirl velocity is inversely proportional to the radius, 

then the condition for radial equilibrium of the fluid elements, namely equation 
(5.13), is satisfied. A stage designed in accordance with (a), (b) and (c) is called a 
free vortex stage. Applying this to the stage in Fig. 7 .8, we can see that with 
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uniform inlet conditions to the nozzles then, since no work is done by the gas in 
the nozzles, h0 must also be constant over the annulus at outlet. Thus condition 
(a) is fulfilled in the space between the nozzles and rotor blades. Furthermore, if 
the nozzles are designed to give Ca2 =constant and Cw2r = constant, all three 
conditions are fulfilled and the condition for radial equilibrium is satisfied in 
plane 2. Similarly, if the rotor blades are designed so that Ca3 =constant and 
Cw3r =constant, it is easy to show as follows that condition (a) will be fulfilled, 
and thus radial equilibrimn will be achieved in plane 3 also. Writing w for the 
angular velocity we have 

Ws = U(Cw2 + Cw3) = w(Cw2r + Cw3r) =constant 

But when the work done per unit mass of gas is constant over the annulus, and h0 

is constant at inlet, h0 must be constant at outlet also: thus condition (a) is met. 
It is apparent that a free vortex design is one in which the work done per unit 

mass of gas is constant over the annulus, and to obtain the total work output this 
specific value need only be calculated at one convenient radius and multiplied by 
the mass flow. 

In contrast, we may note that because the density varies from root to tip at exit 
from the nozzles and the axial velocity is constant, an integration over the annulus 
will be necessary if the continuity equation is to be used in plane 2. Thus, 
considering a flow bm through an annular element of radius r and width br, 

bm = p22nrbrCa2 

m = 2n~a2 Jr, p2rdr 
r, 

(7.22) 

With the radial variation of density determined from vortex theory, the integration 
can be petformed although the algebra is lengthy. For detailed calculations it 
would be normal to use a digital computer, permitting ready calculation of the 
density at a series of radii and numerical integration of equation (7 .22) to obtain 
the mass flow. For preliminary calculations, however, it is sufficiently accurate to 
take the intensity of mass flow at the mean diameter as being the mean intensity 
of mass flow. In other words, the total mass flow is equal to the mass flow per unit 
area calculated using the density af the mean diameter (p2mCa2) multiplied by the 
annulus area (A 2). This is one reason why it is convenient to design the turbine on 
conditions at mean diameter (as was done in the previous example) and use the 
relations which will now be derived for obtaining the gas angles at other radii. 

Using suffix m to denote quantities at mean diameter, the free vortex variation 
of nozzle angle rx2 may be found as follows 

Cw2r = rCa2 tan rx2 =constant 

ca2 =constant 

Hence CXz at any radius r is related to rx2m at the mean radius rm by 

tan rx2 = (r"') tan CXz 
r 2 m 

(7.23) 
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Similarly, when there is swirl at outlet from the stage, 

(7.24) 

The gas angles at inlet to the rotor blade, p2, can then be found using equation 
(7 .1 ), namely 

- - tano: - - -(r'") (r) Um 
- r 2 2m rm zCaz 

(7.25) 

and similarly P3 is given by 

tanP3=- tano:3m+--(r'") ( r) Um 
r 3 rm 3Ca3 

(7.26) 

To obtain some idea of the free vortex variation of gas angles with radius, 
equations (7.23)-(7.26) will be applied to the turbine designed in the previous 
section. We will merely calculate the angles at the root and tip, although in 
practice they would be determined at several stations up the blade to define the 
twist more precisely. We will at the same time clear up two loose ends: we have to 
check that there is some positive reaction at the root radius, and that the Mach 
number relative to the rotor blade at inlet, MV2, is nowhere higher than say 0-75. 
From the velocity triangles at root and tip it will be seen that this Mach number is 
greatest at the root and it is only at this radius that it need be calculated. 

From the mean diameter calculation we found that 

CXzm = 58-38°, Pzm = 20·49°, 0:3m = 10°, P3m = 54·96° 

From the calculated values of h and rm we have rr=rm- (h/2) and r1 = 
r m + (h/2), and thus 

(r'") = 1·164, 
r, 2 

(r"') = 0-877, 
~"t 2 

Also 

um = um =~= 1-25 
Caz Ca3 ¢ 

Applying equations (7.23)-(7.26) we get 

Tip 
Root 

54-93° 
62·15° 

()(3 

(r~) = 1-217, 
1 r 3 

(r~,) = 0-849 
It 3 

The variation of gas angles with radius appears as in Fig. 7.9, which also includes 
the velocity triangles at root and tip drawn to scale. That MV2 = V2{.j(yRT2) is 
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greatest at the root is clear from the velocity triangles: V2 is then a maximum, and 
J(yRT2) is a minimum because the temperature drop across the nozzles is 
greatest at the root. That there is some positive reaction at the root is also clear 
because V3, > V2,.' Although there is no need literally to calculate the degree of 
reaction at the root, we must calculate (Mv2), to ensure that the design implies a 
safe value. Using data from the example in section 7.1 we have 

V2, = Caz sec Pzr = 272 sec 39·32° = 352 m/s 

Cz, = Caz sec CXzr = 272 sec 62-15° = 583 m/s 

Cir 5832 
T2r = T02 - 2cP = 1100-

2294 
= 952 K 

( ) Vzr 352 = 0-58 
Mvz r = J(yRT2r) J(l-333 x 0-287 X 952 X 1000) 

This is a modest value and certainly from this point of view a higher value of the 
flow coefficient ¢ could safely have been used in the design, perhaps instead of 
introducing swirl at exit from the stage. 

Constant nozzle angle design 

As in the case of the axial compressor, it is not essential to design for free vortex 
flow. Conditions other than constant Ca and Cwr may be used to give some other 
form of vortex flow, which can still satisfY the requirement for radial equilibrium 
of the fluid elements. In particular, it may be desirable to make a constant nozzle 
angle one of the conditions determining the type of vortex, to avoid having to 
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manufacture nozzles of varying outlet angle. This, as will now be shown, requires 

particular variations of Ca and Cw. 
The vortex flow equation (5.15) states that 

dCa C dCw C~ _ dh0 
cadr + w"df +--;:-- ct; 

Consider the flow in the space between the nozzles and blades. As before, we 
assume that the flow is uniform across the annulus at inlet to the nozzles, and so 
the stagnation enthalpy at outlet must also be uniform, i.e. dh0/ dr = 0 in plane 2. 
Also, if o:2 is to be constant we have 

ca2 - = cot o:2 = constant 
Cw2 

dCa2 dCw2 --=-- cota 
dr dr 

The vortex flow equation therefore becomes 

2 dCw2 dCw2 C~2 
cw2 cot IX2 ~ + Cwz ~ + -r- = 0 

? dCw2 Cw2 
(1 +cor o:2)--+- = 0 

dr r 
dCw2 . 2 dr 
--=-sm a2 -
Cw2 r 

Integrating this gives 

(7.27) 

(7.28) 

And with constant 0:2, Ca2 ex Cw2 so that the variation of Ca2 must be the same, 
namely 

. 2 

Ca2r"11 
"' = constant (7.29) 

Normally nozzle angles are greater than 60 degrees, and quite a good approxi­
mation to the flow satisfying the equilibrium condition is obtained by designing 
with a constant nozzle angle and constant angular momentum, i.e. a2 =constant 
and Cw2r =constant. If this approximation is made and the rotor blades are 
twisted to give constant angular momentum at outlet also, then, as for free vortex 
flow, the work output per unit mass flow is the same at all radii. On the other 
hand, if equation (7 .28) were used it would be necessary to integrate from root to 
tip to obtain the work output. We observed early in section 7.2 that there is little 
difference in efficiency between turbines of low radius ratio designed with twisted 
and untwisted blading. It follows that the sort of approximation referred to here is 
certainly unlikely to result in a significant deterioration of performance. 

The free vortex and constant nozzle angle types of design do not exhaust the 
possibilities. For example, one other type of vortex design aims to satisfy the 
radial equilibrimn condition and at the same time meet a condition of constant 
mass flow per unit area at all radii. That is, the axial and whirl velocity 
distributions are chosen so that the product p2Ca2 is constant at all radii. The 
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advocates of this approach correctly point out that the simple vortex theory 
outlined in section 5.6 assumes no radial component of velocity, and yet even if 
the turbine is designed with no flare there must be a radial shift of the streamlines 
as shown in Fig. 7.1 0. This shift is due to the increase in density from root to tip 
in plane 2. The assumption that the radial component is zero would undoubtedly 
be true for a turbine of constant annulus area if the stage were designed for 
constant mass-flow per unit area. It is argued that the flow is then more likely to 
behave as intended, so that the gas angles will more closely match the blade 
angles. Further details can be found in Ref. (2). In view of what has just been said 
about the dubious benefits of vortex blading for turbines of modest radius ratio, it 
is very doubtful indeed whether such refinements are more than an academic 
exerc1se. 

7.3 Choice of blade profile, pitch and chord 

So far in our worked example we have shown how to establish the gas angles at 
all radii and blade heights. The next step is to choose stator and rotor blade shapes 
which will accept the gas incident upon the leading edge, and deflect the gas 
through the required angle with the minimum loss. An overall blade loss coeff­
icient Y (or A.) must account for the following sources of friction loss. 

(a) Profile loss-associated with boundary layer growth over the blade profile 
(including separation loss under adverse conditions of extreme angles of 
incidence or high inlet Macb number). 

(b) Annulus loss-associated with boundary layer growth on the inner and outer 
walls of the annulus. 

(c) Secondary flow loss-arising from secondary flows which are always 
present when a wall boundary layer is turned through an angle by an 
adjacent curved surface. 

(d) Tip clearance loss-near the rotor blade tip the gas does not follow the 
intended path, fails to contribute its quota of work output, and interacts with 
the outer wall boundary layer. 

The profile loss coefficient Yp is measured directly in cascade tests similar to 
those described for compressor blading in section 5.8. Losses (b) and (c) cannot 
easily be separated, and they are accounted for by a secondary loss coefficient Y8 • 
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The tip clearance loss coefficient, which normally arises only for rotor blades, 
will be denoted by Yk. Thus the total loss coefficient Y comprises the accurately 
measured two-dimensional loss YP, plus the three-dimensional loss (Ys + Yk) 
which must be deduced from turbine stage test results. A description of one 
important compilation of such data will be given in section 7 .4; all that is 
necessary for our present purp,ose is a knowledge of the sources of loss. 

Conventional blading 

Figure 7.11 shows a conventional steam turbine blade profile constructed from 
circular arcs and straight lines. Gas turbines have until recendy used profiles 
closely resembling this, although specified by aerofoil terminology. One example 
is shown: the T6 base profile which is symmetrical about the centre line. It has a 
thickness/chord ratio (t/c) of 0·1, a leading edge radius of 12 per cent t and a 
trailing edge radius of 6 per cent t. When scaled up to a tjc of 0·2 and used in 
conjunction with a parabolic camber line having the point of maximum camber a 
distance of about 40 per cent c from the leading edge, the T6 profile leads to a 
blade section similar to that shown but with a radiused trailing edge. In particular, 
the back of the blade after the throat is virtually straight. Other shapes used in 
British practice have been RAF 27 and C7 base profiles on both circular and 
parabolic arc camber lines. All such blading may be referred to as conventional 
blading. 
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It is important to remember that the velocity triangles yield the gas angles, not 
the blade angles. Typical cascade results showing the effect of incidence on the 
profile loss coefficient YP for impulse (A= 0 and p2 :::: p3) and reaction type 
blading are given in Fig. 7.12. Evidently, with reaction blading the angle of 
incidence can vary from -15° to + 15° without increase in Yp. The picture is not 
very different even when three-dimensional losses are taken into account. This 
means that a rotq_r blade could be designed to have an inlet angle (]2 equal to say 
CPzr- 5°) at the root and CP21 + 10°) at the tip to reduce the twist required by a 
vortex design. It must be remembered, however, that a substantial margin of safe 
incidence range must be left to cope with part-load operating conditions of 
pressure ratio, mass flow and rotational speed. 

With regard to the outlet angle, it has been common steam turbine practice 
to take the gas angle as being equal to the blade angle defined by cos- 1 

(opening/pitch). This takes account of the bending of the flow as it fills up the 
narrow space in the wake of the trailing edge; there is no 'deviation' in the sense 
of that obtained with decelerating flow in a compressor cascade. Tests on gas 
turbine cascades have shown, however, that the cos- 1 (o/s) rule is an over­
correction for blades of small outlet angle operating with low gas velocities, i.e 
for some rotor blades. Figure 7.13 shows the relation between the relative gas 
outlet angle, p3 say, and the blade angle defined by cos- 1 (ojs). The relation does 
not seem to be affected by incidence within the working range of ± 15 degrees. 
This curve is applicable to 'straight-backed' conventional blades operating with a 
relative outlet Mach number below 0-5. With a Mach number of unity the cos- 1 

(ojs) rule is good for all outlet angles, and at Mach numbers intermediate 
between 0-5 and 1·0 it can be assumed that [cos- \o/s)- p3] varies linearly with 
Mach number. Reference (3) gives an additional correction for blades with a 
curved-back trailing edge. 

Note that until the pitch and chord have been established it is not possible to 
draw a blade section to scale, determine the 'opening', and proceed by trial and 



296 

80' 

" 70' 15> 
c: 
"' 
~ 60' 
::> 
0 

"' "' 0> 50' 
-~ 
<ii 
a; 
a: 40' 

300 
3L0_' L.-L---::5L0'--,-6~0':----::7~0',--~80' 

cos-1 (o/s) 

AXIAL AND RADIAL FLOW TURBINES 

FIG. 7.13 Relation between gas and blade outlet angles 

error to make adjustments until the required gas outlet angle rx2 or p3 is obtained. 
Furthermore, this process must be carried out at a number of radii from root to tip 
to specify the shape of the blade as a whole. Now the pitch and chord have to be 
chosen with due regard to (a) the effect of the pitch/chord ratio (sic) on the blade 
loss coefficient, (b) the effect of chord upon the aspect ratio (h/c), remembering 
that h has already been determined, (c) the effect of rotor blade chord on the blade 
stresses, and (d) the effect of rotor blade pitch upon the stresses at the point of 
attachment of the blades to the turbine disc. We will consider each effect in turn. 

(a) 'Optimum' pitch/chord ratio 
In section 7.4 (Fig. 7 .24) are presented cascade data on profile loss coefficients 
Yp, and from such data it is possible to obtain the useful design curves in Fig. 
7.14. These curves suggest, as might be expected, that the greater the gas deflec­
tion required [(rx1 + rx2) for a stator blade and (Pz + p3) for a rotor blade] the 
smaller must be the 'optimum' sic ratio to control the gas adequately. The ad­
jective 'optimum' is in inverted commas because it is an optimum with respect to 
Yp not to the overall loss Y. The true optimum value of sic could be found only by 
making a detailed estimate of stage performance (e.g. on the lines described in 
section 7 .4) for several stage designs differing in sic but otherwise similar. In fact 
the sf c value is not very critical. 

For the nozzle and rotor blade of our example turbine we have established that 

rx 1"' = oo, rx2"' = 58·38°; P2"' = 20-49°, p3'" = 54·96° 

From Fig. 7.14 we therefore have at mean diameter 

(s/c)N = 0·86 and (sjc)R = 0·83 

(b) Aspect ratio (hie) 
The influence of aspect ratio is open to conjecture, but for our purpose it is 
sufficient to note that, although not critical, too low a value is likely to lead to 
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secondary flow and tip clearance effects occupying an unduly large proportion of 
the blade height and so increasing Ys for the nozzle row and (Y, + Yk) for the rotor 
row. On the other hand, too high a value of hie will increase the likelihood of 
vibration trouble: vibration characteristics are difficult to predict and they depend 
on the damping '·provided by the method of attaching the blades to the turbine 
disc. t A value of hie between 3 and 4 would certainly be very satisfactory, and it 
would be unwise to use a value below I. 

For our turbine, which is flared, we have the mean heights of the nozzle and 
rotor blades given by 

hN =! (0·046 + 0·0612) = 0·0536 m 

hR = ~(0·0612 + 0·077) = 0·0691 m 

Adopting an aspect ratio (hie) of 3 we then have 

eN = 0·0175 m and cR = 0·023 m 

Using these values of chord, in conjunction with the chosen sic values, gives the 
blade pitches at the mean radius of 0· 216 m as 

SN = 0·01 506 m and SR = 0·0191 m 

and the nmnbers of blades, from 2nrm/ s, as 

t Vibration problems with high aspect ratio blading can be significantly reduced by using tip shrouds 
which prevent vibral:!ons in the cantilever mode. Shrouds are also sometimes used to reduce tip 
leakage loss. 
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It is usual to avoid numbers with connnon multiples to reduce the probability of 
introducing resonant forcing frequencies. A connnon practice is to use an even 
number for the nozzle blades and a prime number for the rotor blades. As it 
happens the foregoing nmnbers are satisfactory and there is no need to modify 
them and re-evaluate the pitch s. 

(c) Rotor blade stresses 
The next step is to check that the stage design is consistent with a permissible 
level of stress in the rotor blades. The final design must be checked by laying out 
the blade cross-sections at several radii between root and tip, and performing an 
accurate stress analysis on the lines indicated by Sternlicht in Ref. (6). Although 
we are not concerned with mechanical design problems in this book, simple 
approximate methods adequate for preliminary design calculations must be men­
tioned because blade stresses have a direct impact upon the stage design. There 
are three main sources of stress: (i) centrifugal tensile stress (the largest, but not 
necessarily the most important because it is a steady stress), (ii) gas bending 
stress (fluctuating as the rotor blades pass by the trailing edges of the nozzles) and 
(iii) centrifugal bending stress when the centroids of the blade cross-sections at 
different radii do not lie on a radial line (any torsional stress arising from this 
source is small enough to be neglected). 

When the rotational speed is specified, the allowable centrifugal tensile stress 
places a limit on the armulus area but does not affect the choice of blade chord. 
This somewhat surprising result can easily be shown to be the case as follows. 
The maximum value of this stress occurs at the root and is readily seen to be 
given by 

where Ph is the density of blade material, w is the angular velocity, a is the cross­
sectional area of the blade and a, its value at the root radius. In practice the 
integration is perfonned graphically or numerically, but if the blade were of 
uniform cross-section the equation would reduce directly to 

(act)max = 2nN2paA 

where A is the armulus area and N is the rotational speed in rev/ s. A rotor blade is 
usually tapered in chord and thickness from root to tip such that a1/ a, is between 
1/4 and 1/3. For preliminary design calculations it is sufficiently accurate (and 
on the safe side) to assmne that the taper reduces the stress to 2/3 of the value for 
an untapered blade. Thus 

(7.30) 

For the flared turbine of our example we have 

A= !CA2 +A3) = 0-094 m2 andN == 250 rev/s 
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The density of the Ni-Cr-Co alloys used for gas turbine blading is about 
8000 kgjm3

, and so equation (7.30) gives 

(ac,)max:::: 200 MN/m2 (or 2000 bar) 

Judgement as to whether or not this stress is satisfactory must await the evaluation 
of the other stresses. 

The force arising from the change in angular momentum of the gas in the 
tangential direction, which produces the useful torque, also produces a gas 
bending moment about the axial direction, namely Mw in Fig. 7.15. There may be 
a change of momentum in the axial direction (i.e. when Ca3 =P Ca2), and with 
reaction blading there will certainly be a pressure force in the axial direction 
[(p2 - p 3)2nr/n per unit height], so that there will also be a gas bending moment 
Ma about the tangential direction. Resolving these bending moments into 
components acting about the principal axes of the blade cross-section, the 
maximum stresses can be calculated by the method appropriate to asymmetrical 
sections. A twisted and tapered blade must be divided into strips of height Oh and 
the bending moments calculated from the average force acting on each strip. The 
gas bending stress O"gb will be tensile in the leading and trailing edges and 
compressive in the back of the blade, and even with tapered twisted blades the 
maximmn value usually occurs at either the leading or trailing edge of the root 
section. Because Mw is by far the greater bending moment, and the principal axis 
XX does not deviate widely from the axial direction (angle <II is small), a useful 
approximation for preliminary design purposes is provided by 

/~X 
I 

CG. 

Axial direction 

a b= ..!!:.. (Ma cos<!>- Mwsin <!>) + -
1
y (Mwcos <I>+ Masin<!>) 

g lw ~ 

FIG. 7.15 Gas bending stress 

(7 .31) 
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n is the number of blades, the whirl velocities are evaluated at the mean diameter, 
and z is the smallest value of the root section modulus (/xx/Y) of a blade of unit 
chord. Clearly rJgb is directly proportional to the stage work output and blade 
height, and inversely proportional to the number of blades and section modulus. It 
is convenient to treat the section modulus as the product zc3 because z is largely a 
function of blade camber angle .(:=:gas deflection) and thiclmessjchord ratio. · 

An unpublished rule for z due to Ainley, useful for approximate calculations, is 
given in Fig. 7 .16. We shall apply this, together with equation (7 .31 ), to our 
example turbine. Assuming the angle of incidence is zero at the design operating 
condition, the blade camber angle is virtually equal to the gas deflection, namely 
at the root 

Pzr + P3r = 39·32° + 51·13° ::=: 90 degrees 

Then from Fig. 7.16, assuming a blade of tlc=0·2, 

(10 X 0·2i·Z? 
(z)root = 

570 
= 0·00 423 mm3 jmm chord 

m(Cwz + Cw3) = mCa(tan o:2 +tan o:3) 

which at mean diameter yields 

20 X 272(1·624 + 0-176) = 9800 kN 

For the chosen value of cR = 0-023 m, nR was found to be 71, while 
hR = ~(h2 +h3) = 0-0691 m. Equation (7.31) can now be evaluated to give 

9800 0·0691 1 2 

(rJgb)max ::=: 71 X -2- X 0·00423 X 0-0233 ::=: 93 MN/m 

1000 

n 

Blade camber angle 

FIG. 7.16 Approximate rule for section moduli 
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By designing the blade with the centroids of the cross-sections slightly off a 
radial line, as indicated in Fig. 7.17, it is theoretically possible to design for a 
centrifugal bending stress which will cancel the gas bending stress. It must be 
remembered, however, that (a) these two stresses would only cancel each other at 
the design operating condition, (b) rJgb is only a quasi-steady stress and (c) the 
centrifugal bending stress is very sensitive to manufacturing errors in the blade 
and blade root fixing. rJ gb is often not regarded as being offset by any centrifugal 
bending stress and usually the latter is merely calculated using the extreme values 
of manufacturing tolerances to check that it is small and that at least it does not 
reinforce rJ gb· 

We have now e.stablished a steady centrifugal stress of 200 MN/m2 and a gas 
bending stress of 93 MN/m2 which is subject to periodic fluctuation with a 
frequency dependent on N, nR and nN. Creep strength data for possible blade 
materials will be available: perhaps in the form of Fig. 7 .18( a) which shows the 
time of application of a steady stress at various temperatures required to produce 
0·2 per cent creep strain. Fatigue data (e.g. Gerber diagrams) will also be 
available from which it is possible to assess the relative capacity of the materials 
to withstand fluctuating stresses. Such data, together with experience from other 
turbines in service, will indicate how the fluctuating gas bending stress and the 
steady centrifugal stress can be combined safely. The designer would hope to 
have a set of curves of the type shown in Fig. 7 .18(b) for several safe working 
lives. The values of temperature on this plot might refer to turbine inlet stagnation 
temperature Tab allowance having been made for the fact that 

(i) only the leading edge of the rotor blade could theoretically reach stagnation 
temperature and chordwise conduction in the metal would prevent even the 
local temperature there from reaching T01 ; 

(ii) even in 'uncooled' turbines (those with no cooling passages in the blades), 
some cooling air is bled from the compressor and passed over the turbine 
disc and blade roots: the metal temperature will therefore be appreciably less 
than 1100 K near the root radius for which the stresses have been estimated. 

Furthermore, the values of permissible rJ gb and rJ ct will be conservative, and 
include a safety factor to allow for local hot streaks of gas from the combustion 
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FIG. 7.18 Creep data and designer's aid for assessing preliminary designs 

system and for the fact that there will be additional thermal stresses due to 
chordwise and spanwise temperature gradients in the blade. In our example (Jet 

and CJ gb were found to be 200 and 93 MN/m2 respectively. If a life of I 0 000 h 
was required, the curve relating to our inlet temperature of II 00 K suggests that 
the stresses are rather too large. The blade chord could be increased slightly to 
reduce CJgb if the need for reduced stresses is confirmed by more detailed 
calculations. As stated earlier, the final design would be subjected to a complete 
stress analysis, which would include an estimate of the temperature field in the 
blade and the consequential thermal stresses. 

(d) Effect of pitch on the blade root fixing 
The blade pitch s at mean diameter has been chosen primarily to be compatible 
with required values of sic and hie, and (via the chord) of permissible CJgb· A 
check must be made to see that the pitch is not so small that the blades carmot be 
attached safely to the turbine disc rim. Only in small turbines is it practicable to 
machine the blades and disc from a single forging, cast them integrally, or weld 
the blades to the rim, and Fig. 7.19 shows the commonly used fir tree root fixing 
which permits replacement of blades. The fir trees are made an easy fit in the rim, 
being prevented from axial movement only (e.g. by a lug on one side and peening 
on the other). When the turbine is running, the blades are held firmly in the 
serrations by centripetal force, but the slight freedom to move can provide a 
useful source of damping for unwanted vibration. The designer must take into 
account stress concentrations at the individual serrations, and manufacturing 
tolerances are extremely important; inaccurate matching can result in some of the 
serrations being unloaded at the expense of others. Failure may occur by the disc 
rim yielding at the base of the stubs left on the disc after broaching (at section x ); 
by shearing or crushing of the serrations; or by tensile stress in the fir tree root 
itself. The pitch would be regarded as satisfactory when the root stresses can be 
optimized at a safe level. This need not detain us here because calculation of these 
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FIG. 7.19 'Firtree' root 

centrifugal stresses is straightforward once the size of the blade, and therefore its 
mass, have been established by the design procedure we have outlined. 

Finally, the tot;tl centrifugal blade loading on the disc and the disc rim 
diameter both being !mown, the disc stresses can be determined to see if the 
original assumption of a mean blade speed of 340 m/ s is satisfactory. Centrifugal 
hoop and radial stresses in a disc are proportional to the square of the rim speed. 
Disc design charts (e.g. the Donath chart) are available to permit the nominal 
stresses to be estimated rapidly for any disc of arbitrary shape; see Ref. (6). They 
will be 'nominal' because the real stress pattern will be affected substantially by 
thermal stresses arising from the large temperature gradient between rim and hub 
or shaft. 

Before proceeding to make a critical assessment of the stage design used as an 
example, which we·shall do in section 7.4, it is logical to end this section by 
outlining briefly recent developments in the prediction and construction of more 
efficient blade profiles. This will be a digression from the main theme, howeve1; 
and the reader may prefer to omit it at the first reading. 

Theoretical approach to the determination of blade profiles 
and pitch/chord ratio 

There is little doubt that the approach to turbine design via cascade test results, 
which has been outlined here, is satisfactory for moderately loaded turbine stages. 
Recently, however, advanced aircraft propulsion units have required the use of 
high blade loadings (i.e. high 1jJ and ¢) and cooled blades, which takes the 
designer into regions of flow involving ever-increasing extrapolation from exist-
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ing cascade data. Furthermore it is found that under these conditions even minor 
changes in blade profile, such as the movement of the point of maximum camber 
towards the leading edge from say 40 to 37 per cent chord, can make a substantial 
difference to the blade loss coefficient particularly when the turbine is operating 
away from the design point, i.e. at part load. Rather than repeat the vast number of 
cascade tests to cover the more .arduous range of conditions, the approach now is 
to run a few such tests to check the adequacy of theoretical predictions and then 
apply the theory. 

The digital computer has made it possible to develop methods of solving the 
equations of compressible flow through a blade row, even taking radial 
components into account to cover the case of a flared armulus. (Earlier 
incompressible flow solutions, adequate for the small pressure changes in 
compressor blading, are oflittle use in turbine design.) At first the approach was 
towards predicting the potential flow for a blade of given profile. That is, the 
pressure and velocity distributions outside the boundary layer are calculated in a 
passage bounded by the prescribed concave surface of one blade and the convex 
surface of the adjacent blade. Conformal transformation theory, methods of 
distributed sources and sinks, and stream filament theory have all been applied in 
one form or another and with varying degrees of success. Once the potential flow 
pattern has been established, boundary layer theory can be applied to predict the 
profile loss coefficient. The chief difficulties in this part of the analysis are 
the determination of the point of transition between laminar and turbulent flow on 
the convex surface, and the determination of a satisfactory mathematical model 
for the wake downstream of the trailing edge. 

Some idea of the complexity of the calculations involved can be formed from 
Ref. (2), which also gives detailed references to this work. A not unimportant 
question is which method takes the least computer time consistent with providing 
solutions of adequate accuracy. While there is still so much controversy as to the 
best method, it is not practicable to attempt a simple introductory exposition in a 
book of this kind. One important outcome of the work, however, can be stated in 
simple terms with reference to the typical pressure and velocity distributions for 
conventional blading shown in Fig. 7.20.t The vital feature is the magnitude of 
the opposing pressure gradient on the convex (suction) surface. If too great it will 
lead to separation of the boundary layer somewhere on the back of the blade, a 
large wake, and a substantial increase in the profile loss coefficient. When trying 
to design with high aerodynamic blade loadings, which imply low suction surface 
pressures, it is desirable to know what limiting pressure or velocity distributions 
on the suction surface will just give separation at the trailing edge of the blade. 
One guide is provided by Smith, Ref. (7), who also makes a useful comparison of 
six different criteria for the prediction of separation. (He sidesteps the difficulty of 
determining the point of transition from a laminar to turbulent boundary layer, 
however, by assuming a turbulent layer over the whole of the suction surface.) 

t It is the flow relative to the blade which is referred to in this section: if a rotor blade is under 
consideration the parameters would be (p- p 3)/(p03,.1 - p3) and VfV3 . 
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FIG. 7.20 Pressure and velocity disrributions on a conventional turbine blade 

Using the most conservative criterion for separation, namely that of Stratford, he 
constructed two extreme families of simplified, limiting, velocity distributions as 
shown by the two inset sketches in Fig. 7.21. Within each family the distribution 
is defined by a value of (Cmax/C2) and the position of the point of maximmn 
velocity, A, along the blade surface. The curves for various Reynolds numbers, 
only two per family being reproduced here, represent the loci of point A. Any 
velocity distribution falling in the region below the relevant curve should imply 
freedom from seP"aration. (Note that, helpfully, separation is delayed by an 
increase in Reynolds number.) When this type of information is available the 
value of being able to predict the velocity distribution is apparent: small changes 
in a proposed profile or camber line shape can be made until the velocity 
distribution falls within the safe region. 

What we have been referring to so far are approaches that have been made to 
the direct problem: the prediction of the velocity distribution around a given blade 
in cascade. Attention is now being focused on the indirect problem: the 
theoretical determination of a blade shape which will give a prescribed blade 
surface velocity distribution. What the ideal velocity distribution should be in 
various circumstances to give the minimum loss is certainly not yet established, 
but at least enough is known to avoid such obvious weaknesses as boundary layer 
separation (e.g. near the blade root where the degree of reaction is low) or the 
formation of unwanted shock waves. Ultimately it is hoped to be able to build 
into a computer program such restraints on the possible blade shape as those 
provided by stressing considerations (blade section area and section moduli) and 
by a minimmn trailing edge thiclmess (dictated by manufacturing necessity or the 
need to accommodate a cooling passage). The profile loss coefficient of the 
restricted range of possible profiles can then be evaluated to enable a final choice 
to be made. The method of solving the indirect problem which seems to have 
proved the most capable of useful development is that due to Stanitz, although the 
approach via stream filament theory initiated by Wu is also receiving attention. A 
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FIG. 7.21 Limiting velocity profiles on suction surface for boundary layer separation 
at trailing edge 

helpful summary of the main steps in these solutions is given by Horlock in 
Ref. (2). 

It is to be hoped that enough has been said here to warn the student who 
wishes to know more of these topics that a first essential is a thorough grounding 
in aerodynamics and turbulent boundary layer theory. This should be followed by 
a study of Sections B and C of Ref. (1 ), on the 'theory of two-dimensional flow 
through cascades' and 'three-dimensional flow in turbomachines'. To give the 
reader a feel for the indirect problem, however, we will end this section with a 
brief description of an approximate solution due to Stanitz which Horlock has put 
into terms comprehensible to readers of section 5.9. 

The case considered is the relatively simple one of compressible flow in a two­
dimensional cascade as depicted in Fig. 7.22. We shall find it convenient to refer 
to the whirl component of the force acting on unit height of blade which was 
denoted by Fin section 5.9. Unlike the trea1ment in that section, we shall here be 
concerned with the way F per unit width (w) changes with x, and moreover we 
cannot make the incompressible assumption that p is constant. For the indirect 
problem the following data will be specified: 
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FIG. 7.22 The 'indirect' problem for two-dimensional compressible fiow in a turbine 
cascade 

(a) upstream conditions (p0 ~> Tob C~> IX!} and downstream conditions (C2, 1X2); 

(b) surface velocity distributions as a function of x between x=O and x= 1, 
namely Cs(x) and Cp(x) for the suction and pressure surfaces respectively. 
The directions of Cs and CP will be unknown because the shape of the 
surface is unknown, indicating the need for a process of iteration. 

Because we are dealing only with the potential flow, the expansion will be 
isentropic so that po and T0 will be constant through the passage. For any local 
value of C, therefore, local values of p and p can be found from the isentropic 
relations 

We note that the blade profile will be completely determined when (a) the 
pitchjwidth ratio (sjw) is established, and (b) both the camber line angle IX

1 and 
blade thickness/pitch ratio have been calculated for various values of x between 
0 and 1. The procedure is as follows .. 

First approximation 
(i) Determine p1 from the given inlet conditions p01 , T01 and C1; and note 

that for continuity in two-dimensional flow 

m = p1sC1 cos IX1 = p2sC2 cos IX2 

where m is the mass flow per unit height of passage. 
(ii) Using the isentropic relations, calculate the pressures Pp and Ps for a series 

of values of x between 0 and I from the given surface velocity 

distributions of CP and Cs. 
(iii) Integrate numerically pp(x) andps(x) from x = 0 to x= I, and so determine 

the mean force per unit height of blade in the whirl direction from 

Fm=Apm X W. 
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(iv) Determine s/w by equating F m to the overall change of momentum in the 
whirl direction, i.e. 

!lp"' x w = m(Cw1 + Cw2) = p1sC1 cos 1X 1(C1 sin IX1 + C2 sin 1X2) 

S flpm 

w Pi ci cos IX] (Cl sin IX] + Cz sin 1Xz) 

(v) For various values of x between 0 and 1, integrate the pressure distribu­
tions from the leading edge to x, and so obtain the pressure differences !lp 
which act over the series of areas (xw) x 1. 

(vi) Determine the mean whirl velocity Cw at the values of x used in (v) from 

!lp X xw = p1sC1 cos 1X 1(C1 sin IX1 ± Cw) 

(The negative sign refers to values near the leading edge where C,,. is in 
the same direction as CwJ·) 

(vii) Finding the corresponding mean values of C from (Cp + Cs)/2, the values 
of IX' at the various values of x are given by 

sin IX
1 = Cw/C 

(viii) For convenience the blade thickness is measured in the whirl direction. 
Thus fw at the various values of x can be found as a fraction of the pitch s 
from the continuity equation: 

p1C1 cos IX1 = p[l- (~)Jc cos IX
1 

where the mean density p at any x is found from the corresponding mean 
values of p and C by using the isentropic relations. 

In this first approximation the directions of the surface velocities CP and c. 
have been assumed the same and equal to that of the mean velocity C, namely IX1

• 

Furthermore the properties have been assmned constant across the passage at the 
mean value. Having established an approximate blade profile it is possible to 
refine these assumptions and obtain a better approximation to the true profile. The 
value of sjw did not depend on the assmnptions and remains unchanged, but the 
calculation of IX1 and fw/ s as functions of x must be repeated. 

Second approximation 

(i) The flow directions IXP and 1Xs of the surface velocities CP and c. are 
determined by the geometry of the concave and convex surfaces resulting 
from the first approximation, and initially the properties are considered to 
vary linearly across the passage from one surface to the other. 

(ii) The position of the streamline which divides the flow equally between the 
surfaces, is determined by assmning that the axial velocity C cos IX varies 
linearly across the passage from CP cos 1Xp to Cs cos 1Xs· [See Fig. 7.22(c).] 
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(iii) The velocity on the central streamline, Cm, is determined from the fact that 
potential flow is inotational. The criterion of motationality is expressed by 

a a ( . -(C coso:)-- C sm o:) = 0 ay ax 
where y is the co-ordinate in the whirl direction. The assumption in (ii) 
implies that the first term is constant. With the additional assumption that 
ac; ax varies linearly with y across the passage, the equation can be 
integrated numerically to give C as a function of y and in particular the 
value of C on the central streamline (Cm). 

(iv) The value of the whirl velocity on the central streamline, Cwm• is again 
determined by equating the change of momentum, from the leading edge to 
x, to the corresponding pressure force; and the camber line angle is then 
obtained from tan o:' = Cwm/ Cm. 

(v) The thiclmess in terms of fw/s is determined from the continuity equation 
as before. 
When integrating across the passage for steps (iv) and (v), parabolic 
variations of the relevant properties are used instead of linear variations. 
The parabolas pass through the values at the two surfaces and at the central 
streamline. 

A third approximation on the same lines as the second can be made if neces­
sary, and the final shape is then determined by rounding off the leading and 
trailing edges, artd subtracting an estimated displacement thickness of the 
boundary layer which may be appreciable on the back of the blade where the 
flow is decelerating. 

7.4 Estimation of stage performance 

The last step in the process of arriving at the preliminary design of a turbine stage 
is to check that the design is likely to result in values of nozzle loss coefficient 
and stage efficiency which were assumed at the outset. If not, the design calcu­
lations may be repeated with more probable values of loss coefficient and effi­
ciency. When satisfactory agreement has been reached, the final design may be 
laid out on the drawing board and accurate stressing calculations can be per­
formed. 

Before proceeding to describe a method of estimating the design point 
performance of a stage, however, the main factors limiting the choice of design, 
which we have noted during the course of the worked example, will be 
summarized. The reason we considered a turbine for a turbojet engine was simply 
that we would thereby be working near those limits to keep size and weight to a 
minimum. The designer of an industrial gas turbine has a somewhat easier task: 
he will be using lower temperatures and stresses to obtain a longer working life, 
and this means lower mean blade speeds, more stages, and much less stringent 
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aerodynamic limitations. A power turbine, not mechanically coupled to the gas 
generator, is another case where much less difficulty will be encountered in 
arriving at a satisfactory solution. The choice of gear ratio between the power 
turbine and driven component is normally at the disposal of the turbine designer, 
and thus the rotational speed can be varied to suit the turbine, instead of the 
compressor as we have assumed here. 

Limiting factors in turbine design 

(a) Centrifugal stresses in the blades are proportional to the square of the 
rotational speed Nand the annulus area: when N is fixed they place an upper 
limit on the annulus area. 

(b) Gas bending stresses are (1) inversely proportional to the nmnber of blades 
and blade section moduli, while being (2) directly proportional to the blade 
height and specific work output. 
(1) The number of blades cannot be increased beyond a point set by blade 

fixing considerations, but the section moduli are roughly proportional 
to the cube of the blade chord which might be increased to reduce rJ gb· 

There is an aerodynamic limit on the pitchjchord ratio, however, 
which if too small will incur a high loss coefficient (friction losses 
increase because a reduction in s 1 c increases the blade surface area 
swept by the gas). 

(2) There remains the blade height: but reducing this while maintaining 
the same annulus area (and therefore the same axial velocity for the 
given mass flow), implies an increase in the mean diameter of the 
annulus. For a fixed N, the mean diameter cannot be increased without 
increasing the centrifugal disc stresses. There will also be an 
aerodynamic limit set by the need to keep the blade aspect ratio 
(hjc) and annulus radius ratio (r1jr,.) at values which do not imply 
disproportionate losses due to secondmy flows, tip clearance and 
friction on the annulus walls (say not less than 2 and 1· 2 respectively). 
The blade height might be reduced by reducing the annulus area (with 
the added benefit of reducing the centrifugal blade stresses) but, for a 
given mass flow, only by increasing the axial velocity. An aerodynamic 
limit on Ca will be set by the need to keep the maximmn relative Mach 
number at the blade inlet (namely at the root radius), and the Mach 

number at outlet from the stage, below the levels which mean high 
friction losses in the blading and jet pipe respectively. 

(c) Optimizing the design, so that it just :falls within the limits set by all these 
conflicting mechanical and aerodynamic requirements, will lead to an 
efficient turbine of minimmn weight. If it proves to be impossible to meet 
one or more of the limiting conditions, the required work output must be 
split between two stages. The second design attempt would be commenced 
on the assmnption that the efficiency is likely to be a maximmn when 
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the work, and hence the temperature drop, is divided equally between the 
stages. 

(d) The velocity triangles, upon which the rotor blade section depends, are 
partially determined by the desire to work with an average degree of 
reaction of 50 per cent to obtain low blade loss coefficients and zero swirl 
for minimum loss in the jet pipe. To avoid the need for two stages in a 
marginal case, particularly if it means adding a bearing on the downstream 
side, it would certainly be preferable to design with a lower degree of 
reaction and some swirl. An aerodynamic limit on the minimum value of the 
reaction at mean diameter is set by the need to ensure some positive reaction 
at the blade root radius. 

For what follows in the next section, it will be helpful to have a summary of the 
results of the design calculations for the turbine of our worked example: such a 
summary is given in Fig. 7.23 and over the page. 

Gas angles 0:1 0:2 0:3 ~2 ~3 

root 0' 62.15' 12.12' 39.32' 51.13' 
mean 0' 58.38' 10' 20.49' 54.96' 
tip 0' 54.93' 8.52' 0' 58.33' 

T(K) 4 bar 

1100 

1067 Plane 

p 3 54 2.49 1.856 bar 
T 1067 982.7 922 K 
p 1.155 0.883 0.702 l<gim3 

A 0.0626 0.0833 01047 m2 

922 Tm f- 0.216 .., m 

913 r,lr, 1.24 1.33 1.43 
h 0 046 0.0612 0.077 m 

Entropy 
13 

Blade row Nozzle Rotor 

sic 0.86 0.83 
h (mean) 0.0536 0.0691 m 
hie 3.0 3.0 

0.0175 0.023 m 
s 0.01506 0.0191 m 

Mv, = 0.58 n 90 71 

FIG. 7.23 Summary of data from preliminary design calculations of single-stage 
turbine 
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Mean diameter stage parameters 

1jJ = 2cP!J.T0sfU2 = 2·88, ¢ = Ca!U = 0·8, A= 0-421 

U = 340 mjs, Ca1 = C1 = C3 = 276-4 mjs, Caz = Ca3 = Ca 

= 272 mjs 

C2 = 519 mjs, V3 ,;, 473·5 m/s 

Rotor blade designed fori= oo with conventional profile having t/c = 0·2. At the 
root section; camber ::::: Pz,. + P3r ::::: 90° and hence z,. ::::: 0·00 423 mm

3
/mm chord 

giving (O'gb)max::::: 93 MN/m2
. (O'ct)max::::: f(N,A)::::: 200 MN/m

2
. 

Estimation of design point pe1formance 

The method to be outlined here is that due to Ainley and Mathieson, Ref. (8), 
which estimates the performance on flow conditions at the mean diameter of the 
armulus. Reference (8) describes how to calculate the performance of a turbine 
over a range of operating conditions, but we shall be concerned here only to find 
the efficiency at the design point. A start is made using the two correlations for 
profile loss coefficient YP obtained from cascade data, which are shown in Fig. 
7 .24. These refer to nozzle-type blades (p2 = 0) and impulse-type blades (p2 = 
p3) of conventional profile (e.g. T6) having a thickness/chord ratio (t/c) of 0·2 
and a trailing edge thickness/pitch ratio Cte! s) of 0·02. Rotor blade notation is 
used in Fig. 7.24 and in what follows, to emphasize that we are thinking of the 
flow relative to any blade row. When the nozzle row is being considered p2 

becomes ()( 1 and p3 becomes ()(2 : there is no need to duplicate equations which 
apply equally to both rows. The values of YP in Fig. 7.24 refer to blades operating 
at zero incidence, i.e. when the gas inlet angle p2 is also the blade inlet angle. 

Step 1 

Estimate (Yp)N and (Yp)R from the gas angles of the proposed design by using Fig. 
7.24 in conjunction with the interpolation formula 

(7 .32) 

This equation represents a correction for a change in inlet angle at a constant 
outlet angle, so that Yp(p, =OJ and Yp(p, = p3) are the values for a nozzle and 
impulse-type blade having the same outlet gas angle P3 as the actual blade. 
Equation (7.32) also includes a correction for tjc if it differs from 0·2, a reduction 
in tj c leading to reduced profile loss for all blades other than nozzle-type blades 
(Pz = 0). The degree of acceleration of the flow in the blading decreases with the 
degree of reaction as P2/P3 --+ 1, and the influence of blade thickness becomes 
more marked as the acceleration is diminished. The correction is considered 
reliable only for 0·15 <tic< 0·25. 
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For the nozzle blades of our example, o: 1 = 0 and so (Yp)N can be read straight 
from Fig. 7.24. o:2 =58·38° and (sjc)N=0·86, and hence 

(Yp)N = 0·024. 

For the rotor blades, P2 =20·49°, P3 =54·96°, (s/c)R=0·83 and (tjc)=0·2, 
so that 

(Yp)R = { 0·023 + c~~S) 
2 

[0·087- 0·023]} = 0·032 

Step 2 
If it had been decided to design the blades to operate with some incidence at the 
design point, a correction to YP would be required. As this correction is really 
only important when estimating performance at part load, we shall refer the reader 
to Ref. (8) for the details. Briefly, it involves using correlations of cascade data to 
find the stalling incidence is for the given blade (i.e. incidence at which Yp is 
twice the loss fori= 0); and then using a curve of Yp/ Yp(i=O) versus if is to find Yp 
for the given i and the value of Yp(i=O) calculated in Step I. 
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Step 3 
Secondary and tip clearance loss data for Ys and Yk have been correlated using the 
concepts of lift and drag coefficient which were introduced in section 5.9 for axial 
compressors. Without repeating the whole argument leading to equation (5.34), it 
should be possible to see by glancing at section 5.9 that for a turbine cascade 
(with rotor blade notation) · 

where 

Now as stated at the beginning of section 7.3, it is convenient to treat Ys and Yk 
simultaneously. The proposed correlation is 

y + yk =[A +B(~)] [CL] 2

[cos
2 

p3
] s h sjc cos3 Pm 

(7 .33) 

Reference back to equations (5.35) and (5.38) will make the appearance of the 
last two bracketed terms seem logical: they occur in the expression for the com­
bined secondary and tip clearance loss coefficient for a compressor blade row. 
Considering now the first bracketed term, the tip clearance component is pro­
portional to k/ h where k is the clearance and h the blade height. The constant B is 
0-5 for a radial tip clearance, and 0-25 for a shrouded blade with side clearance; 
see Fig. 7.25. The secondary loss component A is more complex. We have sug­
gested that secondary flow and annulus wall friction might be affected by the 
aspect ratio (h/c) andjor annulus radius ratio (r1frr). As we shall see, rtfrr is 
thought by Ainley and Mathieson to be the more relevant parameter. (They argue 
that hjc is only important in so far as there is a change in h, not in c.) Also, like 
the profile loss, Ys is considerably affected by the amount of acceleration of the 
flow in the blade passage. In general terms, the larger the acceleration the thinner 
and more stable are the boundary layers, the smaller is the chance of boundary 
layer separation, and the smaller is the effect of a curved neighbouring surface in 
setting up the secondary flows. The degree of acceleration is conveniently indi­
cated by the ratio of the area normal to the flow at outlet to that at inlet, i.e. 
A3 cos P3/ A2 cos P2 where A is the annulus area. It is found that the quantity A in 

k 

~~ 

iD:~o;· 
8=0.5 8=0.25 

FIG. 7.25 



ESTIMATION OF STAGE PERFORMANCE 315 

0.03 

(A3 COS~3)2/ (1 +_IL) 
A2 cos ~2 r1 

FIG. 7.26 Secondary loss parameter 

equation (7.33) is given approximately by 

A= f { (~: ~:: ~:Y / (r + ~)} (7.34) 

where the function f is given by the curve in Fig. 7.26. 
Let us now eyaluate (Ys + Yk) for the blades in our example. 

Nozzle blades: We shall assume that the nozzles are shrouded, with seals 
supported by a diaphragm at the shaft radius so that the leakage loss is very small. 
Then B in equation (7.33) can be assumed zero. A is found as follows. 

A2 = 0-0833 m2
, A 1 = 0-0626 m2 

COS IX2 =COS 58·38° = 0-524, COS IX1 =COS 0 = 1·0 

mean r1/rr between planes 1 and 2 = 1·29 

(
A2 cos rx2)

2/(r + ~) = (0-0833 x 0-524)
2/(r + _1 ) = 0.274 

A1 COS rx 1 r1 0·0626 X 1·0 1·29 

From Fig. 7.26, A=0·012. 

CL 
- = 2(tan rx 1 +tan rx2) cos IXm 
sjc 

1Xm = tan- 1 [(tan IX2 - tan rx1)/2] 

=tan-] [(tan 58-38°- tan 0°)/2] = 39-08° 

Cr = 2(tan 58·38° +tan 0°) cos 39-08° = 2-52 
sjc 

cos2 
IX2 = 0-5242 = 

0
_
589 

cos3 cxm 0-7763 

[Ys + Yk]N = 0·012 X 2-522 
X 0-589 = 0-0448 
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Rotor blades: We will assume unshrouded rotor blades with radial tip clearance 
equal to 2 per cent of the mean blade height, so that 

B(kjh) = 0-5 x 0-02 = 0·01 

For these blades, using the data from Fig. 7.23, 

(
A3 cos p3)

2
/(l t,.) (0·1047 x cos 54·96°)

2
/(l 1 ) 

A2 cos P2 +;; = 0-0833 x cos 20-49° + 1.38 
= 0-334 

From Fig. 7.26, il=0-015 

Step 4 

Pm = tan-1 [(tan 54·96°- tan 20-49°)/2] = 27·74° 

Cr = 2(tan 54-96° +tan 20-49°) cos 27·74° = 3·18 
sjc 

cos
2 p3 = 0-574

2 
= 0-475 

cos3 Pm 0·8853 

[Ys + YklR = (0·015 + 0-01)3·182 x 0-475 = 0-120 

The total loss coefficients become 

YN = (Yp)N + [Y8 + Yk]N = 0·024 + 0-0448 = 0-0688 

YR = (Yp)R + [Ys + Ykh = 0·032 + 0-120 = 0·152 

If the trailing edge thickness/pitch ratio Cte/s) differs from 0·02, it is at this point 
that a correction is made for the effect on the losses. 0-02 was the value for the 
blading to which Fig. 7.24 relates, but trailing edge thickness affects all the 
losses, not merely the profile loss. The correction curve in Fig. 7.27 has been 
deduced from turbine test results. There is no reason to suppose that the normal 
value of 0-02 would be unsuitable for the nozzle and rotor blades of the turbine of 
our example and no correction is required. The modest turbine inlet temperature 
indicates a low-cost, long-life, application by aircraft standards and certainly there 
will be no need to thicken the trailing edge to accommodate cooling passages. 
Early development tests may indicate vibration troubles which might be overcome 

1.8 

t.ls 

FIG. 7.27 Correction factor for trailing edge thickness 
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by increasing the thiclmess, and Fig. 7.27 enables the penalty to be paid in loss of 
performance to be estimated. 

Step 5 
The stage efficiency can now be calculated using equations (7.19) and (7.20). We 
first calculate the equivalent loss coefficients defined in terms of temperature. For 
the nozzles, · 

J1. -~- 0-0688 _ . 1 
N- (T02 /T2)- (1100/976·8)-

0 06 1 

For the rotor, 

YR 
}.R = ---'-'---

(To3ret/T~') 

We have previously calculated T~ to be 913 K, but have not found the value of 
Tmrel· We did, however, find that (Vfj2cp) = 97 ·8 K and T3 = 922 K, so that 

Tmrel = T3 + (Vf/2cp) = 1020 K 

}. - 0-152 - . 
R - 1020/913 - O 136 

Equation (7 .20) now becomes 

1J = = 0-88 

s 1 + [o-136 x 97-8 + (:S~~7 )o·0611 x 117-3 J/145 

Thus the design yielddN=0-061 and 1Js = 0-88, in comparison with the values of 
0·05 and 0·9 assumed at the outset This can be regarded as satisfactory agree­
ment, but minor changes would be looked for to improve the efficiency: perhaps a 
slight increase in degree of reaction with the reduction in work due to this 
compensated by designing with some progressive increase in Ca through the 
stage. The latter would have the added advantage of reducing the flare of the 
annulus. 

Step 6 
In conclusion, it must be emphasized that the cascade data and other loss cor­
relations are strictly applicable only to designs where the Mach numbers are such 
that no shock losses are incurred in the blade passages. It has been suggested, 
Ref. (13), that the additional loss incurred by designing with a blade outlet 
relative Mach number greater than unity can be accounted for by adjusting the 
profile loss coefficient YP of the blade row concerned. The correction is given by 

YP = [Yp from eqn. (7.32)] x [1 + 60(M- 1)2
] 

where M is MV3 for the rotor blades and Mcz for the nozzles. There is another 
restriction on the applicability of the data not yet mentioned: the Reynolds 
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number of the flow should be in the region of I x I 05 to 3 x 105
, with Re 

defined in terms of blade chord, and density and relative velocity at outlet of a 
blade row. If the mean Reynolds nmnber for a turbine, taken as the arithmetic 
mean of Re for the first nozzle row and the last rotor row (to cover multistage 
turbines), differs much from 2 x 105

, an approximate correction can be made to 
the overall isentropic efficie~cy by using the expression 

( 
Re )-o.z 

(1 - 1Jt) = 2 X 105 (1 -1Jt)Re=2 x 105 (7 .35) 

To calculate Re for the nozzle and rotor rows of our example, we need the 
viscosity of the gas at temperatures T2 = 982· 7 K and T3 = 922 K. Using data for 
air, which will be sufficiently accurate for this purpose, 

/lz = 4·11 X 10-5 kgjm S and 1ll3 = 3-95 X 10-5 kgjm S 

(Re) = p2C2cN = 0·883 X 519 X 0·0175 = 1_95 X 105 
N /lz 4·11 X 10-5 

(Re) = p3 V3cR = 0·702 x 473·5 x 0·023 = 1.93 x 105 
R /l3 3·95 X 10-5 

Thus no Reynolds number correction is required. 
The Ainley-Mathieson method outlined here has been found to predict 

efficiencies to within ± 3 per cent of the measured values for aircraft turbines, but 
to be not so accurate for small turbines which tend to have blades of rather low 
aspect ratio. Dunham and Carne, in Ref. (13), suggest that the method becomes 
applicable to a wider range of turbines if the secondary and tip clearance loss 
correlation, equation (7.33), is modified as follows. 

(a) A., instead of being given by the func1ion expressed in Fig. 7.26, is replaced 
by 

0·0334(5:) (cos P3) 
h cos p2 

(with P3 = IY.z and Pz = r:x 1 for nozzles). 
(b) B(ldh) is replaced by 

c (k)0-78 B(,;) ~ 
with B equal to 0-47 for radial tip clearances and 0·37 for side clearances on 
shrouded blades. 

When this modification is applied to the turbine of our example there is, as might 
be expected, very little difference in the predicted efficiency, namely 0·89 as 
compared with 0·88. Larger differences of up to 5 per cent are obtained with low 
aspect ratios of about unity. Further refinements to the method are described in 
Ref. (14). 
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7.5 Overall turbine performance 

In the previous section we have described a method of estimating the stage 
efficiency 11s· If the whole turbine comprises a large number of similar stages, it 
would be a reasonable approximation to treat the stage efficiency as being equal 
to the polytropic efficiency 17001 and obtain the overall isentropic efficiency from 
equation (2.18). This was the approach suggested in section (5.7) for the pre­
liminary design of multi-stage axial compressors. Turbines have few stages, 
however, and it is preferable to work through the turbine stage by stage, with the 
outlet conditions from one stage becoming the inlet conditions of the next, until 
the outlet temperature is established. The overall efficiency 1)1 is then obtained 
from the ratio of the actual to isentropic overall temperature drop. 

As stated under the heading 'Estimation of design point performance', it is 
possible to calculate the performance of a turbine over a range of operating 
conditions. Whether calculated, or measured on a test rig, the perfonnance is 
normally expressed by plotting ry, and M JT03 jp03 against pressure ratio Po3/p04 
for various values of N / JT03 as in Fig. 7.28. We are here reverting to cycle 
notation, using suffixes 3 and 4 to denote turbine inlet and outlet conditions 
respectively. The efficiency plot shows that 1)1 is sensibly constant over a wide 
range of rotational speed and pressure ratio. This is because the accelerating 
nature of the flow permits turbine blading to operate over a wide range of 
incidence without much increase in the loss coefficient. 

Turbine choking 

Pressure ratio p 03/p 04 

FIG. 7.28 Turbine characteristics 
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The maximum value of mJT03 1p03 is reached at a pressure ratio which 
produces choking conditions at some point in the turbine. Choking may occur in 
the nozzle throats or, say, in the annulus at outlet from the turbine depending on 
the design. The former is the more normal situation and then the constant speed 
lines merge into a single horizontal line as indicated on the mass flow plot of Fig. 
7 .28. (If choking occurs in. the rotor blade passages or outlet armulus the 
maximum mass flow will vary slightly with NIJT03 .) Even in the unchoked 
region of operation the separation of theN I JT03 lines is not great, and the larger 
the number of stages the more nearly can the mass flow characteristics be 
represented by a single curve independent of N I J T 03 . Such an approximation is 
very convenient when predicting the part-load perfonnance of a complete gas 
turbine unit as will be apparent from Chapter 8. Furthermore, the approximation 
then yields little error because when the turbine is linked to the other components 
the whole operating range shown in Fig. 7.28 is not used. Normally both the 
pressure ratio and mass flow increase simultaneously as the rotational speed is 
increased, as indicated by the dotted curve. 

7.6 The cooled turbine 

It has always been the practice to pass a quantity of cooling air over the turbine 
disc and blade roots. When speaking of the cooled turbine, however, we mean the 
application of a substantial quantity of coolant to the nozzle and rotor blades 
themselves. Chapters 2 and 3 should have left the reader in no doubt as to the 
benefits in reduced SFC and increased specific power output (or increased 
specific thrust in the case of aircraft propulsion units) which follow from an in­
crease in permissible turbine inlet temperature. The benefits are still substantial 
even when the additional losses introduced by the cooling system are taken into 
account. 

Figure 7.29 illustrates the methods of blade cooling that have received serious 
attention and research effort. Apart from the use of spray cooling for thrust 
boosting in turbojet engines, the liquid systems have not proved to be practicable. 
There are difficulties associated with channelling tire liquid to and from the 
blades-whetirer as primary coolant for forced convection or free convection 
open tirermosyphon systems, or as secondary coolant for closed thermosyphon 
systems. It is impossible to eliminate corrosion or the formation of deposits in 
open systems, and very difficult to provide adequate secondary surface cooling 
area at the base of the blades for closed systems. The only method used 
successfully in production engines has been internal, forced convection, air 
cooling. With 1·5-2 per cent of the air mass flow used for cooling per blade row, 
tire blade temperature can be reduced by between 200 and 300 oc. Using current 
alloys, this permits turbine inlet temperatures of more than 1650 K to be used. 
The blades are either cast, using cores to form the cooling passages, or forged 
witir holes of any desired shape produced by electrochemical or laser drilling. 
Figure 7.30 shows the type of turbine rotor blade introduced in tire 1980s. The 
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FIG. 7.29 Methods of blade cooUng 

next step forward is likely to be achieved by transpiration cooling, where the 
cooling air is forced through a porous blade walL This method is by far the most 
economical in cooling air, because not only does it remove heat from the wall 
more uniformly, but the effusing layer of air insulates the outer surface from the 
hot gas stream and so reduces the rate of heat transfer to the blade. Successful 
application awaits further development of suitable porous materials and 
techniques of blade manufacture. 

We are here speaking mainly of rotor blade cooling because this presents the 
most difficult problem. Nevertheless it should not be forgotten that, with high gas 
temperatures, oxidation becomes as significant a limiting factor as creep, and it is 
therefore equally important to cool even relatively unstressed components such as 
nozzle blades and annulus walls. A typical distribution of cooling air required for 

Pressure side concave 
cooling holes 

FIG. 7.30 Cooled turbine rotor blade [courtesy General Electric! 
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a turbine stage designed to operate at 1500 K might be as follows. The values are 
expressed as fractions of the entry gas mass flow. 

annulus walls 
nozzle blades 
rotor blades 
rotor disc 

0·016 
0-025 
0-0_19 
0-005 
0·065 

Figure 7.31 (a) illustrates the principal features of nozzle blade cooling. The air is 
introduced in such a way as to provide jet impingement cooling of the inside 
surface of the very hot leading edge. The spent air leaves through slots or holes in 
the blade surface (to provide some film cooling) or in the trailing edge. Figure 
7.3l(b) depicts a modem cast nozzle blade with intricate inserts forming the 
cooling passages. It also shows the way the armulus walls are cooled. 

It was stated earlier that liquid cooling had not proved to be practical. In 1995, 
however, General Electric armounced the introduction of closed-loop steam 
cooling in their heavy industrial gas turbines designed for combined cycle 
operation; these can be expected to enter service in the late 1990s. Both rotor and 
nozzle blades are steam cooled, using steam extracted from the steam turbine at 
high pressure; the steam undergoes a pressure loss during the cooling process, but 
absorbs heat. The heated steam is then returned at a lower pressure to the steam 
turbine, contributing to the power output and being contained in the steam circuit. 
This approach is suitable for use with a combined cycle, where steam is readily 
available, but requires the use of sophisticated sealing technology to prevent loss 
of steam; the losses due to bleeding high pressure air from the compressor for use 
in an air-cooled turbine are eliminated. Steam cooling is at an early stage of 
development, and attention will now be focussed on the simple analysis of the 
conventional air-cooled turbine. 

(a) Platform film cooling holes II Cooling air 

(b) 

FIG. 7.31 Turbine nozzle coollng [(b) courtesy RoDs-Royce) 
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There are two distinct aspects of cooled turbine design. Firstly, there is the 
problem of choosing an aerodynamic design which requires the least amount of 
cooling air for a given cooling performance. One cooling performance parameter 
in common use is the blade relative temperature defined by 

Tb -T 
blade relative temperature = ___ c_r 

Tg- Tcr 

where Tb = mean blade temperature 
Tcr = coolant temperature at inlet (i.e. at the root radius rr) 
Tg = mean effective gas temperature relative to the blade (:::::static 

temperature+ 0·85 x dynamic temperature) 

The coolant temperature, Ten will usually be the compressor delivery 
temperature, and will increase significantly as pressure ratio is raised to reduce 
specific fuel consumption. Some industrial turbines pass the cooling flow through 
a water-cooled heat-exchanger to reduce Tcr and hence the blade relative 
temperature. At current levels of turbine inlet temperature three or four stages of a 
turbine rotor may be cooled, and air would be bled from earlier stages of the 
compressor to cool the later stages of the turbine, where the cooling air discharges 
to lower pressures in the gas stream. Bleeding air from earlier stages reduces the 
work input required to pressurize the cooling air, with beneficial effects on the net 
output. 

Relative to an imcooled turbine, the optimum design might well involve the 
use of a higher blade loading coefficient t/1 (to keep the number of stages to a 
minimum), a higher pitch/chord ratio (to reduce the number of blades in a row), 
and a higher flow coefficient ¢ (which implies a blade of smaller camber and 
hence smaller surface area). The importance of these, and other parameters such 
as gas flow Reynolds number, are discussed in detail in Ref. (9). 

The second aspect is the effect on the cycle efficiency of losses incurred by the 
cooling process: a pertinent question is whether it is advantageous overall to 
sacrifice some aerodynamic efficiency to reduce such losses. The sources of loss 
are as follows. 

(a) There is a direct loss of turbine work due to the reduction in turbine mass 
flow. 

(b) The expansion is no longer adiabatic; and furthermore there will be a 
negative reheat effect in multi-stage turbines. 

(c) There is a pressure loss, and a reduction in enthalpy, due to the mixing of 
spent cooling air with the main gas stream at the blade tips. (This has been 
found to be partially offset by a reduction in the normal tip leakage loss.) 

(d) Some 'pumping' work is done by the blades on the cooling air as it passes 
radially outwards through the cooling passages. 

(e) When considering cooled turbines for cycles with heat-exchange, account 
must be taken of the reduced temperature of the gas leaving the turbine 
which makes the heat-exchanger less effective. 
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Losses (a) and (e) can be incorporated directly into any cycle calculation, while 
the effect of(b), (c) and (d) can be taken into account by using a reduced value of 
turbine efficiency. One assessment of the latter, Ref. (10), suggests that the 
turbine efficiency is likely to be reduced by from 1 to 3 per cent of the uncooled 
efficiency, the lower value referring to near-impulse designs and the higher to 50 
per cent reaction designs. l)le estimate for reaction designs is substantially 
confinned by the tests on an experimental cooled turbine reported in Ref. (11). 
Cycle calculations have shown that even when all these losses are accounted 
for, there is a substantial advantage to be gained from using a cooled turbine. t 

Before either of these two aspects of cooled turbine design can be investigated 
it is necessary to be able to estimate the cooling air flow required to achieve a 
specified blade relative temperature for any given aerodynamic stage design. We 
will end this section with an outline of an approximate one-dimensional 
treatment, and further refinements can be found in Ref. (9). Figure 7.32 shows the 
notation employed and the simplifYing assmnptions made. 

Consider the heat flow to and from an elemental length of blade bl a distance l 
from the root. As the cooling air passes up the blade it increases in temperature 
and becomes less effective as a coolant, so that the blade temperature increases 
from root to tip. There must therefore be some conduction of heat along the blade 
to and from the element M due to this spanwise temperature gradient. Because 
turbine blade alloys have a low thermal conductivity, the conduction term will be 
small and we shall neglect it here. The heat balance for the elemental length bl is 
then simply 

ro-+....,--,Tip 1.0 

81 

L 
tg~r 

Constant 

l 

c 
"' 1ii 
<:: 
0 
0 
.r:." 

t 
Tcr 

Root 

FIG. 7.32 Forced convection air cooling 

(7.36) 

t It is worth remembering that there may be special applications where a cooled turbine might be 
employed not to raise the cycle temperature but to enable cheaper material to be used at ordinary 
temperatures: the first researches in blade cooling were carried out in Germany during the Second 
World War with this aim in mind. 
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where hg and he are the gas-side and coolant-side heat transfer coefficients, and Sg 
and Se are the wetted perimeters of the blade profile and combined coolant 
passages respectively. For the internal air flow me we also have 

mecpe d:ze = heSe(Tb- Te) (7.37) 

We may·first find the variation of Tb with l by eliminating Te between the two 
equations. From (7.36) we have 

hgSg 
Te = Tb- h S (Tg- Tb) (7.38) 

e e 

and hence 

dTe = (1 + hgSg) dTb 
d{ heSe d{ 

Substituting in (7.37), remembering that dTb/dl= - d(Tg- Tb)!dl, we get 

( 1 + hgSg) d(Tg - Tb) + hgSg (Tg _ Tb) = O 
heSe dl mecpe 

The solution of this differential equation, with Tb = Tb,. at l = 0, is 

Tg- Tb = (Tg- Tb,.)e-klfL (7.39) 

where 

and substitute (7.39) for (Tg- Tb) to give 

[ 
hgSg] -klfL 

Tg - Te = (Tg - Tb,.) I + heSe e 

When l = 0, Te = Ter and hence 

[ 
hgSg] 

Tg- Ter = (Tg- Tb,.) 1 + heSe 

Combining (7 .40) and (7 .41) we have the variation of Te given by 

Tg- Te = (Tg- Te,.)e-klfL 

Finally, subtracting (7 .3 9) from (7.41 ), 

[ 
hgSg -klfL] Tb - Ter = (Tg - Tb,.) 1 +- - e 
heSe 

(7.40) 

(7 .41) 

(7.42) 
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and dividing this by (7 .41) we have the blade relative temperature given by 

T T -ld/L 
. ~ = 1 - e (7.43) 
Tg- Te,. [1 + (hgSg/hcSc)] 

We may note that he will be a function of coolant flow Reynolds number and 
hence of me, and that me also appears in the parameter k. Thus equation (7.43) is 
not explicit in me, and it is' convenient to calculate values of blade relative 
temperature for various values of me rather than vice versa. 

The next step is the evaluation of the heat transfer coefficients: we will 
consider he first. For straight cooling passages of uniform cross-section, pipe flow 
formulae may be used. For this application one recommended correlation is 

Nu = 0·034 (L/D)-0
'
1 (Pr)0A(Re)0

'
8(Te/Tb)0

'
55 (7.44) 

with fluid properties calculated at the mean bulk temperature. The LID term 
accounts for the entrance length effect. The Te/Tb term is necessary when the 
difference in temperature between fluid and wall is large, to allow for the effect of 
variation in fluid properties with temperature. The characteristic dimension D can 
be taken as the equivalent diameter ( 4 x area/periphery) if the cooling passages 
are of non-circular cross-section. For air (Pr ::::: 0· 71) and practicable values of 
L/ D between 30 and 100, the equation reduces to the simpler form 

Nu = o.020(Re)0 8(Te!Tb)0 55 (7 .45) 

The correlation is for turbulent flow, with the accuracy decreasing at Reynolds 
numbers below 8000. Note that the mean value of Teat which the fluid properties 
should be evaluated, and the mean value of Tb for the Tel Tb term, are unknown at 
this stage in the calculations. Guessed values must be used, to be checked later by 
evaluating Te and Tb at l!L=0·5 from equations (7.42) and (7.43). 

Data for mean blade heat transfer coefficients hg are available both from 
cascade tests and turbine tests on a wide variety of blades. The latter yield higher 
values than the former, presumably because of the greater intensity of the 
turbulence in a turbine. The full line in Fig. 7.33, taken from Ref. (9), is a useful 
design curve for the mean value of Nusselt nmnber round the blade surface in 
terms of the most significant blade shape parameter which is the ratio of 
inlet/ outlet angle P2/ P3 (or o: 1/ o:2 for nozzle blades). Nug decreases as the degree 
of acceleration of the flow increases, because the point of transition from a 
laminar to a turbulent layer on the convex surface is delayed by accelerating flow. 
The curve applies to conventional turbine blade profiles, and gives nominal 
values denoted by Nu'; for operating conditions of Reg= 2 x 105 and Tg/Tb--+ 1. 
Nug can then be found from 

Nug = Nu; (2 =efo5 r G:r 
where the exponent x is given by the supplementary curve, andy is given by 

y=0·14 __ eg_ 
( 

R )-o4 
2 X 105 
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The characteristic dimension in Nug and Reg is the blade chord, and the fluid 
properties should be evaluated at the temperature Tg. The velocity in Reg is the 
gas velocity relative to the blade at outlet (V3 or C2 as the case may be). The 
quantities required will be known for any given stage design, with the exception 
of the mean value of Tb for which the guessed value must be used. 

All the information has now been obtained to permit the calculation of 
(Tb- Tcr)/(Tg- Tcr), for various values of coolant flow me, from equation 
(7 .43). Typical curves of span wise variation, for values of me of 1 and 2 per cent 
of the gas mass flow per blade row, are shown in Fig. 7.34. Note that the 
distribution matches requirements because the blade stresses decrease from root 
to tip. The quantity of heat extracted from the blade row can be found by 
calculating Tc1, i.e. Tc at l = L, from equation (7 .42), and then evaluating 
mccpc(Tct- Tcr). 
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FIG. 7.34 Typical spanwise temperatnre distributions 
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FIG. 7.35 Typical temperature distribution (from Ref. [12]) 

To conclude, we may note that the final design calculation for a cooled blade 
will involve an estimation of the two-dimensional temperature distribution over 
the blade cross-section at several values of l/ L. Finite difference methods are used 
to solve the differential equations, and conduction within the blade is taJ(en into 
account. Figure 7.35 shows a typical temperature distribution at the mid-span of a 
blade designed to operate with Tg = 1500 K and Tcr = 320 K. It emphasizes one 
of the main problems of blade cooling, i.e. that of obtaining adequate cooling at 
the trailing edge. Finally, an estimation will be made of the thermal stresses 
incurred with due allowance for redistribution of stress by creep: with cooled 
blades the thermal stresses can dominate the gas bending stresses and be 
comparable with the centrifugal tensile stresses. References to the literature 
dealing with these more advanced aspects can be found in the paper by Barnes 
and Dunham in Ref. (12). 

Finally, mention must be made of an alternative approach to the high­
temperature turbine--the use of ceramic materials which obviates the need for 
elaborate cooling passages. Much effort has been expended on the development 
of silicon nitride and silicon carbide materials for small turbine rotors (both axial 
and radial) in which it would be difficult to incorporate cooling passages. 
Adequate reliability and life are difficult to achieve, but demonstrator engines 
have been run for short periods. Ceramic rotor blades are being investigated for 
use in stationary gas turbines for powers up to about 5 MW, and experimental 
trials are expected in the late 1990s. The use of ceramic turbines in production 
engines, however, remains an elusive goal three decades after optimistic forecasts 
about their introduction. 

7. 7 The radial flow turbine 

Figure 7.36 illustrates a rotor having the back-to-hack configuration mentioned in 
the introduction to this chapter, and Ref. (15) discusses the development of a 
successful family of radial industrial gas turbines. In a radial flow turbine, gas 
flow with a high tangential velocity is directed inwards and leaves the rotor with 
as small a whirl velocity as practicable near the axis of rotation. The result is that 
the turbine looks very similar to the centrifugal compressor, but with a ring of 
nozzle vanes replacing the diffuser vanes as in Fig. 7.37. Also, as shown there 
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FIG. 7.36 Back-to-hack rotor [courtesy of Kongsberg Ltd] 

would normally be a diffuser at the outlet to reduce the exhaust velocity to a 
negligible value. 

The velocity triangles are drawn for the normal design condition in which the 
relative velocity at the rotor tip is radial (i.e. the incidence is zero) and the 
absolute velocity at exit is axial. Because Cw3 is zero, the specific work output W 
becomes simply , 

W = cP(T01- Tm) = CwzUz = Ui (7.46) 

In the ideal isentropic turbine with perfect diffuser the specific work output would 
be 

Volute 

I 

FIG. 7.37 Radial inllow turbine 
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where the velocity equivalent of the isentropic enthalpy drop, C0, is sometimes 
called the 'spouting velocity' by analogy with hydraulic turbine practice. For this 
ideal case it follows that Ui = C5!2 or Uz/C0 = 0-707. In practice, it is found that 
a good overall efficiency is obtained if this velocity ratio lies between 0-68 and 
0· 71, Ref. (16). In terms of the turbine pressure ratio, C0 is given by 

c~ _ [ ( 1 )(y-l)fy] 
- c T01 1- --
2 - P PodPa 

Figure 7.38 depicts the processes in the turbine and exhaust diffuser on the T-s 
diagram. The overall isentropic efficiency of the turbine and diffuser may be 
expressed by 

To1- T03 
1Jo = T. _ T' (7.47) 

01 4 

because (T01 - T4) is the temperature equivalent of the maximum work that 
could be produced by an isentropic expansion from the inlet state (p0 b T01 ) to Pa· 
Considering the turbine alone, however, the efficiency is more suitably expressed by 

(7.48) 

which is the 'total-to-static' isentropic efficiency referred to in section 7 .I. 
Following axial flow turbine practice, the nozzle loss coefficient may be 

defined in the usual way by 

1--
~ 
:::1 
"lil 
Ci3 
c. 
E 
~ 

' - Tz- T~ 
~'w----

Ci/2cP 

V~/2cp 

Entropy s 

FIG. 7.38 T-s diagram for a radialliow turbine 

(7.49) 
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Similarly, the rotor loss coefficient is given by 

, _ T3- T3' 
""R ---

- Vlf2cP 
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(7.50) 

Plane 2 is located at the periphery of the rotor, so that the nozzle loss includes not 
only the loss in the inlet volute but also any friction loss in the vaneless space 
between nozzle vane trailing edge and rotor tip. Bearing in mind that for the small 
constant pressure processes denoted by 2'- 2 and 3' - 3" we can write ci)T = 
Tbs, AN can be alternatively expressed by 

(7.51) 

A useful expression for 1]1 in terms of the nozzle and rotor loss coefficients can 
be found as follows. The denominator in equation (7.48) may be expanded to 
yield 

Consequently 17 1 becomes 

From the velocity triangles, 

Cz = Uz cosec IXz. v3 = u3 cosec p3, c3 = u3 cot p3 

rx2 is the gas angle at inlet to the impeller and hence the effective outlet angle of 
the nozzle vanes, while p3 is the outlet angle of the impeller vanes. Furthermore, 
U3 = U2rir2 and cP(T01 - T03 ) = UJ:, so that the expression for efficiency finally 
becomes 

Here 1]1 is expressed in tenns of the nozzle and impeller outlet angles, radius ratio 
of impeller, loss coefficients, and the temperature ratio T3/T~. The temperature 
ratio T3/T~ can in turn be expressed in terms of the major design variables, 
although it is usually ignored because it is sufficiently near unity for it to have 
little effect on 1]1• Thus we can write 

T3 T3' T2 - T3' 1 , 
1 ~- = 1 - --= 1 --[(T2 - T3) + (T3 - T3 )] 
Tz Tz Tz Tz 
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Now (T2 - T3) may be found by expanding equation (7.46) and making use of 
the velocity triangles in Fig. 7.36. Thus, since T01 = To2, 

u} = cp(T2- T3) +!(C~- CD 
= cp(T2- T3) +!(Vi+ Ui) -!(Vf- Uf) 

(T2 - T3) = -
2
1 

[(Vf -· V}) + (U}- Ul)J 
cP 

(Note that Tore!= T + V2 j2cp is not the same at inlet and outlet of the rotor as it is 
in the axial flow machine, because U3 =f U2. This is the main difference between 
Fig. 7.37 and Fig. 7.4.) It follows that 

T~T~' 12 2 2 2 2 1 ~- = 1 ---[(V3 - V2 ) +(U2 - U3 ) +A.RV3 ] 
T2 T2 2cPT2 

= 1 - 2~t [1 + (~Y {(1 + A.R) cosec
2 p3 -1} - cof o:2] 

(7.53) 

And, finally, T2 may be expressed as 

U} 2 
T2 = T01 - -

2 
cosec o:2 

cP 

A.N is usually obtained from separate tests on the inlet volute and nozzle vane 
assembly, enabling A.R to be deduced from overall efficiency measurements with 
the aid of equation (7.52) as in the following example. 

EXAMPLE 7.:1. 

A radial flow turbine of the following geometry is tested under design conditions 
with a pressure ratio p0J/p3 of 2-0 and an inlet temperature of 1000 K. The work 
output, after allowance has been made for mechanical losses, is 45·9 leW when 
the rotational speed is 1000 revjs and the gas mass flow is 0·322 kgjs. 

Rotor inlet tip diameter 
Rotor exit tip diameter 
Hub/tip ratio at exit 
Nozzle efflux angle o:2 

Rotor vane outlet angle P3 

12·7 em 
7-85 em 
0·30 

70° 
40° 

Separate tests on the volutejnozzle combination showed the nozzle loss 
coefficient },N to be 0·070. The turbine isentropic efficiency 1)1 and the rotor 
loss coefficient A.R are to be evaluated from the results. 

T01 - T~ = T0 1- -- = 1000 1- - = 159·1 K 
[ ( 

1 )(y-l)/y] [ ( 1 )*] 
PodP3 2-0 
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Since W=mcp(Tol- T03), 

45-9 
Tal- Ta3 = 0-322 x 1-148 = 124·2 K 

124·2 
11t = 159·1 = 0-781 

Putting TU'r2 = 1·0 in equation (7 .52), with r3jr2 given by 

~ = 0·3 X 7·85 + 7·85 = 0-40Z 
r2 2 x 12·7 

we get 
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0· 781 ;:,;; [1 +! { 0-4022( cot2 40 + AR cosec2 40) + 0-07 cosec2 70} r I 
1-280 = 1 + 0·1148 + 0-J956JlR + 0·0396 

AR = 0·64 

It can be seen from the foregoing that the term containing T~/T2 is small. From 
the data, U2 = n x 1000 x 12·7 = 390 mjs. Using this in equation (7.53) we get 
T~/T2 equal to (0·921 - 0-028)JlR. Substituting this result in equation (7.52) and 
recalculating, we have AR = 0-66. The approximate value of 0-64 is within the 
margin of experimental uncertainty. 

One of the more comprehensive research programmes on radial flow turbines 
was that carried out by Ricardo and Co. and reported in Ref. (17). Thrbine 
efficiencies of up to 90 per cent were obtained under optimum running conditions 
with a 12-5 em diameter rotor having 12 blades. The optimum number of nozzle 
vanes was found to be 17. Values of AN varied from 0·1 to 0-05, decreasing 
steadily with increase of nozzle angle from 60 to 80 degrees. AR varied more 
widely, from 0·5 to 1·7, increasing rapidly as the nozzle angle was increased 
above 70 degrees. In spite of this variation in AR the overall turbine efficiency was 
relatively insensitive to nozzle angle: it fell by only 2 per cent as rx2 was increased 
from 70 to 80 degrees. Also studied in the programme were the effects of varying 
the axial width of the vanes at the rotor tip, radial width of the vaneless space, and 
clearance between vanes and casing. The optimum width of vane at the rotor tip 
was about I 0 per cent of the rotor diameter, and the performance seemed insen­
sitive to the radial width of the vaneless space. There was a fall in efficiency of 1 
per cent for every increase in clearance of 1 per cent of the rotor vane width 
(averaged between rotor inlet and outlet). This implies that the radial flow turbine 
is rath~r less sensitive to clearance loss than its axial flow counterpart. Because 
clearances cannot be reduced in proportion to blade height as the size is reduced, 
this lower sensitivity is probably the basic reason why radial flow has the advan­
tage for very small turbines. 

Finally, various major alterations to the geometry of the rotor were made, 
including scalloping the disc between the blades to reduce disc stresses, weight 
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and inertia: the reader must 1urn to Ref. (17) for the consequences of such 
changes. All we can do here is to give a rough guide to the major dimensions 
determining the basic shape of the rotor, viz. the hub/tip diameter ratio of the 
vanes at the rotor exit and the ratio of the vane tip diameter at the exit to the rotor 
disc diameter. The former should not be much less than 0·3 to avoid excessive 
blade blockage at the hub, and the latter should be linrited to a maximum of about 
0· 7 to avoid excessive curvature of the rotor passages. 

Methods of dealing with the losses other than by the simple use of Af.r and AR 
have been devised, and Ref. (18) provides a useful comparison of the various 
coefficients that have been used. In particular, if the relative velocity is not radial 
at inlet to the rotor there is an additional loss, variously described as an 'incidence 
loss' or 'shock loss', for which a separate loss coefficient is desirable. The use of 
such a coefficient becomes essential when trying to predict off-design 
performance because then the flow relative to the rotor vanes may depart 
substantially from the radial direction. There is no shock in the gas dynamic 
sense, but there is a shock in the ordinary sense of the word when the fluid 
impinging on the rotor vanes at some incidence p2 (Fig. 7.39) is suddenly 
constrained to move in the radial direction. There is a resulting drop of stagnation 
pressure and increase in entropy which moves line 2-3 to the right on the T-s 
diagram. Bridle and Boulter [Ref. (19)] suggest that in the incidence range 
p2 = ± 65 degrees, this stagnation pressure loss can be accounted for by the 
expression 

Apo 
2 

=(tanP2 +0·li 
(Paz - Pz) cos Pz 

Making use of the test results in Ref. (17), Bridle and Boulter have also deduced 
equations for the other components of the rotor loss, i.e. friction loss in the rotor 
passages and clearance loss, in an attempt to make possible the prediction of off­
design performance. Benson in Ref. (20) describes one method of tackling this 
problem, and includes in an Appendix the Fortran programs necessary for the 
calculation. 

T 

FIG. 7.39 Effect of incidence loss 
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NOMENCLATURE 

For velocity triangle notation (U, C, V, IX, p) see Fig. 7.1 and Fig. 7.37. For blade 
geometry notation (s, c, o, t, (1, z) see Fig. 7.11 

CL blade lift coefficient 
h blade height, heat transfer coefficient 
n number of blades 
S perimeter 
z section modulus of blade 
h / c aspect ratio 
k/ h tip clearance jblade height ratio 
s/c pitch/chord ratio 
t / c thickness/ chord ratio 
tel s trailing edge thickness/pitch ratio 
YN nozzle blade loss coefficient [(Poi - Poz)/(poz - pz)] 
YR rotor blade loss coefficient [(pozrel - Po3rei)/ (Po3rel - P3)] 
Yk tip clearance loss coefficient 
YP profile loss coefficient 
Y. secondary loss coefficient 
AN nozzle blade loss coefficient [(T2 - T~)/(Ci/2cp)] 
AR rotor blade loss coefficient [(T3 - T~')/(Vf j2cp)] 
rJ ct centrifugal tensile stress 
rJ gb gas bending stress 
A degree of reaction [(T2 - T3)/(T1 - T3)] 

¢ flow coefficient (Ca/U) 
t/1 stage temperature drop coefficient (2c/1Ta./U2

) 

Suffixes 
a, w 
b 
c 

m, r, t 
N,R 
p, s 

axial, whirl, component 
blade 
coolant 
at mean, root, tip, radius 
nozzle, rotor, blades 
pressure, suction, surface of blade 



8 Prediction of pe1jonnance of 
simple gas turbines 

From cycle calculations such as those of Chapter 2, it is possible to determine the 
pressure ratio which for any given maximum cycle temperature will give the 
greatest overall efficiency, and the mass flow required to give the desired power. 
When such preliminary calculations have been made, the most suitable design 
data for any particular application may be chosen. It is then possible to design the 
individual components of a gas turbine so that the complete unit will give the 
required performance when running at the design point, that is, when it is running 
at the particular speed, pressure ratio and mass flow for which the components 
were designed. The problem then remains to find the variation of performance of 
the gas turbine over the complete operating range of speed and power output, 
which is normally referred to as off-design performance. 

The performance characteristics of the individual components may be 
estimated on the basis of previous experience or obtained from actual tests. 
When the components are linked together in an engine, the range of possible 
operating conditions for each component is considerably reduced. The problem is 
to find corresponding operating points on the characteristics of each component 
when the engine is running at a steady speed, or in equilibrium as it is frequently 
termed. The equilibrium running points for a series of speeds may be plotted on 
the compressor characteristic and joined up to form an equilibrium running line 
(or zone, depending upon the type of gas turbine and load), the whole forming an 
equilibrium running diagram. When once the operating conditions have been 
determined, it is a relatively simple matter to obtain performance curves of power 
output or thrust, and specific fuel consumption. 

The equilibrium running diagram also shows the proximity of the operating 
line or zone to the compressor surge line. If it intersects the surge line the gas 
turbine will not be capable of being brought up to full speed without some 
remedial action being taken. It is this phenomenon which was referred to when 
speaking of 'stability of operation' in the Introduction. Finally, it shows whether 
the engine is operating in a region of adequate compressor efficiency; ideally the 
operating line or zone should lie near the locus of points of maximum compressor 
efficiency shown in Fig. 4.10(a). 
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The variation of specific fuel consumption with reduction in power, sometimes 
referred to as part-load pelformance, is of major importance in applications 
where considerable running at low power settings is required. This would be the 
case for any vehicular gas turbine, and the poor specific fuel consumption at part 
load is probably the biggest disadvantage of the gas turbine for vehicular use. The 
fuel consmnption of aircraft gas turbines at reduced power is of critical 
importance when extensive delays occur either at the point of departure or the 
destination. In one case the idling fuel consumption when taxiing is important, 
and in the other the fuel flow at low flight speeds and medium altitudes is critical. 

When determining the off-design performance it is important to be able to 
predict not only the effect on specific fuel consumption of operation at part load, 
but also the effect of ambient conditions on maximmn output. The effects of high 
and low ambient temperatures and pressures must all be considered. Land based 
gas turbines may operate between ambient temperatures of -60 oc in the Arctic 
and 50 oc in the tropics, and at altitudes from sea level to about 3000 metres, 
while aircraft gas turbines have to operate over much wider ranges of inlet 
temperature and pressure. The variation of maximum power with ambient 
conditions is clearly of prime importance to the customer, and the manufacturer 
must be prepared to guarantee the performance available at any specified 
condition. If, for example, we consider the use of gas turbines for peale load 
generation of electricity, the peale loads will occur in the coldest days of winter in 
Europe, but are much more likely to occur in the smnmer in the United States 
because of the he<,tvy demand for air conditioning and refrigeration systems. The 
effect of ambient conditions on the performance of aircraft gas turbines has a 
critical effect on the runway length required and the payload that can be carried, 
and hence on both safety and economics. 

The basic methods for determining equilibrium off-design performance of 
simple gas turbines will be described here, while more complex arrangements and 
transient operation are dealt with in Chapter 9. The types of gas turbine discussed 
in this chapter will be (a) the single-shaft unit delivering shaft power, (b) the free 
turbine engine, where the gas-generator turbine drives the compressor and the 
power turbine drives the load and (c) the simple jet engine where the useful output 
is a high velocity jet produced in the propelling nozzle. Schematics of these 
layouts are shown in Fig. 8.1, and it can readily be observed that the gas generator 
performs exactly the same function for both the free turbine engine and the jet 
engine. The flow characteristics of a free turbine and a nozzle are similar, and 
they impose the same restrictions on the operation of the gas generator, with the 
result that the free turbine engine and the jet engine are thermodynamically 
similar and differ only in the manner in which the output is utilized. Several 
successful jet engines have been converted to shaft power use by substituting a 
free power turbine for the propelling nozzle, and this approach has been widely 
used for peale-load electricity generation and propulsion of naval vessels. 

All off-design calculations depend on satisfying the essential conditions of 
compatibility of mass flow, work and rotational speed between the various 
components. It is logical to deal with the single-shaft engine first, and then 
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FIG. 8.1 Simple gas turbine units 

proceed to the free turbine engine where there is the added complication of flow 
compatibility between the gas-generator turbine and the power turbine. Lastly, we 
will deal with the jet engine where there is the further complication of forward 
speed and altitude effects. 

8.1 Component characteristics 

The variation of mass flow, pressure ratio and efficiency with rotational speed of 
the compressor and turbine is obtained from the compressor and turbine charac­
teristics, examples of which are given in Chapters 4, 5 and 7. It is convenient to 
represent the compressor characteristic as shown in Fig. 8.2, with the variation of 
efficiency along each constant speed line plotted against both mass flow and 
pressure ratio. With high performance axial compressors the constant speed lines 
become vertical on a mass flow basis when the inlet is choked, and in this region 
it is essential to plot the efficiency as a function of pressure ratio. The turbine 
characteristic can be used in the form given in Fig. 7.28. It is often found in 
practice, however, that turbines do not exhibit any significant variation in non­
dimensional flow with non-dimensional speed, and in most cases the turbine 
operating region is severely restricted by another component downstream of it. In 
explaining the method used for off-design performance calculations it will in­
itially be assumed that the mass flow function can be represented by a single 
curve as in Fig. 8.3. The modification necessary to account for a family of 
constant speed curves will be discussed in section 8.3. 

For accurate calculations it is necessary to consider the variation of pressure 
losses in the inlet ducting, the combustion chamber and the exhaust ducting. 
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1Jc 

These are essentially secondary effects, however, and the off-design calculations 
will be introduced on the basis of negligible inlet and exhaust losses and a 
combustion chamber pressure loss which is a fixed percentage of the compressor 
delivery pressure. Such approximations are quite adequate for many purposes. 
For detailed calculations it would be normal to use a digital computer, when 
methods of allowing for variable pressure losses are easily introduced. Further 
discussion of this matter will be deferred until section 8. 7. 
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8.2 Off-design operation of the single-shaft gas turbine 

Referring to the single-shaft gas turbine shown in Fig. 8.l(a) it can readily be 
seen that when inlet and exhaust pressure losses are ignored, the pressure ratio 
across the turbine is determined by the compressor pressure ratio and the pressure 
loss in the combustion cham~er. The mass flow through the turbine will be equal 
to the mass flow delivered by the compressor, less any bleeds, but supplemented 
by the fuel flow; it has been pointed out earlier that the bleeds are often approxi­
mately equal to the fuel flow. In general terms, the procedure for obtaining an 
equilibrium running point is as follows. 

(a) Select a constant speed line on the compressor characteristic and choose any 
point on this line; the values of mJT01 /Poi> P02/Po~> 1Jc and NJToi are then 
determined. 

(b) The corresponding point on the turbine characteristic is obtained from 
consideration of compatibility of rotational speed and flow. 

(c) Having matched the compressor and turbine characteristics, it is necessary 
to ascertain whether the work output corresponding to the selected operating 
point is compatible with that required by the driven load; this requires 
knowledge of the variation of power with speed, which depends on the 
manner in which the power is absorbed. 

The compressor and turbine are directly coupled together, so that compatibility 
of rotational speed requires 

(8.1) 

Compatibility of flow between the compressor and turbine can be expressed in 
terms of the non-dimensional flows by the identity 

m3JT03 = miJT01 xPoi xPo2 x /Tm x m3 

Pm Poi P02 Pm Y Tal mi 

The pressure ratio Po3!Po2 can be obtained directly from the combustion pressure 
loss, i.e. Pm/Po2 = 1 - (11pb/P02)· It will normally be assumed that mi =m3 =m, 
but variation in mass flow at different points in the engine can easily be included 
if required. Rewriting the previous equation in terms of m, we get 

(8.2) 

Now mJTodPoJ and Po2/P01 are fixed by the chosen operating point on the 
compressor characteristic, pa3/Po2 is assumed to be constant and mJT03 jp03 is a 
function of the turbine pressure ratio p03 /p04 . Neglecting inlet and exhaust pres­
sure losses Pa =Poi =Po4, so that the turbine pressure ratio can be calculated 
from Pm!Po4 = (po3/P02)(p02/Poi). Thus all the tenns of equation (8.2) with the 
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exception of .j(T03 jT01 ) can be obtained from the compressor and turbine 
characteristics. The turbine inlet temperature T03 can therefore be obtained from 
equation (8.2) when the ambient temperature, which is equal to T01. is specified. 

Having determined the turbine inlet temperature, the turbine non-dimensional 
speed N/.jT03 is obtained from equation (8.1). The turbine efficiency can then be 
obtained from the turbine characteristic using the known values of Nj..jT03 and 
Po3/Po4, and the turbine temperature drop can be calculated from 

(8.3) 

The compressor temperature rise for the point selected on the compressor charac­
teristic can be similarly calculated as 

ATol2 = _Q!_ Poz -I T, [( )(y-1)/Y ] 

11c Pol 
(8.4) 

The net power output corresponding to the selected operating point is then found 
from 

(8.5) 

where 11m is the mechanical efficiency of the compressor-turbine combination, 
and m is given by (m./T0 J!p01 )(pa/./Ta) for prescribed ambient conditions. 

Finally, it is necessary to consider the characteristics of the load to determine 
whether the compressor operating point selected represents a valid solution. If, for 
example, the engine were run on a test bed coupled to a hydraulic or electrical 
dynamometer, the load could be set independently of the speed and it would be 
possible to operate at any point on the compressor characteristic within the 
temperature limit imposed by safety considerations. With a propeller load, 
however, the power absorbed varies as the cube of the rotational speed of the 
propeller. When the transmission efficiency and gear ratio are known, the load 
characteristic in terms of the net power actually required from the turbine and the 
turbine speed can be plotted as in Fig. 8.4. The problem then becomes one of 
finding the single point on each constant speed line of the compressor 
characteristic which will give the required net power output at that speed; this 
can only be done by trial and error, taking several operating points on the 
compressor characteristic and establishing the power output corresponding to 
each one. If the calculated net power output for any point on the compressor 
characteristic is not equal to the power required at the selected speed, the engine 
will not be in equilibrium and will either accelerate or decelerate depending on 
whether there is a surplus or deficiency of power. Repeating this procedure for a 

t Distinguishing suffixes will be added to cP only in equations where both Cpa and Cpg appear 
simultaneously. In other cases it will be clear from the context which mean cP should be used. y will be 
treated similarly. 
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series of constant speed lines, a series of points are obtained, which can be joined 
up to form the equilibrium running line as shown in Fig. 8.5. 

The most common type of load used with a single-shaft gas turbine is the 
electric generator which runs at a constant rotational speed with the load varied 
electrically. Thus the equilibrium running line for a generator set would 
correspond to a particular line of constant non-dimensional speed, as shown in 
Fig. 8.5, and each point on this line would represent a different value of turbine 
inlet temperature and power output. At each speed it is possible to find, by trial 
and error, the compressor operating point corresponding to zero net output and 
the no-load running line for a generator set is also shown in Fig. 8.5. 

The equilibrium running lines depicted show that a propeller load implies 
operation in a zone of high compressor efficiency over a wide range of output, 

Po2 

Po1 

FIG. 8.5 Equilibrium running Unes 

/ 

Generator 
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whereas the generator load results in a rapid drop in compressor efficiency as load 
is reduced. The location of the equilibrium running line relative to the surge line 
indicates whether the engine can be brought up to full power without any 
complications. In the case of the propeller, the equilibrium running line lies close 
to the surge line, and may even intersect it, in which case the engine could not be 
accelerated to full power. This can be overcome by incorporating a blow-off valve 
towards the rear of the compressor. Section 8.6 deals with the matter in more 
detail. The rulllling line for the generator at no-load can be seen to be well away 
from surge, and the generator could be accelerated to full speed before applying 
the load without any surge problem being encountered. 

The calculations described above deten:nine the values of all the parameters 
required for a complete performance calculation for any point within the 
operating range. To3 is known, and T02 is found from (AT012 + To1). Thus the 
combustion temperature rise is !mown and it is possible to obtain the fuel/air ratio 
!from the curves of Fig. 2.15 and an assumed value of combustion efficiency. The 
fuel flow is then given by mf From the fuel flow and power output at each 
operating point the variation in specific fuel consumption (or thermal efficiency) 
with load can be deten:nined. The results refer to operation at the assumed value 
of To1 ( = Ta) and Pol ( = Pa), but the process could be repeated over the range of 
values of ambient temperature and pressure likely to be encountered. 

The matching calculations for a single-shaft gas turbine are illustrated in the 
following example. 

EXAMPLE 8.ll 

The following data refer to a single-shaft gas turbine operating at its design speed. 

Compressor characteristic 

PoziPoi 

5·0 
4·5 
4-0 

m.jT01/Po1 

329·0 
339·0 
342·0 

l]c 

0-84 
0-79 
0-75 

Turbine characteristic 

m.jT03/Po3 

139-0 0-87 
(both constant over 
range of pressure ratio 
considered) 

Assuming ambient conditions of 1·013 bar and 288 K, a mechanical efficiency 
of 98 per cent, and neglecting all pressure losses, calculate the turbine inlet 
temperature required for a power output of 3800 leW. The 'non-dimensional' 
flows are expressed in terms of kg/s, K and bar. 

The method of solution is to establish, for each point given on the compressor 
characteristic, the turbine inlet temperature from equation (8.2), the compressor 
temperature rise from equation (8.4) and the turbine temperature drop from equa­
tion (8.3). Once these have been established the power output can be obtained 
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from equation (8.5); it is then necessary to plot turbine inlet temperature against 
power output to find the required temperature for an output of 3800 kW 

Taking the compressor operating point at a pressure ratio of 5·0, 

jTo3 = (mJT03!P03)(Po31Poi) 

V T01 mJTodPoi 

With pressure losses neglected Po3 =Paz, and hence 

jT03 = 139·0 X 5·0 = 2.11 y T01 329·0 

giving T03 = 1285 K 
The compressor temperature rise is given by 

AT012 = ~ [5·0113 5 
- 1] = 200·5 K 

0·84 

The turbine temperature drop is given by 

AT034 = 0·87 x 1285[1- 5 .~114] = 370·0 K 

The air mass flow is obtained from the non-dimensional flow entering the com­
pressor, 

1·013 
m = 329 x -J = 19-64 kgjs 

288 

The power output can now be obtained, giving 

(
19·64 X 1·005 X 200·5) 

power output= 19·64 x 1·148 x 370·0-
0

.
98 

= 8340-4035 

=4305 kW 

Thus for a power output of 4305 kW the turbine inlet temperature is 1285 K. 
Repeating the calculation for the three points given on the compressor 

characteristic yields the following results 

Poz!Pol To3 L\.To12 LI.To34 m Power output 
[K] [K] [K] [kg/s] [kW] 

5·0 1285 200·5 370·0 19·64 4305 
4·5 982 196·1 267·0 20·25 2130 
4·0 761 186·7 194·0 20·4 635 

Plotting the value of T03 against power output it is found that for an output of 
3800 leW the required turbine inlet temperature is 1215 K. 



EQUILffiRIUM RUNNING OF A GAS GENERATOR 345 

8.3 Equilibrium running of a gas generator 

It was pointed out at the start of this chapter that the gas generator performs the 
same function for both the free turbine engine and the jet engine, namely the 
generation of a continuous flow of gas at high pressure and temperature which 
can be expanded to a lower pressure to produce either shaft work or a high 
velocity propulsive jet. Before considering either type of engine, it is appropriate 
to consider the behaviour of the gas generator alone. 

Considerations of compatibility of speed and flow are the same as for the 
single-shaft engine described in the previous section, and equations (8 .1) and 
(8.2) are applicable. This time, however, the pressure ratio across the turbine is 
not known, and it must be determined by equating the turbine work to the 
compressor work. The required turbine temperature drop, in conjunction with the 
turbine inlet temperature and efficiency, determines the turbine pressure ratio. 
Thus, instead of equation (8.5) the work requirement is expressed by 

1JmCpg!J.T034 = Cpal'lToi2 

Re-writing in terms of non-dimensional groups 

!J.T034 AT012 T01 cpa 
--=--X-X--

Tm Tm T03 cpg1Jm 
(8.6) 

Equations (8.1), (8.2) and (8.6) are alllinlced by the temperature ratio T03 jT01 
and it is necessary to determine, by trial and error, the turbine inlet temperature 
required for operation at any arbitrary point on the compressor characteristic. The 
procedure is as follows: 

(a) Having selected a point on the compressor characteristic, the values of 

N/-/TobPoz!Pob mJToJ/Pm, and 1Jc are determined, and ATo12/Toi can be 
calculated from equation (8.4). 

(b) If a value of Po3/Po4 is guessed, the value of m-/T03 /p 03 can be obtained 
from the turbine characteristic, enabling the temperature ratio T03 j T01 to be 
obtained from the flow compatibility equation (8.2). 

(c) This value of To3/To 1 can now be used to calculate Nj JT03 from equation 
(8.1). 

(d) With Nj -/T03 and p03 jp04 lmown, the turbine efficiency can be obtained 
from the turbine characteristic. 

(e) The non-dimensional temperature drop AT034 jT03 can be calculated from 
equation (8.3) and used in conjunction with equation (8.6) to calculate 
another value of To3/T01 . 

(f) This second value of T03 jT01 will not, in general, agree with the first value 
obtained from equation (8.2), indicating that the guessed value of the 
pressure ratio p03 jp04 is not valid for an equilibrium running point. 

(g) A new value of p03 jp04 must now be assumed and the above calculations 
repeated until the same value of T03 jT01 is obtained from both equation 
(8.2) and (8.6). 
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(h) Agreement signifies that the turbine operating point is compatible with the 
originally chosen compressor operating point when the fuel flow is such as 
to produce the iterated value of T03 /T01 . 

The procedure is summarized in the information flow chart of Fig. 8.6(a). 
It would be possible to carry out this calculation for a large number of points 

on the compressor characteristic, and express the results by joining up points of 
constant T03 / To1 on the compressor characteristic as indicated by the dotted lines 
in Fig. 8.7. In practice this is unnecessary. The further requirement for flow 
compatibility with the component downstream of the gas generator, whether it be 
a power turbine or propelling nozzle, seriously restricts the operating zone on the 
compressor characteristic. The foregoing procedure thus comprises only one part 
of the calculation for the whole unit, and when the whole unit is considered only 
relatively few points may be needed. The free turbine engine will be considered 
first. 

Before doing so, it is necessary to emphasize that the matching procedure just 
outlined has been developed on the assumption that the turbine non-dimensional 
flow is independent of the non-dimensional speed and is a function only of 
pressure ratio. If the turbine characteristic does exhibit a variation of mJTo3/po3 
with N/ JT03, as in Fig. 7 .28, the procedure must be modified. There is no change 
for any turbine operating point falling on the choking point of the mass flow 
curve, but for others the process would be as follows. Immediately after step (a) it 
is necessary to guess a value of T03/Tob which permits calculation of N/ JTo3 
from equation (8.1) and m/ JTo3/Pm from equation (8.2). pa3/Po4 and 1], can then 
be obtained from the turbine characteristic, enabling AT034/ T03 to be calculated 
from equation (8.3). The work compatibility equation (8.6) is then used to provide 
a value of T1H/T01 for comparison with the original guess. To avoid obscuring the 
main principles involved, the use of multi-line turbine flow characteristics will not 
be discussed further. t Enough has been said to show that they can be 
accommodated without undue difficulty. 

8.4 Off-design operation of free turbine engine 

Matching of gas generator with free turbine 

The gas generator is matched to the power turbine by the fact that the mass flow 
leaving the gas generator must equal that at entry to the power turbine, coupled 
with the fact that the pressure ratio available to the power turbine is fixed by the 
compressor and gas-generator turbine pressure ratios. The power turbine charac­
teristic will have the same form as Fig. 8.3, but the parameters will be 

mJTo4/Po4, Po4/Pa, Np/ JTo4 and 1Jtp· 

t The characteristic shown in Fig. 7.28 is typical of that for a turbine in which chokmg occurs m the 
stator passages. In some designs chokmg may occur initially at exit from the rotor passages; this will 
result in a small vanation of the choking value of m.JT03 jp03 with N!JT03 . The modification to the 
calculation would then apply also to the choking region 
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FIG. 8.7 Equilibrium running line for free turbine 

The preceding section described how the gas generator operating conditions 
can be determined for any point on the compressor characteristic. The value of 
mJT04 jp04 at exit from the gas generator can then be calculated from 

m./To4 = m./Tm xPo3 x jTo4 
Po4 Pm Po4 V T03 

(8.7) 

where 

JT04 )( L'1T034) L'1T034 [ ~ 1 )(y-IJ/J'] -- 1 --- and --- 11 1 - --
Tm - Tm Tm - 1 m!Po4 

The corresponding pressure ratio across the power turbine can also be established 
from 

Po4 = Po2 x Pm x Po4 
Pa POI Poz Pm 

(8.8) 

(It must be remembered that in the case of a stationary gas turbine with inlet and 
exit duct losses ignored po1 = Pa, and the power turbine outlet pressure is also 

equal to Pa-) 
Having found the pressure ratio across the power turbine, the value of 

mJT04/p04 can be found from the power turbine characteristic for comparison 
with the value obtained from equation (8.7). If agreement is not reached it is 
necessary to choose another point on the same constant speed line of the 
compressor characteristic and repeat the procedure until the requirement of flow 
compatibility between the two turbines is satisfied. The overall procedure for the 
free turbine engine, including the iteration for the gas generator, is summarized in 
the information flow chart of Fig. 8.6(b ). 

For each constant Nf JT01 line on the compressor characteristic there will be 
only one point which will satisfy both the work requirement of the gas generator 
and flow compatibility with the power turbine. If the foregoing calculations are 
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carried out for each constant speed line, the points obtained can be joined up to 
form the equilibrium running line as shown in Fig. 8.7. The running line for the 
free turbine engine is independent of the load and is determined by the 
swallowing capacity of the power turbine. This is in contrast to the behaviour of 
the single-shaft unit, where the running line depends on the characteristic of the 
load as indicated in Fig. 8.5. 

The next step is to calculate the power output and specific fuel consumption 
for the equilibrimn running points. Before discussing this, however, a useful 
approximation which simplifies the foregoing procedure will be mentioned. It 
arises from the behaviour of two turbines in series. We introduce it here because it 
facilitates a better physical understanding of some of the phenomena discussed in 
subsequent sections. 

Matching of two turbines in series 

The iterative procedure required for the matching of a gas generator and a free 
turbine can be considerably simplified if the behaviour of two turbines in series is 
considered; this approach is also valuable for the analysis of more complex gas 
turbines considered in Chapter 9. It was shown in the previous sub-section that by 
using equation (8.7) the value of mJT04 jp04 at exit from the gas-generator 
turbine can be obtained for any gas-generator operating point, and in particular 
that it is a function of mJT03 /p03 , p03 jp04 and 1]1• The value of 1] 1 could be read 
from the turbine. characteristic because Nj JT03 had been determined for the 
operating point in the course of the gas-generator calculation. Now in practice the 
variation of 1]1 at any given pressure ratio is not large (see Fig. 8.3), particularly 
over the restricted range of operation of the gas-generator turbine. Furthermore, 
such a variation has little effect on mJT04 jp04 because the resulting change in 
-/(T03 jT04) is very small. It is often sufficiently accurate to take a mean value of 
1]1 at any given pressure ratio, so that mJT04 jp04 becomes a function only of 
mJTm/Pm and Pm/p04 . If this is done, a single curve representing the turbine 
outlet flow characteristic can readily be obtained by applying equation (8.7) to 
points on the single curve of the inlet flow characteristic. The result is shown by 
the dotted curve in Fig. 8.8. 

The effect of operating two turbines in series is also shown in Fig. 8.8 where it 
can be seen that the requirement for flow compatibility between the two turbines 
places a major restriction on the operation of the gas-generator turbine. In 
particular, as long as the power turbine is choked the gas-generator turbine will 
operate at a fixed non-dimensional point, i.e. at the pressure ratio marked (a). 
With the power turbine unchoked, the gas-generator will be restrained to operate 
at a fixed pressure ratio for each power-turbine pressure ratio, e.g. (b) and (c). 
Thus the maximmn pressure ratio across the gas-generator turbine is controlled 
by choking of the power turbine, and at all times the pressure ratio is controlled 
by the swallowing capacity of the power turbine. 

A further consequence of the fixed relation between the turbine pressure ratios 
is that it is possible to plot the gas-generator pressure ratio p03 jp04 against 
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compressor pressure ratio Paz/ Po 1 by using the identity 

Po3 = Po3 x Paz x Pa 
Po4 Paz P01 Po4 

(8.9) 

PoJ/Poz is determined by the assumed combustion pressure loss, and Po4!Pa is 
obtained from Fig. 8.8 for any value of p03 jp04 . Such a curve is shown in Fig. 8.9. 
From it, for any value of compressor pressure ratio, the pressure ratio of the gas­
generator turbine can be determined; this in tum fixes the values of mJT03 jp03 

and 11T034 jT03 which are required for use with equations (8.2) and (8.6). Thus it 
is no longer necessary to carry out the iteration for the pressure ratio of the gas­
generator turbine and, for each constant speed line considered, only a single 
iteration is required to find the correct equilibrium running point. 

Variation of power output and SFC with output speed 

The net power output of the free turbine engine is simply the output from the 
power turbine, namely 

power output = mcPAT045 

Po3 

Po< 

FIG. 8.9 

I 
I 

L-- Choking of 
l power turbine 
I 
I 
I 

(8.10) 
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where 

[ ( 
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ATo4s = 11rpTo4 1 - -­
Po4/Pa 
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For each equilibrium running point established (one for each compressor speed 
line) Po41Pa will be lmown, and To4 can be readily calculated from 

(8.11) 

The mass flow is obtained from mJT0 J!p 01 for assumed values ofpa and Ta. The 
outstanding unknown is the power turbine efficiency 1Jtp· It can be obtained from 
the power turbine characteristic, but it depends not only on the pressure ratio 
p04/Pa but also upon Np/ JT04, i.e. upon the power turbine speed Np· Free turbine 
engines are used to drive a variety of loads such as pumps, propellers and electric 
generators, each with a different power versus speed characteristic. For this 
reason it is usual to calculate the power output over a range of power turbine 
speed for each equilibrium running point (i.e. for each compressor speed). The 
results could be plotted as in Fig. 8.10. Any curve corresponding to a given 
compressor speed will be fairly fiat in the useful upper half of the output speed 
range where 1Jrp does not vary much with Np/ JT04 (see Fig. 8.3). 

The fuel consumption can also be calculated for each equilibrimn running 
point, in the same manner as described in section 8.2 for the single-shaft unit. 
Since it depends only on the gas generator parameters there will be only one value 
for each compressor speed. When combined with the power output data to give 
the SFC, however, it is clear that the SFC, like the power output, will be a 
function of both compressor speed and power turbine speed. It is convenient to 
express the off-design performance by plotting SFC against power output for 
several power turbine speeds as shown in Fig. 8.11. This type of presentation 
permits the customer to evaluate the performance of the unit when coupled to the 
specified load by superimposing the load characteristic upon it. The dotted curve 
in Fig. 8.11 indicates a particular variation of power and speed imposed by a load, 
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FIG. 8.10 
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and the points of intersection with the NP curves give the SFC versus power 
output curve for the free turbine engine driving that particular load. Figure 8.11 
relates to operation at one ambient condition, and normally the performance 
calculations would be repeated for extreme values of Pa and Ta. 

It should be appreciated that although for convenience of calculation the 
compressor speed has been chosen as the independent variable, in practice the 
fuel flow is the independent variable. A chosen value of fuel flow (and hence T03) 

determines the compressor speed and ultimately the power output. The SFC 
curves of Fig. 8.11 exhibit an increase in SFC as the power is reduced because the 
reduction in fuel flow leads to a reduction in compressor speed and gas-generator 
turbine inlet temperature. It will be remembered from Chapter 2 that the 
efficiency of a real cycle falls as the turbine inlet temperature is reduced. This 
poor part-load economy is a major disadvantage of the simple gas turbine. 
Consideration of the substantial improvement arising from the use of more 
complex cycles will be deferred until Chapter 9. Referring again to Fig. 8.11, the 
change in SFC with Np at any given power output is not very marked, because the 
gas-generator parameters change only slightly under this operating condition. 

It is useful to consider the variation of the key variables (power, turbine inlet 
temperature and fuel flow) with gas-generator speed as shown in Fig. 8.12. It can 
be seen that all increase rapidly as the gas generator approaches its maxirnmn 
permissible speed. The change in turbine inlet temperature is especially critical 
because of the effect on creep life of the first-stage turbine blades and, in general, 
operation at the maxirnmn speed would only be for limited periods. In electricity 
generation, for example, this maxirnmn speed would be used for emergency peak 
duty, and base-load operation would utilize a reduced gas-generator speed with 
correspondingly increased blade life. 

Single-shaft versus twin-shaft engines 

The choice of whether to use a single-shaft or twin-shaft (free turbine) power 
plant is largely determined by the characteristics of the driven load. If the load 
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speed is constant, as in the case of an electric generator, a single-shaft unit is often 
specified; an engine specifically designed for electric power generation would 
make use of a single-shaft configuration. An alternative, however, is the use of an 
aircraft derivative with a free power turbine in the place of the propelling nozzle. 
With this arrangement it is possible to design a power turbine of substantially 
larger diameter than the gas generator, using an elongated duct between the gas 
generator and the power turbine; this then permits the power turbine to operate at 
the required electric generator speed without the need for a reduction gear box. 
Turboprops may use either configuration, as shown in Figs. 1.10 and 1.11. 

The running lines for single-shaft and twin-shaft units were shown in Fig. 8.5 
and 8. 7. It should be noted that Ln the case of the single-shaft engine driving a 
generator, reduction in output power results in a slight increase in compressor 
mass flow; although there is some reduction in compressor pressure ratio, there is 
little change in compressor temperature rise because the efficiency is also 
reduced. This means that the compressor power remains essentially fixed. With a 
twin-shaft engine, however, as Fig. 8. 7 shows, reducing net power output involves 
a reduction in compressor speed and hence in air flow, pressure ratio and 
temperature rise. The compressor power needed is therefore appreciably lower 
than for the single-shaft engine. It should also be evident from a comparison of 
Figs. 8.5 and 8.7 that the compressor operates over a smaller range of efficiency 
in a twin-shaft engine. For these reasons the part-load fuel consumption of a twin­
shaft engine is superior when driving a constant speed load. 

The two types also have different characteristics regarding the supply of waste 
heat to a cogeneration plant, primarily due to the differences in exhaust flow as 
load is reduced; the essentially constant air flow and compressor power in a 
single-shaft unit results in a larger decrease of exhaust temperature for a given 
reduction in power, which might necessitate the burning of supplementary fuel in 
the waste heat boiler under operating conditions where it would be unnecessary 
with a twin-shaft. In both cases, the exhaust temperature may be increased by the 
use of variable inlet guide vanes. Cogeneration systems have been successfully 
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built using both single-shaft and twin-shaft units, the latter often being aircraft 
derivative engines. 

Most gas turbines do not spend long periods at low power and the SFC 
differences may not be critical in practice. The torque characteristics, however, 
are very different and the variation of torque with output speed at a given power 
may well determine the engine's suitability for certain applications; e.g. a high 
starting torque is particularly 'important for traction purposes. 

The compressor of a single-shaft engine is constrained to turn at some multiple 
of the load speed, fixed by the transmission gear ratio, so that a reduction in load 
speed implies a reduction in compressor speed. This results in a reduction in mass 
flow and hence of output torque as shown by curve (a) of Fig. 8.13. This type of 
turbine is clearly unsuitable for traction purposes. The normal flat torque curve of 
an internal combustion engine is shown dotted for comparison. 

The free power turbine unit, however, has a torque characteristic even more 
favourable than the internal combustion engine. The variation of power output 
with load speed, at any given compressor speed determined by the fuel flow, is 
shown in Fig. 8.10. It can be seen that the output power remains relatively 
constant over a wide load speed range for a fixed compressor speed. This is due to 
the fact that the compressor can supply an essentially constant flow at a given 
compressor speed, irrespective of the free turbine speed. Thus at fixed gas 
generator operating conditions, reduction in output speed results in an increase in 
torque as shown by curve (b) in Fig. 8.13. It is quite possible to obtain a stall 
torque of two to three times the torque delivered at full speed. 

The actual range of speed over which the torque conversion is efficient 
depends on the efficiency characteristic of the power turbine. The typical turbine 
efficiency characteristic shown in Fig. 8.3 suggests that the fall in efficiency will 
not be greater than about 5 or 6 per cent over a speed range from half to full 
speed. Thus quite a large increase in torque can be obtained efficiently when the 
output speed is reduced to 50 per cent of its maximum value. The efficiency of 
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the torque conversion at low speeds, for example when accelerating a vehicle 
from rest, will be very low. In some applications a simple two-speed gearbox 
might be sufficient to overcome this defect, but it is probable that gas turbines for 
heavy road vehicles will incorporate some form of automatic transmission with 
five or six speeds. 

Further differences between single- and twin-shaft units are brought out in 
section 9.5 where the transient behaviour of gas turbines is discussed. 

EXAMPLE 8.2 

A gas turbine with a free power turbine is designed for the following conditions: 

air mass flow 
compressor pressure ratio 
compressor isentropic efficiency 
turbine inlet temperature 
turbine isentropic efficiency (both turbines) 
combustion pressure loss 
mechanical efficiency 

(applies to gas generator and load) 
ambient conditions 

30 kg/s 
6·0 
0·84 
1200 K 
0·87 
0·20 bar 
0·99 

1·01 bar, 288 K 

Calculate the power developed and the turbine non-dimensional flows 

m.JTm/Po3 and m.JTo4!Po4 at the design point. 
If the engine is run at the same mechanical speed at an ambient temperature of 

268 K calculate the values of turbine inlet temperature, pressure ratio and power 
output, assuming the following: 

(a) combustion pressure loss remains constant at 0·20 bar; 
(b) both turbines choking, with values of m.JTo3/Po3 and m.JTo4/Po4 as 

calculated above and no change in turbine efficiency; 
(c) at 268 K and the same N, the Nj JT01 line on the compressor characteristic 

is a vertical line with a non-dimensional flow 5 per cent greater than the 
design value; 

(d) variation of compressor efficiency with pressure ratio at the relevant value of 

N/JT01 is 

6·0 6·2 6-4 6·6 

1Jc 0·837 0·843 0·845 0·840 

The design point calculation is straightforward and only the salient results are 
presented: 
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Gas-generator turbine 
pressure ratio 
inlet pressure 
temperature drop 

Power turbine 
pressure ratio 
inlet pressure 
temperature drop 
inlet temperature 

2·373 
5-86 bar 
203 K 

2-442 
2·47 bar 
173·5 K 
997 K 

The power output is then (30 x 1-148 x 173·5 x 0-99) kW or 5910 kW. 
The design point values of mJTo3/Po3 and mJTo4/Po4 are 

30 X J1200 30 X J997 . 
5

_
86 

= 177-4 and 
2

-4
7 

= 383·5 respectively 

At 268 K the value of mJTodPoi is 

[
30 X J288] 

1·05 X l·Ol = 529·5 

If the power turbine remains choked, the gas-generator turbine will be constrained 
to operate at a fixed non-dimensional point, and thus the value of 11T034/T03 = 
203/1200 = 0·169, as for the design condition. 

For work compatibility 

L'l.T012 = 11T034 x T03 [cpgiJm] = 0-169 x 1-148 x 0·99 x T03 

T01 T03 T01 cpa 1·005 T01 

and hence 

Tm = 5-23 L'l.Tol2 
Tal TO! 

For flow compatibility 

mJT 03 = mJTo1 x Po1 x /To3 
Po3 Po1 Pm V T01 

177-4 = 529·5PoJ x fTm 
Po3 V To! 

jTo3 = 0-335Pm 
V T01 Po1 

(A) 

(B) 

The problem is thus to find the compressor operating point that will give the 
same value of T03 jT01 for both equations (A) and (B). With the variation in 
efficiency prescribed the value of 11T012 jT01 can readily be calculated from 
equation (8.4), and with the constant value of combustion pressure loss the value 
of p03 can also be calculated. The solution is best carried out in tabular form 
as shown. 
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Po2 [ (;:~r-l)/J'-1J LlT012 (Tal) Pol JTm (Tal) 
Pm 

11c 
Tal To1 A 

Po2 Po3 To1 To1 s Pm 

6·0 0-669 0-837 0·799 4-18 6-06 5-86 5-80 1-943 3·78 
6·2 0-684 0-843 0-812 4-25 6-26 6-06 6-00 2·010 4-05 
6-4 0-700 0-845 0-828 4-33 6-46 6·26 6-20 2-078 4-32 
6·6 0•715 0-840 0-851 4-45 6-66 6-46 6-40 2-144 4·60 

Solving graphically the required pressure ratio is found to be 6-41, with the value 
of Ta3/ Ta 1 = 4·34; the corresponding turbine inlet temperature is 4-34 x 268 = 
1163 K. 

Having established the compressor pressure ratio and turbine inlet 
temperature, it is a straightforward matter to calculate the power developed. 
Remembering that the gas generator turbine will still operate at the same non­
dimensional point (11To34/T03 = 0·169, p03 jp04 = 2·373) the power turbine entry 
conditions and temperature drop can readily be calculated; the resulting 
temperature drop is 179·6 K. The mass flow is obtained from the non­
dimensional flow and the ambient conditions: 

m./T01 529-5 x 1-01 
--= 529-5, hence m = J = 32·7 kgjs 

Po1 268 

and power output= 32·7 x 1·148 x 179·6 x 0·99 = 6680 kW. 

From this example, it can be seen that operation at the design mechanical 
speed on a cold day results in a decrease of maximum cycle temperature from 
1200 to 1163 K, even though the value of T 03 jT01 has increased from 4-17 to 
4-34 due to the increase in N/-/T01 . The power has increased from 5910 to 
6680 leW and this can be seen to be due to the simultaneous increase in air mass 
flow and overall pressure ratio. The beneficial effect of low ambient temperature 
on gas turbine operation is evident; conversely, high ambient temperatures result 
in significant penalties. The effect of increased ambient temperature on turbojet 
operation is discussed under the heading 'Variation of thrust with rotational 
speed, forward speed and altitude' .. 

Industrial gas turbines used to generate electricity in regions with high summer 
temperatures may have to meet very high peak demands due to large air­
conditioning loads. It is possible to increase power by decreasing the temperature 
of the air entering the compressor. In regions oflow relative humidity, cooling can 
be achieved using an evaporative cooler; the incoming air is passed through a 
wetted filter, and the heat required to evaporate the water leads to a reduction in 
inlet temperature. This approach, however, is not effective in areas of high relative 
humidity. An alternative approach, successfully introduced in the mid 1990s is ice 
harvesting. At off-peak times, primarily overnight, electricity is used to drive 
refrigeration chillers which produce and store large quantities of ice. When 
maximum power is needed during the heat of the day, ice is melted and the chilled 
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water is used in heat-exchangers to lower the inlet temperature. This method has 
proved to be economically attractive, producing substantial increases in power at 
a low cost per kilowatt. 

8.5 Off-de~iiign operation of the jet engine 

Propelling nozzle characteristics 

The propelling nozzle area for a jet engine is determined from the design point 
calculations as described in Chapter 3, and once the nozzle size has been fixed it 
has a major influence on the off-design operation. The characteristic for a nozzle, 
in terms of 'non-dimensional' flow mJT04jp04 and pressure ratio p04/p05, can 
readily be calculated as follows. 

The mass flow parameter is given by 

mJTo4 A JTo4 
---= Cs sPs--

Po4 Po4 

Cs As Ps To4 =--x-x-x-
JT04 R Po4 Ts 

(8.12) 

where As is the effective nozzle area. Making use of equation (3.12), C5 j JT04 
can be found from 

c~ [ ( 1 )cy-
1)/Y-] 

-=2C1)· 1- --
To4 P 

1 Po4!Ps 
(8.13) 

and Ts/To4 from 

....2..=1-~=1-ry 1- --
T T. - T. [ ( 1 )(y- 1)/y] 
To4 T 04 

1 Po4/Ps 
(8.14) 

It follows that for a nozzle of given area and efficiency, mJT04 jp04 can be 
calculated as a function of the pressure ratio p04 jp5. But equations (8.13) and 
(8 .14) are valid for pressure ratios only up to the critical value, given by equation 
(3.14), namely 

/[ ]

y((y-1) 

Po4 = 1 1 _ 2_ (y- 1) 
Pc 111 y +I 

(8.15) 

and up to this point Ps =Pa· For pressure ratios po4/Pa greater than the critical, 
mJT04jp04 remains constant at the maximum (choking) value, i.e. it is indepen­
dent of Po4/Pa (and incidentally Ps =Pc > Pa). Thus mJTo4/Po4 can be plotted 
against the overall nozzle pressure ratio p 04/Pa as in Fig. 8.14, and the similarity 
between the nozzle flow characteristic and that of a turbine is evident. 

Up to the choking condition, T5jT04 is given by equation (8.14), whereas when 
the nozzle is choking it is given by equation (3.13), namely 

Tc 2 

To4 Y + 1 
(8.16) 
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Choking 
mass flow 

FIG. 8.14 Nozzle characteristics 
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Likewise, with the nozzle unchoked C5/ JT04 is given by equation (8.13), 
whereas when it is choked C5 is the sonic velocity and the Mach number M5 is 
unity. Now, recalling that C =MJ(yRT) and T0 = T[l + (1'- l)M 2j2], we have 
the general relation 

c 
JTo 

MJ(yR) 

Thus when the nozzle is choked (i.e. M5 = 1) we have 

c~ = q = 2yR 

To4 Tos 1' + 1 
~ 

(8.17) 

(8.18) 

We shall malce use of equations (8.15) to (8.18) later when discussing the de­
termination of the thrust. 

Matching of gas generator with nozzle 

The similarity between the flow characteristic of a nozzle and a turbine means that 
the nozzle will exert the same restriction on the operation of the gas generator as a 
free power turbine. Thus if the operation of a jet engine under static conditions is 
considered, there can be no difference between its behaviour and that of a free 
power turbine unit. The equilibrium running line can be determined according to 
the procedure specified in the flow chart of Fig. 8.6(b), with the nozzle charac­
teristic replacing the power turbine characteristic. It follows that Fig. 8.7 can be 
taken as representative of a typical equilibrium running diagram for a jet engine 
under static conditions. 

The jet engine, of course, is intended for flight at high speeds and it is 
necessary to consider the effect of forward speed on the equilibrium rwming line. 
It is most convenient to express the forward speed in terms of Mach number for 
the matching calculations, and this can readily be converted to velocity for 
calculation of the momentum drag and thrust as shown later in the next sub­
section. 

Forward speed produces a ram pressure ratio which is a function of both flight 
Mach number and intake efficiency. This ram effect will give rise to an increase in 
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compressor delivery pressure, which will in tum lead to a higher pressure before 
the propelling nozzle, thereby increasing the nozzle pressure ratio. Once the 
nozzle is choked, however, the nozzle non-dimensional flow will reach its 
maximum value and will then be independent of the nozzle pressure ratio and 
therefore of forward speed. The significance of this is that the turbine operating 
point will then also be unch~ged, because of the requirement for compatibitity of 
flow between the turbine and the nozzle. It follows that as long as the nozzle is 
choking the equilibrimn running line will be uniquely determined by the fixed 
turbine operating point and will be independent of.fiight speed. t 

At current levels of cycle pressure ratio, virtually all jet engines operate with 
the nozzle choked during take-off, climb and cruise, and the nozzle only becomes 
unchoked when thrust is significantly reduced. Thus the nozzle is liable to be 
unchoked only when preparing to land or when taxiing. Nevertheless, it is 
important to consider the effect of forward speed on the running line under these 
conditions because it is at low rotational engine speeds that the running line is in 
close proximity to the surge line. 

The nozzle pressure ratio Pa4/Pa is linked to the ram pressure ratio by the 
identity 

Pa4 = Po4 x Pm x Paz x P01 
Pa Pm Paz POI Pa 

(8.19) 

This differs from the corresponding equation for the free turbine unit, equation 
(8.8), only by the inclusion of the ram pressure ratio padPa· The ram pressure 
ratio in terms of intake efficiency IJi and flight Mach nmnber Ma is given by 
equation (3.10(b)), namely 

P 
[ 

(y - 1) ]y((y-l) 
_Q!_ = 1 + "' -- Mz 
Pa "I! 2 a 

(8.20) 

It follows from equations (8.19) and (8.20) that for a given intake efficiency, 
p 04/Pa is a function of the gas generator parameters and flight Mach number. The 
procedure of Fig. 8.6(b) can be followed, with equation (8.19) substituted for 
equation (8.8), but for each compressor speed line the calculation is repeated for 
several values of Ma covering the desired range of flight speed. The result is a fan 
of equilibrium running lines of constant Ma. As shown in Fig. 8.15, they merge 
into the single running line obtained with the higher compressor speeds for which 
the nozzle is choked. 

It should be noted that increasing Mach number pushes the equilibrimn 
running line away from the surge line at low compressor speeds. Fundamentally, 
this is because the ram pressure rise allows the compressor to utilize a lower 
pressure ratio for pushing the required flow through the nozzle. 

t It should be noted that the argument based on Fig. 8.8 is equally applicable here. Thus when the 
nozzle is choked the turbine operating point, and hence m.JT03 fp03 , p 03/p04 and /;.T034/T03 are fixed 
and any increase in the overall expansion ratio p03 fpa due to increasing ram effect will therefore result 
in an increase in overall nozzle pressure ratio p04/Pa with the turbine pressure ratio unaffected 
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FIG. 8.15 Jet engine running lines 

Variation of thrust with rotational speed, forward speed and altitude 

We have seen in section 3 .I that when the whole of the expansion from p04 to Pa 
occurs in the propelling nozzle, the net thrust of the jet unit is simply the overall 
rate of change of momentum of the working fluid, namely F = m( C5 - Ca) where 
Ca is the aircraft speed. On the other hand, when part of the expansion occurs 
outside the propelling nozzle, i.e. when the nozzle is choking and p5 is greater 
than Pa, there will be an additional pressure thrust. In this case the net thrust is 
given by the more general expression 

(8.21) 

To obtain the curves which show the thrust delivered by the jet engine over the 
complete operating range of inlet pressure and temperature, flight speed and 
rotational speed, information obtained from the points used to establish the equi­
librium running diagram can be used. For each running point on this diagram the 
values of all the thermodynamic variables such as 

Po1 mJTo1 Paz To3 To4 P03 and Po4 
Pa ' Po1 ' P01 ' Tal ' To3 ' Po4 Pa 

are determined for specified values of N/ JT01 and Ma (and Nj JT01 alone in the 
choked nozzle range). The thrust can ultimately be expressed in terms of these 
non-dimensional quantities. Thus equation (8.21) can immediately be written in 
the form 

(8.22) 

(A dimensional check will show that the true non-dimensional thrust is F/(paD2
), 

but for an engine with fixed geometry the characteristic dimension can be 



362 PREDICTION OF PERFORMANCE OF SIMPLE GAS TURBINES 

omitted.) Making use of equation (8.17), 

Ca Ca MaJ(yR) 

JToi = JToa = J (1 + 1'; 1M;) 
When the nozzle is unchoked, (:s/ JT04 can be obtained from equation (8.13)' with 
p04/p5 put equal to Po4/Pa, and the pressure thrust is zero because Ps!Pa = 1. 

When the nozzle is choked, Cs/ JT04 is given by equation (8.18), and Ps!Pa 
can be calculated from 

Ps = !!2._ x Po4 = !!.£__ x Po4 
Pa Po4 Pa Po4 Pa 

Pc/p04 is the reciprocal of the critical pressure ratio given by equation (8.15), i.e. 
it is a function only of 1' for the gas and the nozzle efficiency IJj· p04!Pa is one of 
the known parameters having been calculated using equation (8.19). 

A typical variation of thrust with engine speed and flight speed is illustrated in 
Fig. 8.16, which shows separate curves of thrust for each Mach number 
considered. The abscissa can be left as Nj JT01 as shown, or be put in terms of 
N/ JTa by making use of the relations 

_!!____ = _!!____ x /To! and Tm = (1 + y - 1M2) 
JTa JTo V Ta Ta . 2 a 

It should be noted that although a unique running line is obtained on the com­
pressor characteristic when the propelling nozzle is choked, the thrust for a given 
value of Nf-/T01 does depend on the flight Mach number. There is a direct 
dependence due to the increase in momentum drag (mCa) with increasing flight 
speed, and an indirect dependence due to the increase in compressor inlet pres­
sure arising from the ram compression. At low rotational speeds the effect of 
momentum drag predominates and an increase in Ma causes the thrust to 

F 
Pa 

FIG. 8.16 Tbrnst curves 
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decrease; whereas at high values of Nj.JT01 the beneficial effect of ram pressure 
rise predominates. 

Although it is convenient to express the perfmmance in terms of non­
dimensional engine speed, it is actual mechanical speed upon which a limit is set 
by the turbine stresses and which must be controlled by a governor. The strong 
dependence of thrust upon engine speed indicates that accurate control is 
essential. t If the speed is controlled at a value below the limit, talce-off drrust will 
be substantially reduced. The situation is more serious if the speed exceeds the 
correct limit: not only do the centrifugal stresses increase with the square of the 
speed but there is also a rapid increase in turbine inlet temperature. The latter can 
be seen from the way the running line crosses the T03 jT01 lines on Fig. 8.15. 
Typically, an increase in rotor speed of only 2 per cent above the limit may result 
in an increase in T03 of 50 K. With blade life determined by creep, the time for 
which high speeds are permitted must be strictly controlled. The maximum 
permissible speed is normally restricted to periods of less than 5 min, giving the 
take-off rating. The climb rating is obtained with a small reduction in fuel flow 
and hence in rotor speed, and can usually be maintained for a period of 30 min. 
The cruise rating requires a further reduction in fuel flow and rotor speed, 
resulting in stress and temperature conditions permitting unrestricted operation. 
Ratings for the Rolls-Royce Viper 20 at Sea Level Static conditions are shown in 
the following table; this is a simple turbojet with a low pressure ratio. The very 
rapid drop in thrust with reduction of speed is evident. 

Engine speed Thrust SFC 

(% Nmax) [kNJ [kglkN h] 

Take off (5 min) 100 13·35 100-4 
Climb (30 min) 98 12-30 98·2 
Cruise 95 !0·90 95·1 

The effect of ambient temperature on the talce-off rating is important both to 
tlie manufacturer and the user. With the engine running at its maximum mech­
anical speed an increase in ambient temperature will cause a decrease in N/./Ta 
and hence Nj.jT01 . This will cause tlie operating point on the compressor 
characteristic to move along the equilibrium runrling line to lower values of both 
m/ JToJ/Po1 and Paz/Poi> and it can readily be seen to be equivalent to a decrease 
in mechanical speed. The actual mass flow entering tlie engine will be further 
reduced due to the increase in ambient temperature, because m is given by 
(mJToJ/Po 1)/(JToJ/p01 ). The well known result of all these effects is that an 
increase in ambient temperature results in an appreciable loss of thrust as indi­
cated in Fig. 8.16. But tlie picture is not yet complete. T03 jT01 also decreases with 
increase in ambient temperature when N is held constant. The actual temperature 

t It should be realized that the same arguments are applicable in the case of a free turbine engine 
delivering shaft power 
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T03 is given by (T03 fT01 )T01 , and the decrease in (TmfT01) will be more than 
offset by the increase in T01 . In general, for a fixed mechanical speed To3 will 
increase with increase in ambient temperature, and the allowable turbine inlet 
temperature may be exceeded on a hot day. To keep within the limit it is then 
necessary to reduce the mechanical speed, giving an even greater reduction in 
Nj JT01 and hence thrust. · 

Turning our attention next to variation in ambient pressure, Fig. 8.16 indicates 
that the thrust will change in direct proportion to the ambient pressure; no change 
in the engine operating point is involved, but the mass flow is reduced as the 
ambient pressure is reduced. Both the pressure and temperature decrease with 
increasing altitude, the latter levelling off at 11 000 m. Because of the 
dependence of the thrust on the first power of the pressure, the decrease in 
thrust due to the decrease in Pa more than outweighs the increase due to the 
reduction in Ta. Thus the thrust of an engine decreases with increase in altitude. 
Airports at high altitudes in the tropics are often critical with regard to take-off 
performance, and it may be necessary for aircraft using them to accept 
significantly reduced payloads. Mexico City is a well !mown example. 

variation of fuel consumption and SFC with rotational speed, 
forward speed and altitude 

The fuel consumption of a jet engine together with the fuel capacity of the aircraft 
determine the range, and the specific fuel consumption (fuel flow per unit thrust 
for a jet engine) is a convenient indication of the economy of the unit. From the 
arguments of the previous section it is apparent that both fuel consumption and 
specific fuel consumption can be evaluated as functions of N/ JT01 (or N/ JTa) 
andMa. 

When a value of the combustion efficiency is assumed, the fuel consumption 
can readily be determined from the air flow, the combustion temperature rise and 
the fueljair ratio curves of Fig. 2.15, in the manner described for the other types 
of gas turbine engine. To do this, values ofpa and Ta have to be assumed to obtain 
m, T03 and T02 from the dimensionless parameters. The fuel flow is therefore a 
function of Nj JTa, Ma. Pa and Ta. The dependence of the fuel flow on ambient 
conditions can in fact be virtually eliminated by plotting the results in terms of the 
non-dimensional fuel flow (mf Qnet,p/ D2paJTa)· For a given fuel and engine the 
calorific value and linear dimension can be dropped, yielding in practice 
mJipaJTa. Figure 8.17(a) shows a typical set of fuel consumption curves. Unlike 
Ffpa, the fuel parameter depends only slightly on Ma because it is due simply to 
the variation of compressor inlet conditions and not also to momentum drag. 
Indeed, if mJip01 JT01 is plotted against Nj JT01 as in Fig. 8.17(b), the curves 
merge into a single line for the region where the nozzle is choking. It must be 
mentioned that although the combustion efficiency is high and constant over most 
of the working range, it can fall drastically at very high altitudes due to low 
combustion chamber pressures. Such curves as those of Fig. 8.17 may well 
underestimate the fuel consumption when Pa is low. 
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(a) (b) 

FIG. 8.17 Fuel consumption curves 

Curves of 'non-dimensional' SFC may be obtained by combining the data of 
Figs. 8.16 and 8.17(a). Figure 8.18 shows SFCj JTa plotted against N/ JT01 for 
various values of Ma. It is apparent that the SFC will improve with increase in 
altitude due to the decrease in Ta. As the SFC is a function only of JTa and not of 
Pa, however, the effect of altitude is not so marked as in the case of the tlrrust. 
(The actual variation in SFC with altitude and Mach number for a simple turbojet, 
operating at its maximum rotational speed, was shown in Fig. 3.14.) It should be 
noted that SFC increases with Mach nmnber. Thrust initially drops with 
increasing Mach nmnber and then rises when the ram effect overcomes the 
increase of momentum drag; the fuel flow, however, will steadily increase with 
Mach number because of the increased air flow due to the higher stagnation 
pressure at entry to the compressor and this effect predominates. 

SFC 

ff, 

Ni1fm 

FIG. 8.18 SFC curves 
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8.6 Methods of displacing the equilibrium running line 

It was stated earlier that if the equilibrium running line intersects the surge line it 
will not be possible to bring the engine up to full power without taking some 
remedial action. As will be shown in the next chapter, even when clear of the 
surge line, if the running line, approaches it too closely the compressor may 'surge 
when the engine is accelerated rapidly. 

With most modem compressors, surge: is likely to be encountered at low 
values of N/ JT01 and is less of a problem at high rotational speeds. Many high 
performance axial compressors exhibit a kink in the surge line as shown in Fig. 
8.19. A running line, intersecting the surge line at low speeds and at the kink, is 
also shown. To overcome the problem it is necessary to lower the running line 
locally in dangerous regions of operation. i" 

One common method of achieving this is blow-off, where air is bled from 
some intermediate stage of the compressor. Blow-off clearly involves a waste of 
turbine work, so that the blow-off valve must be designed to operate only over the 
essential part of the running range. Furthe1more, it may be difficult to discharge 
the air when space around the engine is at a premium as in a nacelle. As an 
alternative to blow-off a variable area propelling nozzle could be used for a jet 
engine. It will be shown in the next chapter that variable area propelling nozzles 
serve other useful purposes also. 

It can be deduced that either of these methods will produce a reduction in 
pressure ratio at a given compressor speed and hence will lower the running line. 

Po2 

P01 

Surge line 

Normal equilibrium )/ 

running linx~ / 

I/ 
/ 

Kink !,. 
\l/ 
// 

nozzle area 

m~/Po1 

FIG. 8.19 Effect of blow-off and increased nozzle area 

t An alternative method is to raise the surge line using variable stators in the compressor. 
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This is most easily demonstrated if we consider operation at the high speed end of 
the running range, where the constant N/ JT01 lines on the compressor 
characteristic are almost vertical (i.e. mJT0 J/pa 1 :::: constant) and where both 
the nozzle and turbine are choked. 

If we consider the use of a variable area nozzle first, Fig. 8.20 shows that 
increasing the nozzle area will cause an increase in turbine pressure ratio and 
hence non-dimensional temperature drop ATa34/Ta3. From equation (8.2), 
satisfying compatibility of flow, 

Paz = m-/T a1 x Poz x /To3 x ~ = /(
1 

jT03 
P01 Po1 Po3 V To1 mJTo3 V To1 

(8.23) 

where K1 is a constant because under the assumed conditions the values of 
mJTadPab Paz!Pa3 and mJTa3!Pa3 are all fixed. From equation (8.6), which 
satisfies compatibility of work, 

To3 I1Ta12 To3 Cpa 
-=--X--X--
TO! To1 11To34 cpgiJm 

Now, at a fixed value of compressor speed N the compressor temperature rise is 
approximately constant; Fig. 8.21 shows a typical compressor characteristic re­
plotted on a basis of temperature rise vs. pressure ratio. The wide range of 
pressure ratio obtained at almost constant temperature rise is due to the significant 
variation of efficiency when operating at conditions away from the design point. 
Thus if we asslli!!e AT012/ Ta 1 is constant, 

T03 Kz 
To1 (11Tm4/Tm) 

(8.24) 

where K2 is another constant. Combining equations (8.23) and (8.24) gives 

Paz K3 
P01 J(AT034/T03) 

where K3 is a constant, obtained from K1 and K2. 

mffo 
Po 

Po• 

(8.25) 

Increased nozzle area 
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~ Increased pressure ratio 
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FIG. 8.20 Effect of variable-area propelling nozzle 

Standard nozzle area 
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FIG. 8.21 Compressor characteristics 

If the engine speed N 1 J T0 1 is held constant and the nozzle area is increased, 
!J.T034/T03 will be increased and equation (8.25) shows that p 02fp01 will be 
decreased, hence the running line will be moved away from the surge line. In 
order to maintain the speed at the required level, it is necessary to reduce the fuel 
flow; opening the nozzle without reducing the fuel flow would cause the engine to 
accelerate to a higher speed, as discussed in Chapter 9. It should also be realized 
that decreasing the nozzle area will move the operating line towards the surge 
line; reasons for doing this will be discussed in the next chapter. 

When considering the effect of bleed, m1 is no longer equal to m3 and equation 
(8.23) is modified to 

Po2 = K
1 

/Tm x m3 

P01 V Tal m1 
(8.26) 

With the nozzle, or power turbine in the case of a shaft power unit, remaining 
choked, the turbine operating point remains unchanged and equation (8.26) be­
comes 

T03 m1 !J.T012 T03 cpa . m1 -=-X--X-- X--= K4-
Toi m3 Toi !J.T034 CpgiJm m3 

(8.27) 

where K4 is a constant, assuming as before that llT0nfT01 is constant. Combining 
equations (8.26) and (8.27) 

(8.28) 

where K5 is a constant. 
With the use of bleed, m3 is always less than mb and the result will once again 

be to reduce the pressure ratio and lower the operating line. Equation (8.27) also 
shows that the use of bleed will increase the turbine inlet temperature. The 
reduction in turbine mass flow necessitates an increase in temperature drop to 
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provide the compressor work, and with the non-dimensional temperature drop 
fixed this implies an increase in turbine inlet temperature. Both the effects of 
bleed and increase in nozzle area can be interpreted physically in terms of a 
decrease in the restriction to the flow, permitting the compressor to operate at a 
lower pressure ratio for any given rotational speed. 

8. 7 Incorporation of variable pressure losses 

The size of the ducting for components such as the intake and exhaust of a gas 
turbine will be determined primarily by the requirement for low pressure losses at 
maximum power, which will normally correspond to maximum mass flow. The 
designer must compromise between low pressure losses and small duct sizes, and 
the choice will be largely determined by the application envisaged. It can be 
shown by cycle calculations that the effect of a given pressure loss is dependent 
on· the pressure level at which it occurs, and it is essential to keep the terms 
11p0 jp0 at all stations as low as possible. With pressure losses in the intake and 
exhaust of stationary gas turbines occurring at essentially atmospheric pressure, it 
will be realized that these losses are much more critical than pressure losses in the 
combustion chamber or the air side of a heat exchanger where the air is entering 
at the compressor delivery pressure. In a typical installation a pressure loss of 
2-5 em H20 in the intake may cause about 1 per cent reduction in power output. 

Having decided on the size of ducting required to give the desired pressure 
loss at the design point, the variation of loss with changing operating conditions 
can be predicted for incorporation in the off-design calculation procedures 
outlined in this chapter. The velocities in such components as the intake and 
exhaust ducts will be sufficiently low for the flow to be treated as incompressible, 
so that Ap0 will be proportional to the inlet dynamic head. Expressed in non­
dimensional terms this implies, as shown by equation (6.2), that 

11p0 oc (m.JT0)

2 

Po Po 

Assuming the appropriate values at the design condition to be (Ap0 jp0)n and 
(m.JT0 jp0)n, then at any off-design condition 

11p0 = (Ap0
) [(m.JT0)/(m.JT0

) ]

2 

~ ~ D ~ ~ D 
(8.29) 

Values of m-/To/Po for each component are obtained in the course of the off­
design calculations. The pressure loss from equation (8.29) can be incorporated in 
the same marmer as was the combustion pressure loss Apb/Poz, namely by mak­
ing use of such equations as 

Po3 = l _ Apb 
Paz Poz 
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Now, however, the pressure ratio across the component is not constant but 
changes with mJTo/Po· 

In the particular case of the combustion chamber, the more accurate expression 
of equation (6.1) can be used. This includes the fundamental loss due to heat 
addition. Combining (6.1) and (6.2) we would have 

!J.pb oc (mJToz)
2

[K
1 

+Kz(To3 _ 1)] 
Paz Po2 Toz 

Such refinement would not normally be worthwhile because the fundamental loss 
is a small proportion of the total. 



9 Prediction of performance­
further topics 

Evaluation of the off-design petformance of complex plant incorporating inter­
cooling, heat-exchange and reheat is inevitably more complicated than for the 
simple gas turbine, although the basic principles described in Chapter 8 are still 
applicable. The components of such gas turbines can be arranged in a wide 
variety of ways, about forty different layouts being possible even with no more 
than two compressor rotors. A comprehensive survey of the part-load petform­
ance and operating stability of many of these possibilities can be found in Ref. 
(!),wherein use was made of stylized component characteristics. It is as a result 
of such calculatisms that it was possible to dismiss certain arrangements as im­
practical because the running line runs into the surge line under some operating 
conditions. No attempt will be made to repeat this kind of survey here, and we 
shall restrict our attention mainly to discussing the prediction of off-design per­
formance in the practical cases of (a) high pressure ratio twin-spool engines and 
(b) turbofans. Before discussing the matching procedures for twin-spool engines 
and turbofans, however, methods of improving the part-load petformance of gas 
turbines will be considered briefly. 

The chapter ends with an introduction to transient petformance, including a 
brief description of methods for predicting the acceleration or deceleration of 
rotor systems. Acceleration rates of gas turbine rotors are obviously dependent on 
mechanical considerations such as the polar moment of inertia and the maximum 
temperature which the turbine blades can withstand for short periods, but the 
limiting factor is usually the proximity of the equilibrium running line to the 
surge line. Thus a thorough understanding of off-design petformance is essential 
before transient behaviour can be investigated and a suitable control system can 
be designed. 

9.1 Methods of improving part-load performance 

It was pointed out in the Introduction that the part-load petformance of gas 
turbines intended for vehicular or naval use was of great importance because of 
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the considerable portion of the running time spent at low power. Early studies for 
both applications resulted in the consideration of complex arrangements incor­
porating intercooling, heat-exchange and reheat. The sole justification for the 
marked increase in complexity was the great improvement in part-load specific 
fuel consmnption indicated in Fig. 9.1. Further details regarding the choice of 
cycle parameters, mechanical layout and development problems can be found in 
Refs (2) and (3). Such complex arrangements did not prove successful for either 
of these applications despite their undoubted thermodynamic merit, the main 
reason being the mechanical complexity involved. It is interesting to note, never­
theless, that the Ford engine described in Ref. (3) was an extremely compact unit 
of about 225 kW As a result of the problems with the complex cycle the navies of 
the world have concentrated their attention on simple gas turbines, using such 
arrangements as CODOG, COSAG and COGOG to overcome the part-load 
problems as discussed in the Introduction. Virtually all proponents of the 
vehicular gas turbine have now reverted to a low pressure ratio unit with a heat­
exchanger: Ref. (4) discusses performance of vehicular gas turbines. 

In practice it is found that the vast majority of applications make use of either 
the high pressure ratio simple cycle or the low pressure ratio heat-exchange cycle. 
Detailed off-design performance calculations for gas turbines with heat­
exchangers would have to account for variation in heat-exchanger effectiveness 
with engine operating conditions. Heat-exchanger effectiveness depends on the 
fixed parameters of heat transfer area and configuration (e.g. counter-flow, cross­
flow or parallel-flow), and the parameters varying with engine operating 
conditions such as overall heat transfer coefficient between the two fluids and 
their thermal capacities (mcp)· Methods for estimating the effectiveness of gas 
turbine heat-exchangers (and intercoolers) are described in Ref. (5) and will not 
be dealt with here. 
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The incorporation of a heat-exchanger will cause an increase in pressure loss 
between compressor delivery and turbine inlet, and also an increase in turbine 
outlet pressure. Although the additional pressure losses will result in a reduction 
in power, they will have little effect on the equilibrium running line and the part 
load behaviour of engines with and without heat-exchanger will be similar. A 
typical running line for a free turbine engine was shown in Fig. 8.7; the variation 
of T03 /T01 with Nj JT01 can be deduced from this but is more clearly indicated in 
Fig. 9.2. It was shown in Chapter 2 that the thermal efficiency of a real gas tmbine 
cycle was dependent on the turbine inlet temperature, and the rapid drop in To3 

with decreasing power is the basic cause of the poor part-load performance of the 
gas turbine. The variation of thermal efficiency with power output for a 
hypothetical engine with and without heat-exchanger is shown in Fig. 9.3. It can 
be seen that although the design point thermal efficiency is significantly improved 
by incorporating a heat-exchanger, the shape of the efficiency curve remains 
virtually unchanged. t This is fundamentally due to the fact that in each case there 
is a similar drop in turbine inlet temperature as power is reduced. 

To improve the part-load efficiency of gas turbines, therefore, some means 
must be found of raising the turbine inlet temperature at low powers. In the 
majority of applications where good part-load economy is required, e.g. vehicular 
and marine, a free turbinet would be used. If we focus our attention on the free 
turbine engine, the turbine inlet temperature at part-load can be increased by 
using variable-area power-turbine stators. 

Variable-area power-turbine stators 

Variation of area is accomplished by rotating the nozzle blades, and this permits 
the effective throat area to be reduced or increased as shown in Fig. 9.4. In 

t It is possible that for certain values of the cycle parameters the mcorporation of a heat-exchanger 
will alter the shape of the efficiency curve slightly, but it is unlikely that addition of a beat-exchanger 
alone will give any significant improvement in part-load economy Curve Bin Fig 9.3 was obtained on 
the assumption of a constant heat-exchanger effectiveness but estimates have shown that the 
effectiveness does not increase much with reduction in engine power output. 
~ Single-shaft engines normally operate at constant speed and high power. In practice it may be 
necessary to operate at fixed exhaust gas temperature for different electrical loads when used in 
combined cycle or cogeneration applications; this may be achieved by using variable inlet guide vanes 
at entry to the compressor, permitting some variation in airflow at fixed rotational speed. 
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Chapter 8 it was emphasized that free turbine engines and turbojets were ther­
modynamically similar because the flow characteristics of a free turbine and a 
propelling nozzle impose the same operating restrictions on the gas generator; 
thus variable power-turbine stators will have the same effect as a variable-area 
propelling nozzle. Section 8.6 showed that increasing the propelling nozzle area 
of a turbojet moved the running line away from the surge line, while decreasing 
the area displaced the running line towards surge. Reference to Fig. 8.7 shows 
that the latter will cause an increase in turbine inlet temperature at low powers; it 
is also likely that the compressor efficiency will be improved as the surge line is 
approached. Both of these effects will improve the part-load SFC. 

Ideally, the area variation of the power-turbine stators can be controlled so that 
the turbine inlet temperature is maintained at its maximum value as power is 
reduced as indicated in Fig. 9.5. If the running line at maximum temperature 
moves to intersect the surge line as shown, it then becomes necessary to reopen 

Centre of rotation 

/Closed 

FIG. 9.4 Variable-geometry power-turbine stators 
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the power turbine nozzles for this part of the running range. It should be noted 
that operation at constant gas-generator turbine inlet temperature with reducing 
power will cause an increase in temperature at entry to the power turbine, because 
of the reduced compressor power, and the temperature of the hot gases entering 
the heat -exchanger will also be raised. Temperature limitations in either of these 
components may restrict operation in this mode. The use of a variable geometry 
power turbine is particularly advantageous when combined with a heat­
exchanger, because the increased turbine outlet temperature is utilized. 

The efficiency of the power turbine will obviously be affected by the position 
of the variable stators, but with careful design the drop in turbine efficiency can 
be more than offset by maintaining a higher turbine inlet temperature at part load. 
Area variations of ± 20 per cent can be obtained with acceptable losses in turbine 
efficiency, see Ref. ( 6). The variable stators are liable to be exposed to 
temperatures in the 1 000~ II 00 K region, but the development problems 
associated with this do not appear to have been too difficult. A facility for 
increasing the stator area is also advantageous with respect to starting and 
accelerating the gas generator. If the stators are rotated still further, the gas 
generator flow can be directed against the direction of rotation so that the flow 
impinges on the back of the power turbine blades. This can result in a substantial 
degree of engine braking which is extremely important for heavy vehicles. 

9.2 Matching procedures for twin-spool engines 

The basic methods used for twin-spool matching are similar to those described in 
Chapter 8. They differ only from those for single-spool engines in that it is also 
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necessary to satisfy compatibility of flow between the spools. This compatibility 
requirement gives rise to the phenomenon of aerodynamic coupling which de­
termines the ratio of the rotor speeds even though the rotors are mechanically 
independent of each other. The station nmnbering used for twin-spool turbojets is 
shown in Fig. 9.6 and the rotational speeds will be referred to as NL and NH for 
the LP and HP rotors respectively. The corresponding shaft power unit' would 
have a power turbine between 6 and 7 in place of the propelling nozzle. 

In outlining the procedures we will assmne single line turbine characteristics, 
constant turbine efficiencies and constant percentage combustion pressure loss; 
these are often close approximations in practice and their use makes it easier to 
understand what is happening in physical terms. Considering work compatibility, 
the equations for the LP and HP rotors are 

and 

Flow compatibility must be satisfied between the compressors, the turbines and 
finally between the LP turbine and nozzle (or power turbine). The problem of 
flow compatibility between two turbines was dealt with under heading 'Matching 
of two turbines in series', section 8.4, and Fig. 9.7 illustrates the further restric­
tion in operating conditions resulting from the introduction of a nozzle (or power 
turbine). 

Calculations for a twin-spool engine can be lengthy but they may be 
considerably simplified once it is appreciated that the HP rotor of a twin-spool 
engine is equivalent to a single-spool turbojet with a fixed nozzle the area of 
which is defined by the throat area of the LP turbine stators. It was shown in 
Chapter 8 that for a single-spool turbojet a unique running line is defined when 
the nozzle is choked, and it follows that a similarly unique running line will be 
defined on the HP compressor characteristic of a twin-spool engine when the LP 
turbine starors are choked. (It should be noted that in practice the LP turbine of a 
twin-spool unit will be choked over most of the useful running range, but may 
become unchoked at idle conditions.) The position of the unique running line on 

2 3 4 7 

FIG. 9.6 Station numbering for twin-spool turbojet 
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the HP characteristic can be determined by considering the HP rotor alone, for 
which compatibility of flow and work yields 

m./To4 =m./Toz xPoz xPo3 x /To4 
Po4 Po2 P03 Po4 V Toz 

(9. 1) 

ATo45 ATo23 To2 cpa 
--=--X-X--

To4 Toz To4 Cpg'lmH 
(9.2) 

It can be seen that equations (9.1) and (9.2) are the same as equations (8.2) and 
(8.6) apart from,the difference in station numbering, and they can be solved by 
the trial and error procedure described in section 8.3 to yield a value of T04/ T02 
for each point on a constant NH/ .jT02 line on the HP compressor characteristic. 
For the particular case when the LP turbine is choked, the HP turbine will be 
restricted to operation at a fixed non-dimensional point with the values of p 04 jp05, 
m./To4/Po4 and ATo4s/To4 all fixed. Substituting the relevant values of m./To4-
1Po4 and AT045jT04 in equations (9.1) and (9.2), the running line defined by LP 
turbine stator choking can be established on the HP characteristic, and it will be 
similar to that shown in Fig. 8.7. The importance of establishing the LP choking 
line is that it greatly facilitates satisfying the requirement for compatibility of flow 
between the two compressors as will be apparent in what follows. 

Although much of the procedure to be described in this section is equally 
applicable to turbojets and shaft power units with a separate power turbine, it is 
most easily explained for the case of a turbojet with a fully variable propelling 
nozzle. Any effect resulting from variation of nozzle area will directly influence 
the LP turbine, and hence the LP compressor; the HP turbine, however, is 
separated from the nozzle by the LP turbine and, if the LP turbine is choked, the 
HP rotor will be shielded from disturbances caused by the variable nozzle. The 
use of a fully variable nozzle permits operation over a wide area of the LP 
compressor characteristic as in the case of a single-spool engine, even though the 
operating region on the HP characteristic is a single line determined by choking 
of the LP turbine. Thus if we assume a fully variable nozzle we can start with any 
point on the LP characteristic, and the final step in the calculations will be the 
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detennination of the required nozzle area. No iteration is required in this 
procedure, which can be sununarized as follows. 

(a) Detennine the inlet conditions T01 and p 01 from the ambient and flight 
conditions; for a land based unit To1 = Ta and Pol= Pa· 

(b) Select any point on a line of constant N£!T01 on the LP compressor 
characteristic, which will specify values of m../Toifpm, Poz/Pol and 1JcL· 
The compressor temperature rise L'l.T012 and temperature ratio T02 jT01 can 
then be calculated using equation (8.4). 

(c) The non-dimensional flow at LP compressor exit, m../T02 jp02, is obtained 
from the identity 

m../Toz = m../Tol x Po1 x /Toz 
Poz Po1 Poz V To1 

and for compatibility of flow between the compressors this is the non­
dimensional flow at entry to the HP compressor. 

(d) With the operating line on the HP compressor characteristic detennined by 
LP turbine choking, the known value of m../Toz/p02 defines the operating 
point on the HP compressor characteristic. This gives the values of Po3!Poz, 
NH/../Toz and 1JcH, and the values of AT023 and T03 /T02 can be found. 

(e) The overall compressor pressure ratio is now given by 

Pm = Po2 x Pm 
Po1 Po1 Poz 

(f) The turbine inlet pressure p04 can be found from 
Po3 Po4 

Po4 = - x - x Pm 
Po1 Pm 

where p04 jp03 is obtained from the combustion pressure loss. 
(g) The value of m..jT04 jp04 is !mown, having been detennined by flow 

compatibility between the two turbines, and m can be found from 

m../TodPob To1 and PO!· 
(h) The turbine inlet temperature T04 can now be found from 

2 

To4 = (m../To4 x Po4) 
Po4 m 

(i) The HP turbine is operating at a fixed non-dimensional point with p04/p05 
and AT045 jT04 detennined by LP turbine choking. Thus conditions at entry 
to the LP turbine, p05 and T0s, can be obtained from 

Pos 
Pos =Po4 x-

Po4 

and T0s = T04 - ATo4s 
(j) We must now satisfy the work requirement for the LP compressor. This is 

given by 

11mLmcpgf:.Tos6 = mcpaf:.To12 

L'l.To12 is !mown, so L'l.Tos6 can be calculated. 
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(k) With L'1T056 and T05 known, the temperature at exit from the LP turbine and 
entry to the nozzle is given by 

To6 = Tos - L'1Tos6 

(l) The LP turbine pressure ratio Pos/Po6 is found from 

[ 0 1 )(J'-1)/Y] 
·ATos6 = 11tLTos 1- --­

os/Po6 

Once Pos/Po6 is !mown Po6 is given by 
Po6 

Po6 =Pas><-
Pos 

(m) m, To6 and Po6 are now established. The overall nozzle pressure ratio Po6!Pa 
is then !mown, and the calculation of the nozzle area given the inlet 
conditions, pressure ratio and mass flow is quite straightforward (see 
Chapter 3). Once the required nozzle area has been calculated, the matching 
procedure is complete and an equilibrium running point has been obtained 
for that particular nozzle area and initial value of NL/ JT01 . 

(n) The procedure can be repeated for points on other Nd JTo 1 lines. All the 
data required for a complete performance calculation, e.g. of the thrust, fuel 
flow and SFC at each running point, are now available. 

Note that if a fixed nozzle were used, the area calculated in step (m) would not 
in general be equal to the specified area; it would then be necessary to return to 
step (b), try another point on the same NL/ JT01 line on the LP characteristic and 
iterate until the correct nozzle area was obtained. 

The effect of the LP turbine operating on the unchoked part of its 
characteristic is to raise the running line on the HP characteristic (i.e. displace 
it towards surge), because of the reduced non-dimensional flow at exit from the 
HP turbine. The calculation described above must be modified somewhat to deal 
with an unchoked LP turbine, but this condition is only liable to occur at low 
powers and the modification will not be dealt with here. 

Finally, if a shaft power unit were being considered, step (m) yields 
mJT06 jp06 at inlet to the power turbine and also the power turbine pressure 
ratio Po6/Pa· If this value of mJTo6/Po6 does not agree with the value from the 
power turbine characteristic for the known pressure ratio (see Fig. 9. 7), again it is 
necessary to return to step (b) and repeat the calculation. 

9.3 Some notes on the behaviour of twin-spool engines 

Complete off-design performance calculations for twin-spool engines are obvi­
ously time consuming and in practice would be carried out using digital com­
puters. Some aspects of twin-spool behaviour, however, can be deduced from an 
understanding of the matching procedure and the more important of these will be 
briefly described. 
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FIG. 9.8 Speed relationship for twin-spool engine 

Aerodynamic coupling of rotor speeds 

From step (c) of the matching procedure described in the previous section it can 
be seen that once an operating point on the LP characteristic has been chosen, the 
corresponding operating point on the HP characteristic is fixed. Thus for a fixed 
value of NL/ .jT01 and nozzle area, the value of NH/./T02 is determined by flow 
compatibility between the compressors. The HP compressor non-dimensional 
speed can be expressed in terms of the temperature at engine inlet by 

NH NH jTc2 

./Tal = ./Toz x V Tal 

NL/ .jT01 and NH/./To 1 are then directly proportionalt to the actual mechanical 
speeds of the two rotors. 

A typical variation of NL/ .jT01 witli NH/./T01 for a turbojet is shown in Fig. 
9.8; note that tlie relation between tlie speeds is dependent on nozzle area, and 
only for a fixed nozzle will it be unique. At a fixed value of NH any increase in 
nozzle area will cause an increase in NL, the physical reason being tliat opening 
tlie nozzle will increase the pressure ratio across the LP turbine so causing an 
increase in LP rotor torque. 

Effect of variable-area propelling nozzle 

We have seen tliat the use of a fully variable nozzle permits operation over a wide 
range of tlie LP compressor characteristic, although tlie HP running line is not 
affected by nozzle variation as long as the LP turbine is choked. Typical running 
lines are shown in Fig. 9.9. It is important to note tliat increasing the nozzle area 
moves the LP running line towards surge, which is the opposite effect to that 

t If the 'equivalent speed' N/)60 were used instead of N!.jT0 (see section 4.6) the numbers would be 
equal to the mechauical speeds under reference entry conditions. 
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FIG. 9.9 Running lines for twin-spool turbojet (a) LP compressor characteristic, 
(b) HP compressor characteristic 

obtained on a single-spool engine. The reason for this is the increase in LP 
turbine power resulting from the redistribution of pressure ratio between the LP 
turbine and the nozzle. One of the major advantages of the variable nozzle is that 
it permits selection of rotor speed and turbine inlet temperature independently; or, 
in terms more relevant to an aircraft, of air flow and thrust. This is a valuable 
feature for an engine that has to operate over a wide range of intake temperature 
which produces significant changes in non-dimensional speed and mass flow. 
Reference (7) gives an excellent picture of the problems involved in matching the 
engine and intake for a supersonic transport. 
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It was shown in Chapter 8 that lines of constant T03 jT01 can be drawn on the 
compressor characteristic of a single-spool engine and these represent possible 
equilibrimn running lines when a fully variable nozzle is used. As can be seen 
from Fig. 8. 7, the value of T03 jT01 increases as lines of constant temperature ratio 
move towards surge. For a twin-spool engine lines of constant T04 jT02 can be 
drawn on the HP compre~sor characteristic and they behave similarly.' If we 
consider the LP compressor characte1istic, however, aud plot lines of constant 
T04 jT01 as shown in Fig. 9.9(a), it will be seen that they move away from surge as 
the value of T04 jT01 is increased. Thus again we have behaviour opposite to that 
found for the single-spool turbojet. This can be explained if we consider 
operation at a constant value of Nr/ JT01 . With the nozzle fully open the LP 
compressor operates at point A on Fig. 9.9(a) and closing the nozzle moves the 
operating point to B. The value of mJT0J!p 01 is constant for the vertical 
NLf JT01 line shown and the temperatme rise across the LP compressor will be 
approximately fixed by the rotational speed. Thus if the LP compressor pressure 
ratio is decreased from A to B the value of mJT02 fp02 will increase because 

mJToz = mJTo1 xPo1 x jToz 
Poz P01 Paz V T01 

The increase in mJT02 jp02 results in an increase in HP compressor non­
dimensional speed, pressure ratio and T04 jT02 as shown in Fig. 9.9(b). With the 
value of T02 approximately constant for a fixed rotational speed, it can be seen 
that T04, and hence T04/Tob must increase as we move the LP operating point 
away from surge. It is also evident that a decrease in LP pressure ratio due to 
nozzle variation will be compensated by an increase in HP pressure ratio. 

It should be noted that variable-area power-turbine stators may also be used 
with a free turbine following a twin-spool gas generator. This is done in the Ml 
tank application and also the intercooled regenerative (ICR) marine engine. The 
area changes would be less than could be achieved with a variable-area propelling 
nozzle, but the same results apply. 

Presentation of performance 

In Chapter 8 it was shown that the performance of a single-spool engine could be 
presented as a function of Nj JT01 . The performance of a twin-spool fixed 
geometry turbojet can be presented in terms of either the LP or HP rotor speeds 
because of the fixed relation between the speeds. For an engine with variable 
nozzle the performance would have to be presented in terms of any two of NL, N H 
andA7. An example of a 'carpet' plot showing the variation of thrust with NL and 
NH for a variable nozzle turbojet is shown in Fig. 9.10; other quantities such as 
fuel flow and SFC could be presented in a similar manner. 

For fixed geometry engines the variation of turbine inlet temperature and fuel 
flow could be plotted versus either NL or NH, but because of the rapid variation of 
both with NH the latter may be more suitable as abscissa. It should be noted that 
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although the HP rotor speed will always be higher than the LP rotor speed and the 
HP turbine blades are at the higher temperature, they may not be the critical 
components because the LP turbine blades are usually substantially longer. 

The mass flow through a twin-spool engine is primarily determined by the LP 
compressor speed, and consequently the performance of a twin-spool shaft power 
unit with a free power turbine is conveniently presented in a manner similar to 
that of Fig. 8.10 with lines of constant LP compressor speed replacing lines of 
constant gas-generator speed. 

9.4 Matching procedures for turbofan engines 

The approach described in section 9.2 is also applicable to turbofans, but in this 
case we must take into account the division of flow between the bypass duct and 
the gas generator, which will vary with off-design operating conditions. Only the 
simplest case, that of the twin-spool turbofan with separate exhausts shown in 
Fig. 3.15, will be considered here. The additional information required is the 
bypass or 'cold' nozzle characteristic, as indicated in Fig. 9.11; the turbine 
characteristics and the hot stream nozzle characteristics wiii be similar to those 
of the twin-spool turbojet 

Let us consider a turbofan with both nozzles fixed. The running line 
corresponding to LP turbine choking can be established on the HP characteristic 
in exactly the same manner as for the twin-spool turbojet The problem now is to 
establish the proportion of the total flow (m) passing through the bypass duct (me) 
and the gas generator (mh)· Suffixes h and c refer to 'hot' and 'cold' streams 
respectively. One possible procedure is as follows. 

(a) Select ambient and flight conditions, giving values of p01 and T01 . 

(b) Select a value of Nr! .JT01 and guess any point on this line. The value of m 
entering the fan is then known, and the value of m.JT02 jp02 at exit from the 
fan can be calculated. 

(c) From the known value of p 02 , the pressure ratio across the bypass nozzle, 
p02 /p 0 , can be calculated and the value of mc.JT02 /Poz can be found from 
the bypass nozzle characteristic. The value of me can also be found, and 
m,=m- me. 
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(d) The gas-generator non-dimensional flow can then be found from 

mhJToz = mJToz- mcJToz 

Poz Poz Poz 

(f) Knowing the gas-generator non-dimensional flow we can enter the HP 
characteristic, and establish the overall pressure ratio and turbine inlet 
temperature as for the twin-spool turbojet [see steps (e) to (h) of section 
9.2]. The HP turbine pressure ratio and temperature drop are lmown as a 
result of flow compatibility between the two turbines, so that the pressure 
and temperature at entry to the LP turbine, p05 and T05, can be determined as 
before. 

(g) The LP turbine temperature drop is given by 

(h) The LP turbine pressure ratio is then found from Tos, L\Tos6 and 1JtL· We now 
lmow Po6 and To6· 

(z) Knowing mh, Po6, To6 and Po6!Pa the hot stream nozzle area can be 
calculated; in general this will not agree with the specified value and it is 
necessary to return to step (b), select a new point on the LP characteristic, 
and repeat the process until agreement is reached. 

The close similarity between the twin-spool and turbofan matching procedures 
can be seen. The method described may readily be extended to deal with three­
spool engines, and the configuration shown in Fig. 3.2l(c) is equivalent to a 
simple turbofan with a twin-spool gas generator. The use of mixed eY..hausts 



TRANSIENT BEHAVIOUR OF GAS TURBINES 385 

presents a further complication because it is then necessary to include equations 
satisfying conservations of energy and momentum for the mixing process. 
Neither of these topics will be pursued further here. 

9.5 Transient behaviour of gas turbines 

In certain applications the transient response of gas turbines following a demand 
for a change in output can be critical; in other applications good response may 
merely be desirable. Aircraft engines are an obvious example of an application 
where the transient behaviour is critical; the prime requirement for civil aircraft is 
for a rapid thrust response to cope with a baulked landing when the aircraft is 
close to touchdown but is forced to overshoot the runway. Lifting engines for 
VTOL aircraft provide another example, where an engine failure on a multi­
engined installation may result in serious unbalanced forces which have to be 
adjusted rapidly. Rapid response is also required from gas turbines used for 
emergency generation of electricity which must often deliver their rated output 
within two minutes of the start signal. The response rate of the gas turbine itself 
from idle to maximum power must be less than about ten seconds to allow time 
for the starting and synchronization sequences. The transient response of a 
vehicle gas turbine to changes in throttle setting is not critical. Although the 
relatively slow response of a gas turbine has frequently been regarded as a major 
disadvantage, for heavy vehicles where it is likely to be competitive the vehicle 
acceleration will be largely independent of the engine acceleration. 

In the early days of gas turbines little attention was paid to the prediction of 
transient behaviour, and the response rate of an engine was established 
empirically during development testing; this required extensive test bed running, 
and frequently engines were damaged. Now, however, the transient behaviour is 
predicted from a knowledge of the off-design performance, and this can be done 
during the design phase using estimated component characteristics. An in-depth 
understanding of the dynamic behaviour at the design stage is essential for the 
design and development of control systems. Requirements for higher perfor­
mance have led to multi-spool rotor systems, variable geometry in the compressor 
and blow-off valves, which complicate prediction of both steady-state and 
transient performance. 

The acceleration of gas turbines is obviously dependent on such factors as the 
polar moment of inertia of the rotor system and the maxirnmn temperature which 
the turbine blades can withstand for short periods. Usually the limiting factor on 
acceleration is the proximity of the surge line to the equilibrium running line, and 
this is particularly critical at the start of an acceleration from low powers. The 
configuration of the gas turbine will have a major effect on its transient behaviour; 
for example, the behaviour of single-shaft and free turbine engines delivering 
shaft power will be quite different, and a twin-spool engine will respond very 
differently from a single-spool engine. Only a brief introduction to the problem of 
engine transients will be given in this book, principally via the single-spool 
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engine with and without free power turbine, and the interested reader must then 
turn to the specialized literature. 

Prediction of transient performance 

It will by now be clear that all off-design equilibrium running calculations are 
based on satisfying the requirements for compatibility of flow and work between 
the components. During transient operation a gas turbine can be considered to 
satisfy compatibility of flowt but not of work, and the excess or deficiency of 
power applied to a rotor can be used to calculate its acceleration or deceleration. 
The problem then becomes one of calculating increments of net torque associated 
with increments of fuel flow and integrating to find the change of rotor speed. 

The acceleration of the compressor rotor and the excess torque AG are related 
by Newton's Second Law of Motion, namely 

AG=Jw 

where J is the polar moment of inertia of the rotor and w is its angular acceler­
ation. The excess torque AG is given by 

AG = G1 - Gc (free turbine engine) 

or 

AG = G1 - (Gc + G1) (single-shaft engine) 

where suffixes t, c and l refer to turbine, compressor and load respectively. It 
should be noted that the net torque is the difference between two quantities of 
similar magnitude, and a small change in either may result in a much larger 
change in the torque available for acceleration. The problem now is that of 
obtaining the torques during transient operation. The turbine torque may be 
greater or less than the compressor torque, corresponding to acceleration or 
deceleration of the rotor. 

To obtain the torques we may use the methods for off-design performance 
described in Chapter 8. If we consider any point on the compressor characteristic, 
which will not in general be an equilibrium running point, we can satisfy flow 
compatibility between compressor and turbine by using the identity 

mJTo3 = mJTol x Po1 x Poz x /Tm 
Pm Po1 Paz Po3 V To1 

Consider first the turbine non-dimensional flow mJT03 jp03 : it can normally be 
assumed to be independent of speed and a function of the pressure ratio alone. 

t During rapid transients, pressures cannot change instantaneously because of the finite volume 
between the components, and the assumption of flow compatibility at all times is not exactly true 
although it is a good approximation. Methods for dealing with non-instantaneous pressure changes are 
discussed in Ref. (1 0), and are subject to further research; the effects are confined to a very short 
period immediately following the start of a transient. 
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The value of the gas generator turbine pressure ratio p03 jp04 corresponding to the 
selected value of Paz/ po1 on the compressor characteristic can be easily obtained 
for both single-shaft and free turbine engines; for a single-shaft engine it is fixed 
by the compressor pressure ratio and the combustion pressure loss, and for a free 
turbine engine it can be found from Fig. 8.9. Thus it can be seen that m.JT03 /pm 
is a function of Poz/po1 for both types of engine. Rearranging the equation for 
flow compatibility given above 

/To3 = m.JTm xPoz xPm/m.JToi 
V Tal Pm Pm Paz Po1 

With constant percentage combustion pressure loss p03 jp02 will be constant, and 
it can be seen that the value of T03 jT01 satisfying flow compatibility can be 
obtained for any point on the compressor characteristic without reference to work 
compatibility. The fuel flow required to produce this temperature ratio can be 
calculated because the air flow, compressor delivery temperature and combustion 
temperature rise are all !mown. If the process is repeated for a series of points, 
lines of constant T03 jT01 can be drawn on the compressor characteristic. These 
lines will have a similar form to the constant temperature lines shown for a free 
turbine engine in Fig. 8.7, but it must be emphasized they are not the same lines, 
because they represent non-equilibrium running conditions. (Constant tempera­
ture lines of this kind drawn on the compressor characteristic for a single-shaft 
engine would, however, represent a series of equilibrimn running points for an 
engine driving a load which can be set independently of speed, e.g. a hydraulic 
dynamometer.) 

With the turbine operating point and turbine inlet temperature known the 
power developed by the turbine can be calculated. Thus 

turbine power= 1JmmcpgATa34 

where 

ATa34 Tm 
ATa34 = -- >< - x Tal 

Tm Tal 

The compressor power is given by mcpaAT012 and for an engine with a free 
turbine the net torque on the compressor rotor is given by 

AG = (1JmmcpgAT034 - mcpaAT012)j2nN 

For a single-shaft engine the load torque would also have to be included. 
Once the net torque has been obtained, the angular acceleration of the 

compressor rotor can be calculated; it may be assumed that this will be constant 
for a small interval of time and the resulting change in speed can be found. The 
process can then be repeated many times to provide a transient running line 
starting from some convenient equilibrium running point. The shape of this 
transient rumling line will be determined either by the choice of a limiting Ta3 
(which might be 50 K higher than the design point value) or the location of the 
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surge line. The fuel flow required for operation along the desired running line can 
be calculated and the provision of this fuel during the transient is the 
responsibility of the designer of the fuel control system. Typical acceleration 
and deceleration trajectories on the compressor characteristic for a free turbine 
engine or a single-shaft engine with a propeller load are shown in Fig. 9.12. With 
an acceleration the initial mqvement towards surge shown in Fig. 9.12 is due to 
the rise in temperature following an increase in fuel flow, which takes place 
before the rotor has had time to increase its speed and provide an increase in mass 
flow. Too large an initial increase in fuel flow will cause the compressor to surge, 
resulting in very high temperatures which could destroy the turbine. The 
acceleration procedure for a single-shaft engine driving an electric generator 
would be to bring the rotor system up to full speed before applying the load and 
there should be no problem with regard to surge. 

During decelerations the operating point is moving away from surge as shown 
and the turbine inlet temperature is decreasing; the only problem that may arise is 
'flame-out' of the combustion chamber because of very weak mixtures. This can 
be overcome by scheduling the deceleration fuel flow as a function of rotor speed 
to prevent too rapid reduction of fuel flow. 

We have seen in section 8.6 that if the equilibrium running line intersects the 
surge line, either blow-off or variable geometry can be used to lower the running 
line, but it should be noted that neither would have much effect on the transient 
running line. Rates of acceleration will be slowed down by blow-off, because of 
the reduction in mass flow through the turbine, but can be improved by a facility 
for increasing the area of the propelling nozzle (or power turbine stators). 

We pointed out under the heading 'Variable-area power-turbine stators', that 
gas turbines for vehicular applications may well incorporate a variable-geometry 
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FIG. 9.12 Transient trajectories on compressor characteristic 
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power turbine to improve the part-load economy, achieving this by decreasing the 
stator area as power is reduced. Conversely, on starting, the effect of increasing 
the stator area is to decrease the pressure ratio across the power turbine and 
increase that across the gas generator turbine. The resulting transient increase in 
gas generator turbine torque provides a substantially greater increase in net torque 
available for acceleration. 

Single-shaft versus free turbine engines 

The choice of a single-shaft or free turbine configuration will normally be made 
on the basis of some primary requirement such as low cost or good low speed 
torque characteristics, but the transient behaviour might also be a deciding factor. 

With a free turbine engine, power reduction must be obtained by reducing the 
gas generator speed, because of the fixed running line determined by the flow 
characteristic of the power turbine. Thus to restore power it is necessary to 
accelerate the gas generator up to its maximum speed. With a single-shaft engine, 
however, the load may be varied at constant speed, e.g. as with an electric 
generator or a variable pitch propeller. This means that there is no need to 
accelerate the gas generator and power may be restored very quickly by 
increasing the fuel flow. Such a feature can be very useful for turboprops where 
the power can be altered by changing the pitch of the propeller. The single-shaft 
engine has the obvious additional advantage that in the event of load being shed 
the compressor .,acts as a very efficient brake and for this reason regulation of 
output speed is easier than with a free turbine engine. 

The starting power requirements for large gas turbines must be carefully 
considered; this is particularly important for emergency generating plant where 
one of the prime requirements is to achieve maximum output quicldy. With a 
single-shaft unit the entire rotating assembly must be brought up to speed, and 
this may require the use of a steam turbine or diesel engine with a power of the 
order of 3 MW for a 100 MW unit. The free turbine engine is in a much more 
advantageous position, because neither the power turbine nor the load are driven 
by the starter. A twin-spool gas generator is even more favourable: only the HP 
rotor need be motored and the starter power will be less than 100 leW even for a 
large unit. 

At low powers, with a generator as load, the part-load fuel consumption of a 
free turbine engine will be superior to that of a single-shaft engine. Figs 8.7 and 
8.5 show the equilibrium running lines in each case. The running line of the free 
turbine engine follows the locus of maximum compressor efficiency more closely 
than that of the single-shaft engine, and in general T03 does not fall off so rapidly. 

Single-shaft units are normally used for electric power generation. An 
exception is where an aero-derivative engine is specified, as on off-shore oil rigs 
where compactness is essential. The free turbine units can provide power at either 
50 or 60 Hz for the European or North American markets, by minor changes in 
the speed of the power turbine with very small changes in efficiency; their power, 
however, is restricted to about 50 MW because of the relatively small flow 
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through the gas generator. Single-shaft units can be designed to provide up to 
250 MW, and manufacturers offer different machines for the 50 or 60 Hz 
markets; machines of around 50-75 MW can be designed with output gearboxes 
suitable for either 50 or 60 Hz. 

Twin-spool transient running lines 

A full discussion of twin-spool transient behaviour cannot be covered in a book 
of this nature, but some important differences from single-spool behaviour must 
be mentioned. The transient behaviour of the HP rotor is similar to that of a 
simple jet engine and the trajectories on the HP characteristic will be similar to 
those shown in Fig. 9.12. Consideration of the lines of constant T04 jT01 on the LP 
characteristic would suggest that trajectories for accelerations and decelerations 
would be as shown in Fig. 9.13, with the likelihood ofLP surge following a rapid 
deceleration. The lines of T04/Toh however, apply only to steady state operation 
and are irrelevant to transient behaviour. Detailed calculations and experimental 
investigations, described in Refs (8) and (9), have shown that the LP transient 
running lines follow the equilibrimn running line very closely, both for acceler­
ations and decelerations. 

We have noted that the acceleration of a single-spool turbojet engine can be 
improved by increasing the nozzle area. Although care must be taken when 
extending this idea to twin-spool turbojets, considerable advantage can result 
from judicious manipulation of the nozzle area during transients. Increasing the 
nozzle area during an acceleration will improve the LP rotor acceleration, because 
of the increase in LP turbine torque, but it should be realized that the LP running 
line will be moved towards surge. The mass flow is increased more rapidly 
because of the improved LP rotor acceleration, and this in turn permits the fuel 
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flow to be increased more rapidly. In practice it is found that the thrust response is 
primarily determined by the rate of increase of fuel flow, so that the thrust 
response is improved at the expense of LP surge margin. Detailed calculations 
have shown that the HP surge margin is improved, however, and it is possible to 
trade surge margins between the two compressors to get the best response. 

When operating at high forward speeds the nozzle will usually be open and the 
LP operating point will be close to surge. Emergency decelerations from this 
condition could result in LP surge, which may lead to a flame-out. A study of 
emergency decelerations in Refs (8) and (9) showed that the best method of 
avoiding surge was to close the nozzle fully before reducing the fuel flow; this 
moved the LP operating point down to the running line associated with mirumum 
nozzle area and also reduced the LP rotor speed. Immediate reduction of fuel 
flow, on the other hand, resulted in a running line very close to surge, as did 
simultaneous reduction of fuel flow and closing of the nozzle. 

Simulation of transient response 

The development of a suitable control system requires a deep understanding of 
the transient behaviour of the gas turbine to be controlled, particularly for new 
types of engine where no previous experience exists. If a mathematical model or 
'simulation' describing the engine dynamics is constructed and stored in a suit­
able computer, it can provide designers of gas turbines with an extremely versatile 
tool with whicq to investigate a wide variety of problems. A prime requirement 
for the simulation is that it should be capable of covering the entire running range 
of the engine and also of incorporating such modifications as blow-off and vari­
able geometry as necessary. This can best be achieved by basing the simulation 
on the methods of off-design performance calculation presented in Chapters 8 
and 9; the use of the normal component characteristics makes the simulation 
flexible in use and easy to understand, and has the further advantage that the 
component characteristics can be modified in the light of rig testing as the de­
velopment progranune proceeds. Typical problems which can readily be investi­
gated include optimization of acceleration fuel schedules, operation of variable 
geometry devices and overspeed protection. Incorrectly chosen operating pro­
cedures, particularly under emergency conditions, may be hazardous to both 
engine and operator. 

The information flow chart required for a mathematical model of a simple 
turbojet engine is shown in Fig. 9.14. It can be seen that the pressure ratios across 
each component are governed by flow compatibility, the pressure ratios in tum 
determine the temperature ratios, and the turbine temperature drop (proportional 
to the power developed by the turbine) is determined by the pressure ratio and 
turbine inlet temperature (controlled by the fuel flow). 

Successful simulations have been carried out using analogue, digital or hybrid 
computers and appropriate techniques are described in Refs (8) to (11). Early 
digital computers did not have the computing speed essential for the continuous 
integration of the net torque, and real time simulation could only be achieved 
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using analogue computers; the hybrid computer was an intermediate solution 
which combined the speed of the analogue with the data processing capability of 
the digital. Now, however, digital computer capabilities are so fast that they are 
almost universally used for simulation. The judicious use of simulations can give 
an invaluable insight into transient response and control problems without 
endangering an engine, resulting in significant savings in test bed development 
and hence cost. 

9.6 Principles of control systems 

Figure 9.15 shows the main features of a gas turbine control system. The funda­
mental requirement is to maintain the safety of the engine, regardless of how the 
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operator moves the throttle lever or how the inlet conditions (e.g. altitude) are 
changing. The control system must ensure that the critical operating limits of 
rotational speed and turbine inlet temperature are never exceeded, and that com­
pressor surge is avoided. The sensing of rotational speed presents no problems 
and a variety of frequency measuring devices are available. Turbine temperature, 
on the other hand, is very difficult to measure. It is not normally practicable to 
locate temperatgre probes at inlet to the turbine, where the temperature is very 
high, and the temperature is measured at some downstream location, typically at 
inlet to the power turbine on shaft power units and in the jet pipe on jet engines. 
Thus the temperatures used to protect the turbines are indirect measures of the 
critical temperatures. The temperatures are usually measured by thermocouples 
spaced around the annulus: typically six to eight probes are used. In the case of 
turbines with highly cooled blades, it is the actual blade temperature which is 
important and this may be sensed by radiation pyrometry in advanced engines. 

The methods described in Chapters 8 and 9 can be used to provide the control 
system designer with information about the fuel flow required for steady-state 
operation over the entire range of operating conditions. Analysis of transient 
performance can predict the maximum fuel flow which can be used for 
acceleration without encountering surge or exceeding temperature limits. A 
typical schedule for fuel flow for a simple jet engine is shown in Fig. 9.16. 
Mathematical models for simulating the transient behaviour are an essential tool 
for optimization of fuel schedules, which must be experimentally verified during 
the engine development programme. 

The performance calculations described in Chapters 8 and 9 showed that the 
variations of all the key parameters are wholly determined by the matching of 
the compressor, turbine and nozzle characteristics. It is important to realize that if 
the engine has fixed geometry, the steady-state performance cannot be altered in 
any way by the control system. If, however, devices such as variable IGVs, 
variable compressor stators or variable nozzles (turbine or propelling) are 
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included, the operation of these can be integrated with the control system to 
modifY the performance. The level of sophistication required of the control 
system is strongly dependent on the complexity of the engine. 

Figure 9.15 shows that the control system must incorporate both a computing 
section and a fuel metering section. For many years both of these functions were 
met by hydromechanical systems, in which fuel passing through the unit provided 
the necessary hydraulic actuation of a variety of pistons, bellows and levers which 
metered the required fuel to the combustion system. In recent years much 
development of digital control systems has taken place; the increasing 
computational capacity and rapidly decreasing cost of small digital computers 
has made them quite feasible for use in control systems. It should be realized, 
however, that a fuel metering system is still required; the function of the digital 
computer is limited to computation and the control system must open and close a 
tap to control fuel flow. Digital control systems with a comprehensive capability 
for controlling all modes of engine operation, known as Full Authority Digital 
Engine Controls (FADECs) are becoming widely used on large aero-engines; 
although the cost of the actual computer is small, the need for certification of the 
software leads to very high software development costs. For this reason, FADECs 
are seldom used on small engines of lower cost. 

Digital control systems will increasingly be used for data acquisition, using the 
data measured by the sensors, and unusual changes may be used in diagnostic 
systems for examining the mechanical condition of the engine. Engine Health 
Monitoring (EHM) systems use thermodynamic measurements, vibration 
analysis and chemical analysis of the lubricating oil to assess engine health. 
Ref. (12) discusses the use of thermodynamic models in diagnostic systems. 
EHM systems have demonstrated significant reductions in maintenance costs and 
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savings due to early detection of engine deterioration before severe damage 
occurs. 

To close this section, a very simple example of the use of the control system 
for maintaining an engine within operating limits will be considered. Let us 
consider a turboshaft engine with a free power turbine, used in a helicopter; the 
gearbox will be very highly stressed to keep weight to a minimmn and the 
maximmn power permissible will be strictly limited. The worked example in 
Chapter 8 showed the significant increase in power on a cold day, and conversely 
the power will decrease on a hot day. The variation in power would be as shown 
by the full line in Fig. 9.17; the maximmn power limit is shown dotted, and at 
high ambient temperatures it will also be necessary to limit turbine temperature 
causing an even more rapid decline in power, as previously discussed with respect 
to jet engines. One method of achieving these limits would be by controlling gas 
generator speed as shown; the gas generator could only be run at maximmn speed 
where neither limit was exceeded and at both low and high temperatures its value 
would be reduced. 

Control system design is a specialized field which is changing rapidly and the 
interested reader must tmn to the current literature. The control designer, in tmn, 
must have a full understanding of the system to be controlled which necessitates 
an appreciation of gas turbine performance. 



Appendix A 
Some notes on gas dynamics 

Owing to the increasing tendency towards specialization even at first degree and diploma 
level, it may be that some readers will not have been exposed to a course in gas dynamics. 
It is hoped that this Appendix will provide them with an adequate summary of those 
aspects which are relevant to gas turbine theory, and that it will serve others as useful 
revision material. 

A.l Compressibility effects (qualitative treatment) 

It is well known that when the relative velocity between a gas and a solid body reaches a 
certain value, the flow behaves in a quite differe111t manner to that expected from a study of 
hydrodynamics. The effects produced, which manifest themselves as additional loss of 
stagnation pressure in the stream, do not arise when the fluid is a liquid. This suggests that 
the phenomena are illue to the change in density which accompanies a change in pressure 
of a gas. The idea is strengthened by the fuct that the phenomena only occur at high speeds 
when the pressure changes set up by the relative motion, and therefore the density changes, 
become considerable. In consequence, the phenomens here described are known as 
compressibility effects. 

Whe111, in a mass of gas at rest, a small disturbance results in a slight local rise of 
pressure, it can be shown that a pressure wave is propagated throughout the gas with a 
velocity which depends upon the pressure and density of the gas. This velocity is the speed 
of sound in the gas, or sonic velocity a, given by 

a= J(ypj p) or J(yRT) 

where p, p and Tare the local pressure, density and temperature of the gas. 
In all processes related to the propagation of pressure waves, the changes take place so 

rapidly that there is no time for any heat transfer between adjacent layers of fluid; the 
processes are therefore adiabatic. Also, when the amplitude of the pressure wave is small 
and there is no material alteration in the pressure and temperature of the gas, as is true of an 
orillinary sound wave, there is no increase of entropy. The propagation of a sound wave is 
therefore not only adiabatic but isentropic. 

Now consider what happens when a similar disturbance occurs in a gas flowing in one 
direction with a velocity C. The velocity of propagation of the pressure wave relative to the 
gas will still be equal to the speed of sound, a. Relative to a fixed point, however, say the 
walls of the passage confining the gas, the speed of propagation will be (a+ C) 
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downstream and (a - C) upstream. It follows that if the velocity of the gas is greater than 
the sonic velocity, i.e. supersonic, there can be no propagation of the pressure wave 
upstream at all. This is tile usual physical explanation given for the existence of a critical 
condition in nozzle flow. When once the pressure drop across a nozzle is great enough to 
cause the gas velocity to reach the local sonic value, no further decrease in outlet pressure 
will be propagated upstream and no further increase in mass flow will be obtained. 

Figure AI illustrates the effects just described, and a useful picture to have in mind is 
that of the ever-widening circles of ripples formed by a stone thrown into a pond. When a 
disturbance, such as an intermittent electric spark, is placed in a gas stream moving with 
subsonic velocity (C <a), the radius of a spherical pressure wave after time twill be at, 
while the centre of this wave will have moved downstream a distance Ct. All waves emitted 
subsequently will lie within the spherical wave front of this wave, as shown in Fig. Al(a). 
On the other hand, when C > a as in Fig. A I (b), the spherical wave fronts will move 
downstream at a greater rate than the radii of the waves increase. All the spherical waves 
will therefore lie within a cone having its apex at the point of the disturbance. 

The effect of a small solid particle placed in a stream of gas is that of a disturbance 
emitting pressure waves continuously, so that the spherical wave fronts of Fig. A I (b) 
appear as a single conical wave front of semi-angle Jl, where 11 is given by 

. _ 1 at . _1 a 
Jl = Slll Q = Slll C 

The ratio C! a frequently arises in the mathematical treatment of compressible flow, and it is 
the well known Mach number M. The angle 11 is commonly called the Mach angle, and the 
conical wave front a Mach wave. Thus 

Mach angle J1 = sin-1 (1/M) 

So fur we have been considering pressure impulses of very small amplitude, such that there 
is no permanent change in the pressure and temperature of the gas as the wave moves 
through it, and consequently such that there is no change in entropy. In many practical 
cases of gas flow relative to a solid body these conditions are not fulfilled; there is a 
marked pressure and temperature difference across the wave, and there is an increase in 
entropy indicating an irreversible dissipation of kinetic energy which is manifested by a 
loss of stagnation pressure. The wave fi·ont represents a discontinuity in the flow, and as the 
change of pressure is to all intents and purposes instantaneous, the wave is termed a shock 
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wave. The Mach wave previously discussed can be regarded as the weakest possible form 
of shock wave. The shock wave formed by a projectile travelling at supersonic speed, for 
example, is analogous to the bow wave set up by a ship: the water, unable to escape rapidly 
enough past the sides of the ship piles up to form a vee-shaped wave which travels along 
with the ship. In the case of the projectile, the air outside the region enclosed by the conical 
wave front does not receive a signal warning it of the approach of the solid object creating 
the disturbance, and hence the f<;Jrmation of the shock wave at the nose of the projectile. It 
must be stressed that it is the relative motion which is important; it does not matter whether 
the body or the fluid or both are moving. 

We have said that there is a pressure difference across a shock wave. We must now ask 
whether it is a pressure rise or pressure drop in the direction of gas flow relative to the 
body, that is, through the shock wave. Both experiment and theory indicate that a shock 
wave can only be formed when a supersonic flow is decelerated. The velocities in the 
divergent part of a convergent-divergent nozzle are supersonic, but if the nozzle is 
operating at the pressure ratio for which it is designed no shock waves will be formed 
because the flow is accelerating under the influence of the pressure drop. Consider, on the 
other hand, what happens when the outlet pressure is appreciably above the value which 
would give just the right amount of expansion to suit the outlet area of the nozzle. Under 
these conditions the nozzle over-expands the gas so that before the gas can discharge into 
the surroundings some re-compression and deceleration of the gas must occur. This re­
compression can ouly be brought about by a shock wave in the divergent part of the nozzle, 
because a convergent duct is necessary for isentropic diffusion of a supersonic stream. 
Figure A2 shows typical pressure distributions along a nozzle when the outlet pressure is 
above the design value. As the outlet pressure is reduced, the plane normal shock wave 
moves towards the exit, and further reduction towards the design outlet pressure is 
accompanied by a sudden change to a complex system of oblique shock waves 
downstream of the exit. 

To sum up so far: 

(a) A shock wave only occurs at supersonic speeds in a decelerating flow. 
(b) There is a rise in static pressure and temperature through the wave in the direction of 

relative motion of the gas, i.e. a shock wave is a compression wave. 
(c) There is a drop in stagnation pressure through the wave, some of the kinetic energy 

being dissipated with a consequent increase in entropy. 

Throat 

Distance along nozzle 

FIG. A2 Shock wave in nozzle liow 
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Region of high velocity 
and low pressure 

FIG. A3 Streamline liow over aerofoil 
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Finally, we may now turn to consider the effect of shock waves on the flow of air over 
an aero foil. This will be directly applicable to problems associated with the design of axial 
compressor and turbine blading which are simply rows of aerofoils. First, consider the 
changes of pressure and velocity which occur around the aerofoil of Fig. A3, assuming that 
an air stream is flowing past it with subsonic velocity. As indicated by the convergence and 
divergence of the streamlines, the air moving over the curved top surface must first 
accelerate and then decelerate, the outer streamlines effectively acting as the wall of a duct. 
This produces a region of increased velocity and reduced static pressure on the top surface. 
It is this region of low pressure or suction on the top surface which produces most of the 
lift of an aero foil. The amount by which the velocity is increased along the top surface will 
depend upon the shape and camber of the aero foil; it is quite possible for the local velocity, 
somewhere near the point of maximum camber, to be 1-5 times the velocity of the main 
stream. Furthermore, the acceleration will be accompanied by a fall in static temperature, 
so that the local sonic velocity J(yRT) will be reduced below that of the free stream. Both 
effects contribute to an increase in Mach number, and there may well be a region on the top 
surface where the flow is supersonic when the Mach number of the main stream is only 
about 0· 7. But we have seen that when a deceleration occurs at supersonic speeds in a 
diverging passage a shock wave will be formed. The effect ofthis is illustrated in Fig. A4. 
If under these conditions a pilot tube is traversed across the flow in front of and behind the 
aerofoil, the loss of stagnation pressure will be found to vary in the manner shown. The 
loss of head due to the shock wave itself is represented by the part of the curve AB; the loss 
of head represented by the peale of the curve may be very much greater than that across the 
shock wave, however, and requires some explanation. 

When a fluid flows along a surface there is a thin layer of fluid, known as a boundary 
layer, in which there is a steep velocity gradient due to viscous friction, the velocity 
dropping to zero at the solid surface. Now the pressure gradient across the shock wave 
opposes the direction of flow and consequently, in the boundary layer where the kinetic 
energy is small, the shock wave may arrest the motion altogether. The boundary layer will 
thicken just in front of the shock wave, and may break away from the surface at the rear of 
it. If this breakaway of the boundary layer occurs, it will result in the initiation of a vortex 
trail involving considerable dissipation of energy. This, then, is the reason for the large loss 
of stagnation pressure in the wake of the aero foil, and the reason why the Mach number of 
the main stream should be kept below the value lilcely to cause the formation of shock 
waves with this shape of aerofoil. 

FIG. A4 Shock wave on aerofoil 
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We may now turn to the mathematical analysis of compressible flow in a few simple, 
classical, flow situations. Much of the algebra is too lengthy to be given here, but by its 
omission we hope to enable the reader to see the wood: for the trees he can turn to the 
many excellent standard texts on gas dynamics, e.g. Refs (3) and (4). 

A.2 Basic equations. for steady one-dimensional compressible 
flow of a perfect gas in a duct 

A flow can be regarded as one-dimensional if 

(a) changes in liow area and curvature of the axis are gradual, 
(b) all properties are uniform across planes normal to the axis, 
(c) any heat transfer per unit mass flow ( dQ), across surface area of duct ( dS), changes 

the properties unifonnly over the cross-section, 
(d) the effect of friction can be represented by a shear stress -r at the wall. 

The flow is steady if there is no change in the mass flowing per unit time at successive 
planes along the duct, and if the properties of the gas at any plane do not change with time. 

Firstly, because we are dealing with a perfect gas we have the equation of state 

p dpdpdT 
-=RTor -=-+- (I) 
P P P T 

Secondly, application of the conservation laws yields the following equations in integral 
and differential form (see Fig. AS): 

Conservation of mass (continuity equation) 

dp dC dA 
m=p1A1C1 =p2A2C2 or -+-C +-=0 

p A 

Conservation of momentum 

(2) 

(pzC~A2- P1CfA1) + (pzAz- P1A1)- !(p2 + Pl)(Az- A1) +-rS = 0} 
(3) 

pAC dC +A dp + -r dS = 0 

Conservation of energy 

Q = cp(T2 - T1) +!CCI- Cf) = cp(T02 - T01)} 
(4) 

dQ = cp dT + C dC = cP dT0 

Thirdly, the Second Law of Thermodynamics must be satisfied, i.e. 

for adiabatic processes !ls ;;;: 0 

Heat transfer per 
unit mass flow Q 

\ I 
!J1,hl'1 I \ --r T 
A C ---1---------f P2. h P2 

,, 1 t r 1-

~A2.C:z 

P1+PJ \ 
12 

-2- Surface area S 

FIG. AS One-dimensional liow 

(5) 

dQ 

1\ I 

p Tp I \-f--­
---.:~-~--- r f p+dp T+dT p+dp 

A, C I r·-:--. 
~A,C+dC 

p+ ~ ~s 
2 
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For a per(ect gas with constant specific heats we have the specific entropy s = f(p, T) given 
by 

T2 P2 
As = cPin - - R In -

T1 P1 

and for the special case of a reversible adiabatic (isentropic) process we can put As = 0 to 
give 

p p 
-

1
( 11 = constant or - = constant 

TY 1-. pl 
(6) 

Finally, although no additional physical principle is introduced, the algebra is often sim­
plified if velocities are (a) expressed in terms of Mach number M, or (b) taken into account 
implicitly by making use of the concepts of stagnation pressure p 0, temperature To and 
density p0. By definition M =Cia. For any fluid, the local sonic velocity a is given by 
J(dp/dp)., while for a perfect gas it can be expressed variously as 

a (or CfM) = J(yp/ p) = J(yRT) = J[(y- l)cpT] (7) 

By definition (see under heading 'Stagnation properties' in section 2.2), the stagnation 
properties in terms of M and the static values become 

~ = I + ~ = [I + 1'- I M2] 
T 2cPT 2 

~= (~f(y-1)= [1 +y; I M2rJ·-I) (8) 

£Q- (£.2.~ 1jy- [ y- 1 2] 1/(y-1) 
- < -I+ M 

p p 2 

We may obtain an important flow equation by combining the differential forms of 
equations (1) to (4) and relations (7). Thus combining (!) and (2) to eliminate dplp we 
have 

dC + dA + ~ _ dT = 0 
C A p T 

From (3) and (7) we get 

dp 2 dC yTS 
-=-yM --­
P C pAa2 

From (4) and (7) we get 

dT = dQ -(y-l)M2 dC 
T cPT C 

Combining these three equations we have finally 

(M2 _ I) dC = dA = _ dQ _ yTdS 
C A cPT pAa2 

(9) 

Equation (9) expresses the effect on the velocity of (a) changes in flow area, (b) heat 
transferred and (c) viscous friction. Considering each of these factors acting in isolation we 
can draw the following qualitative conclusions. 

When M < I (subsonic flow) the flow will accelerate ( +ve dC) if (a) the duct converges 
(-vedA) or (b) heat is transferred to the gas ( +ve dQ). Conversely, the flow will 
illecelerate if the duct diverges or is cooled. The effect of friction is always to accelerate 
subsonic flow: the physical reason is that the transformation of directed kinetic energy into 
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internal energy is such that the decrease in density, consequent upon the rise in tem­
perature, predominates and the flOw velocity increases to satisfy the continuity equation. 

When M > 1 (supersonic flow) the flow will accelerate if (a) the duct diverges or (b) the 
duct is cooled. Conversely, it will decelerate if the duct converges or is heated. The effect 
of friction is always to decelerate supersonic flow. 

When M = I we have the condition where the flow velocity C equals the local velocity 
of sound a. Values of all quantities at this condition will be denoted by an asterisk, e.g. T*, 
a*, A*, p*. Equation (9) shows tliat M may be unity when the duct has a throat ( dA = 0); or 
when sufficient heat has been added in a duct of constant flow area (supersonic flow 
decelerates towards M = 1 and subsonic flow accelerates towards M = 1 ); or when a 
constant area adiabatic duct is sufficiently long for friction to decelerate a supersonic flow 
or accelerate a subsonic flow to the condition M = 1. Under all such conditions the duct is 
said to be choked because the mass flow is the maximum which the duct can pass with the 
given inlet conditions: further heat transfer or friction in a constant area duct merely causes 
a reduction of mass flow in the duct. 

Note that the presence of a throat does not necessarily imply M =I at the throat, 
because the duct may be acting as a venturi with subsonic expansion followed by subsonic 
diffusion. But we are here considering only a continuous expansion or compression along 
the duct (i.e. dC is not changing sign during the process). For this reason also, we caunot 
expect equation (9) to yield information about discontinuities such as shock waves which 
will be considered later. Before doing so we will summarize the analysis which gives us 
quantitative information about the behaviour of a gas undergoing a continuous expansion 
or compression under the separate actions of changes in flow area (section A.3), heat 
transfer (A.4), and friction (A.S). This will involve algebraic manipulation of the integrated 
forms of equations (1}-(4) with appropriate terms omitted, together with relations (5}-(8) 
as appropriate. In what follows we shall often find it convenient to consider changes which 
occur when a fluid flowing with an arbitrary Mach 111umber M through area A and with 
properties denoted by p, p0, T, T0, etc., is brought to a reference state where M = I and the 
relevant quantities are denoted by A*, p*, p~, T", etc. 

A.3 Isentropic flow in a duct of varying area 

For reversible adiabatic flow T and Q are zero, and the isentropic relations ( 6) are applic­
able. The relevant equations become: 

PdP1T1 =p2/PzTz 
m = p1A1 C1 = p2A2C2 

Making use of p/ p1' =constant, the momentun1 and energy equations (3) and (4) can be 
shown to be identical, llanlely 

cp(T2 - T1) +i(Ci- Cr) = 0 or cp(T02 - T0J) = 0 

We shall consider state I to be 'reservoir' or stagnation conditions, and state 2 to be any 
amitrary state denoted by suffixless quantities. Then, combining the equations, and malcing 
use of relatious (6}-(8), we arrive at the well known equations for flow in nozzles (or 
diffusers): 

- [ 2y { (p)(y-1)/y}]l C- --RT0 1- -
1' -I Po 

(10) 

mJTo = [_}]__! ( !!_)2fy {I _ ( !!_)(y-1)/Y} ]j 
Ap0 y - I R \Po \Po 

(II) 
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mJT0/Ap 0 is a maximum at the throat, where C=a (i.e. M= 1) and the other quantities 
are denoted by asterisks. Differentiating (II) with respect top and equating to zero gives 

~ = (-2-))/(J-1) 

Po Y+ 1 

~: =C!~) 
Substitution of (12) in (II) then yields 

mJTo = []:'_ (-2-)(y+IJ/(y-1)]~ 
A*p0 R y+ I 

(12) 

(13) 

(14) 

Dividing (14) by (11), and introducing p/p0 = f(M) from (8), we obtain the value of A at 
any M in terms of the throat area A*, namely 

~ = _!_ [2 + (y- I)M2J(y+IJ/2(J•-1J 

A* M (y+ I) 
(15) 

Values of p0 jp, T0/T, Pol p from relations (8) and A/A* from equation (15) are tabu­
lated in the isentropic flow table of Ref. (I), with Mas the argument. The table covers the 
range M =0·01-4, and is for dry air with 1' = 1-403. Reference (2) is a much fuller set of 
tables covering a range of values of)! and a wider range of M. Given the passage shape, i.e. 
values of A) A* at successive distances along the duct, corresponding values of M and 
thence p !Po can be read from the isentropic flow table. Two values of M and p !Po will be 
obtained from the table for each value of A/A*, corresponding to the two real roots of 
equation (15). The pressure distribution can then be plotted as in Fig. A6. Curve BCD 
refers to the continuous expansion (or compression depending on the direction of flow), 
while BCE represents tile limiting pressure distribution above which the passage is acting 
as a venturi. 

A.4 Frictionless flow in a constant area duct with heat transfer 

We have seen that when A is constant and T is zero, heat transfer to the gas causes a 
subsonic flow to accelerate towards M =I and a supersonic flow to decelerate towards 
M = I. This idealized flow is referred to as Rayleigh flow. One important effect, to which 
reference was made in Chapter 6, is that heat transfer to a subsonic flow in a duct of 
constant area must be accompanied by a fall in pressure. The pressure difference is 
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necessary to provide the force required to accelerate the flow, i.e. to satisfy the momentwn 
equation. 

The relevant equations for a Rayleigh flow from some arbitrary state M, T, etc., to the 
state where M = 1 and quantities are denoted by asterisks, are as follows: 

pjpT=p*jp*T* 

pC = p*C*(= p*a*) 

(p*C*z- pCz) + (p* :_ p) = 0 

Q = cp(T*- T) +!CC*2
- C2

) = cp(n- T0) 

From the momentum equation, in conjunction with relations (7), we have 

From this, together with the continuity equation and equation of state, we obtain 

!_ - Mz [__2_±1._]
2 

r*- 1 +rW 

From (16) and (17) and relations (8), by writing 

Po = (£!!.) ( !!._) ( !!*), and lilcewise for T~ 
P~ P \p* \P6 To 

we obtain 

Po = [__2_±1._] [2 + (y- l)M2
]

1
/(y-l) 

p'/) I +yW y+l 

To= (I +y)Mz [2+( -l)M2] 
TIS (I +yM2)2 y 

Finally, from the energy equation we have 

.JL= 1 _To 
cPT6 Tli 

(16) 

(17) 

(18) 

(19) 

(20) 

Equations (16}-(19) are the Rayleigh functions, and values of p/p*, T/T*, p0 fp'6, 
T0 f'J'8 are given in the tables referred to in the previous section. To obtain values of a 
property at state 2, knowing the value in state I, we merely apply such equations as: 

f!.2 =P1IP* or Toz = T0z/T~ 
P1 pJfp* Tol T01/T6 

For example, given the inlet conditions Pol> T01 and Ml> we may obtain p 02 and M2 for any 
given final temperature T02 (or temperature ratio T02fT01 ) as follows. 

For given M1 readp0J/p'/i and T01 /T8 
Evaluate T0z/T8 from (Toz/ToJ)(TOJ/T'CJ 
Read Mz corresponding to Toz/T8 
Read Poz/p'/i corresponding to M2 
Evaluate Poz from (poz/p'/))(p'lifPoi)PoJ 

Finally, we could read ptfp01 corresponding to M 1 from the isentropic flow table, and 
evaluate the 'fundamental pressure loss factor' referred to in Chapter 6, namely 
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Inlet Mach number M1 

FIG. A7 Stagnation pressure loss in Rayleigh liow 

(pol - Poz)f(poi -PI)· If this were done for a series of subsonic values of M1 and 
T02/ T01 > I, the results would appear as in Fig. A 7. The chain dotted curve represents the 
limiting case where the heat transfer is sufficient to accelerate the flow to M2 = I: this 
condition is often referred to as thermal choking. Note that as the inlet Mach number 
approaches zero the fundamental pressure loss factor tends to [(T0z/T01)- 1]: c.f. the 
incompressible flow result obtained in section 6.4. 

A.5 Adiabatic flow in a constant area duct with friction 

The idealization considered here is referred to as Fan no flow. We have seen in section A.2 
that fuction accelerates subsonic flow towards M = I and decelerates supersonic flow 
towards M = 1. The length of duct which is sufficient to change the Mach number from any 
value M to the value unity will be referred to as L *. Friction data are normally given in 
terms of relations between a fuction factor f and Reynolds number Re. The definition off 
used here (other definitions are also used) is 

T =fpC2/2 

The relevant equations for Fanno flow are 

pfpT=p*/p*T* 

pC = p*C*(= p*a*) 

(p*C* 2
- pC2

) + (p*- p) + TS = 0 

cp(T*- T) +t<C*2
- C2

) = cp(T~- T0) = 0 

From the energy equation the stagnation temperature is constant, and this together with the 
To/ T relation (8) yields 

T y+l 
T* 2+(y-I)W 

Using this in conjunction with the continuity equation and equation of state, we get 

p 1 [ y +I ]! 
p;.=Ai 2+(y-I)W 

(21) 

(22) 
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And using the po/p relation (8) we obtain 

Po = ~ [2 + (y- I)Mz](y-H)/2(y-l) 

p'IJ M y+ I 
(23) 

The equation expressing L * for a given M and f is best found from the differe111tial form 
of the momentum equation (3), with r replaced by Y pC2_ Dividing throughout by A, the 
momentum equation becomes · 

f C2 dS 
pCdC+dp+-P--=0 

2A 

For circular ducts of diameter D, 

And for non-circular ducts D can be replaced by the equivalent diameter ( = 4 x liow 
area/perimeter)_ Introducing the equation of state, continuity equation and relations (7) and 
(8), after much algebra we arrive at a differential equation for 4f dLI D in terms of M. Inte­
grating between M and 1 we have finally 

(24) 

The Fauna functions (21) to (24) are given in the compressible flow tables. To find a 
length L over which the flow changes from M1 to M2 it is ouly necessary to subtract the two 
values of 4fL * / D, namely 

It should be appreciated that we have assumed flo be constant, i.e. that it does not change 
along the duct. Since the Reynolds number is pCD / Jl = GD / Jl, and the mass velocity G is 
constant because the area A is constant, Re ouly changes due to the variation of J1 with T. 
This is small for gases. Furthermore, in turbulent pipe flow f is a weak function of Re. Thus 
little error is incurred by using an appropriate mean value off 

In practical situations variation in area, heat addition, and friction may be present 
simultaneously. Methods for combining the results of the preceding three sections can be 
found in any text on gas dynamics. 

A.6 Plane normal shock waves 

When shock waves occur normal to the axis of flow, they are discontinuities which occupy 
a finite but very short length of duct as depicted in Fig. AS( a). For this reason they can be 
treated as adiabatic frictionless processes in a duct of constant cross-sectional area. In 
general, shock waves are formed when the conditions are such that the three conservation 
laws caunot be satisfied simultaneously with an assumption of reversible flow. What has to 
be relinquished is the idealization of reversibility, even though the flow is being regarded as 
frictionless_ Then, if the process is adiabatic, all that the Second Law of Thermodynamics 
requires is that there should be an increase in entropy in the direction of flow. 
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(a) 

FIG. A8 

(b) 

The relevant equations relating properties on either side of a shock wave are 

PIIPJTI =pz/P2T2 

m = P1 Cl = P2C2 

(p2Ci - P1 Cf) + CP2- PJ) = 0 

cp(T2 - TI )+ h C}- Cf) = cp(Tm - Tal) = 0 

407 

From the momentum and continuity equations, together with relations (7), we obtain the 
pressure ratio across the shock wave as 

P2 I +yMf 
p;= I +yM:f 

Also, since T02 = ~01 from the energy equation, we have 

!i_ = (T2) (T01 ) = 2 + (y- l)M~ 
T1 T02 T1 2 + (y - I )M2 

(25) 

(26) 

At this stage the value of M2 is unknown but from the continuity equation, equation of 
state, and relations (7) we can show that M2 is uniquely related to M1 by the equation 

M2 =E..!_ f!J. 
M1 P2VT1 

On substitution from (25) and (26) we get 

M? _ (y- l)Mf + 2 
2 

- 2yMf- (y- I) 
(27) 

Finally, substituting for M2 in (25) and (26) we obtain the pressure and temperature ratio in 
terms of M 1 given by 

f!1 2yMf- (y- I) 

Pl y+l 
(28) 

!J. = [2 M2 - ( - 1 )] [2 + (J' - I )Mf] 
T1 y 1 y (y + IiMt 

(29) 

The pressure ratio Po2IP1 can be found from (p0z/p2)(p2/p1), using (28), (27) and the Po!P 
relation (8), the result being 

Po2 = [l' +I M2JY/CJ-lJ/[2yMf- (J'- 1)]1/CJ-IJ 
PJ 2 l y+ I 

(30) 
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The normal shock functions (27) to (30) are tabulated in Ref. (1 ). If required, the stag­
nation pressure can be found from 

;:~ = e012) ~:J 
remembering that PI/Pol can be found from the isentropic table for the given M1. The 
fuller tables of Ref. (2) include Poz!Pol as well as Po2/P1· 

Evaluation of equation (27)'shows that for M1 >I, M2 is less than I; while for M1 <I, 
M2 is greater than I. There is nothing in the foregoing analysis to suggest that both these 
flow situations are not possible. But knowing p 2 /p 1 and T2/T1 from (28) and (29), it is a 
simple matter to calculate the change in entropy of the gas from 

lls T2 P2 
-=yin --(y-l)ln-
~ ~ PI 

For values of M1 >I we find that the values ofT2/T1 andp2 fp 1 yield positive values of !'!s, 
whereas when M1 < I the change of entropy is negative. The latter situation is physically 
impossible because it contradicts the Second Law of Thermodynamics. Thus the normal 
shock functions are only tabulated for values of M1 > I. 

From the foregoing we may deduce that a normal shock wave can only arise in a 
supersonic flow, and that it produces a sudden reduction in velocity to a subsonic value. 
Thus the normal shock is a compression process and pz/p1 > I for all M1 > 1. Owing to 
the irreversibility introduced by the shock wave, however, there is a loss of stagnation 
pressure, i.e. p02 fp01 < I. All these characteristics are inunediately obvious from the tables 
or the graphical representation in Fig. A9. We note also, from the M2 = f(M1) curve, that 
M2 is asymptotic to a definite value as M1 increases, and that M2 is close to this lower limit 
when M1 has increased to about 5. By dividing the numerator and denominator of equation 
(27) by M1 and letting M1 tend to infinity, the lower limit of M2 is seen to equal [(J' - I )/2y] 
which is approximately 0·38 for air. 

It is clearly of interest to see how efficient the normal shock is as a compressor, because 
it can be made use of at the front of intakes of turbojet and ramjet engines when these are 
operating at supersonic flight speeds. The simple 'pilot' intake is illustrated in Fig. AS(b). 
The efficiency of the process can be defined as the ratio of the ideal (isentropic) 
temperature rise to the actual temperature rise for a given pressure ratio pz/PI· In which 
case we have the isentropic efficiency 17, where 

1.0 

0.9 

17 = T~- Tt = [(pz/PJy-1)/J'- I] 
T2 - T1 T2/T1 - I 
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FIG. A9 Changes in Mach number and pressure across a plane normal shock wave 
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6 

Inlet Mach number M1 

FIG. Alii Isentropic efficiency of plane shock wave 

pzfp, and T2/ T1 can be found from the normal shock table for a range of Mt. and hence 17 
can be plotted versus M1 as in Fig. AI 0. The efficiency falls off rapidly as M1 is increased. 
Nevertheless, when it is realized that p2 fp 1 = 4·5 for M 1 = 2 (from Fig. A9), and that this 
pressure ratio has been achieved in a negligible length of intake, an efficiency of 78 per 
cent (from Fig. AI 0) is not too low to be useful. For this example, M2 is 0·58 (Fig. A9) and 
after the shock wave a further pressure rise can be obtained by ordinary subsonic diffusion 
in a divergent duct. Higher efficiencies can only be obtained by designiog supersonic 
intakes to operate with a system of oblique shocks. This type of shock forms the subject of 
the next section. < 

The main features of Rayleigh flow, Fanno flow and flow through normal shocks can be 
summarized neatly by drawing the processes on a T-s diagram as in Fig. All. Such a 
diagram is a useful mnemonic. The Fauna and normal shock processes are shown as 
dashed lines because they are essentially irreversible processes. The three lines are all 
drawn for the same value of mass flow per unit area (i.e. pC) which we have seen is 
constant for all three types of flow. This is why states I and 2 on either side of the normal 
shock coincide with the points of intersection of the Fanno and Rayleigh lines. There are 
four features which perhaps are not emphasized sufficiently by notes on the figure. (i) A 
Fanno process can occur only from state 2 towards state 3 or from I towards 3. It cannot 
pass through 3 without a decrease in entropy which would contravene the Second Law of 
Thermodynamics. (ii) A Rayleigh process can occur between I and 4 in either direction or 
between 2 and 4 in either direction, but i1 cannot proceed through state 4 in either direction. 
In practice, the picture is modified because friction is present simultaneously with heating 
or cooling; but also it would be physically difficult to suddenly change from heating to 
cooling at the point in the duct where the gas attains state 4 and, without doing so, passage 
through state 4 would clearly contravene the Second Law. (iii) It is interesting to note that 
when a subsonic flow is heated, the maxinmm temperature is reached at state 5 (where it 
can be shown that M = 11 JJ'), although the stagnation temperature must continue to rise 
with energy input until the gas attains state 4. In other words, between 5 and 4 the density 
decreases, and hence the velocity increases, at such a rate that the static temperature falls. 
(iv) when point 3 on the Fanno line or point 4 on the Rayleigh line is reached the flow is 
choked, and further friction (i.e. additional length of pipe), or heating in the case of 
Rayleigh flow, causes the state to move on to another Fanno line or another Rayleigh line 
respectively. M remains equal to unity. These would be lines appropriate to a reduced mass 
flow per unit area, and would lie to the right of those shown because of the increase in 
entropy due to additional friction in one case and heating in the other. 
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FIG. All Main features of Rayleigh, Fanno and normal shock processes 

A. 7 Oblique shock waves 

In certain types of supersonic liow, shock waves are formed at an inclination to the 
illirection of flow as in Fig. Al2. Strictly speaking the analysis of such phenomena involves 
a study of two-dimensional flow although, as will be made apparent, some of the equations 
obtained for plane normal shock waves can be used with a little modification. The analysis 
of plane oblique shock waves shows that for any given incident Mach number, 

(a) there is a limiting flow deflection angle i'Jm which cannot be exceeded; 
(b) provided o < o"" at any given value of M1 there are two physically possible plane 

shock waves having different values of the shock angle /3. The shock wave having the 
smaller f3 is the weaker shock, i.e. it produces the smaller pressure ratio p2/ p 1 and, 

Fl!G. Al2 Oblique shock 
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'Weak' shock" 
when 8< lim "-._ 

(a) 

FIG. Al3 
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(b) 

although the flow velocity is reduced by the shock, the flow can still be supersonic 
downstream of it 

Oblique shock waves are formed when a body is immersed in a supersonic stream. If 
we consider the simple case of a wedge of semi-angle 8, two types of flow are found to 
occur as depicted in Fig. A 13. 

(i) When 8 ::0 0111 a plane oblique shock wave is attached to the apex of the wedge. For 
8 <om it is the weak shock which is formed, while for 8=0111 there is no distinction 
between the two shocks and only one value of f3 is possible. 

(ii) When 8 >Om a plane oblique shock wave is not possible, and it is replaced by a 
detached curved shock wave as in Fig. A13(b). (The same type of flow would be set 
up by a round nosed body such as a compressor blade of aero foil shape.) On the axis 
of l:he wedge the shock is normal, o = 0 and M2 < I. For a certain distance from the 
axis, o < 0111 and the curved shock can be regarded as being made up of a number of 
plane oblique shocks of elemental length and of successively increasing o. These are 
always the stronger of the two possible shocks, i.e. those having the larger p. 
Downstream of these shocks M2 < I, and thus the flow in the region near the body is 
subsonic. Furl:her out in the mainstream, beyond the point where o has increased to 
o"" f3 decreases until it is zero in the free stream (strictly speaking at an infinite 
distance from the body). In this region the curved shock can be regarded as a number 
of elemental plane shocks of the weak type (small /3), and the flow remains supersonic 
with M2 --" M1 as the distance from the body increases. 

Reverting to Fig. Al2, consider the components of the velocities C1 and C2 in the 
tangential and normal directions relative to the plane shock. On either side of tl1e shock 
there is no change of state along the shock, and with no force acting in this direction there 
can be no change in the tangential component of momentum or velocity across the shock. 
Thus 

C2 cos (p - b) = C1 cos p (31) 

From the point of view of the normal component, the shock is a plane normal shock which 
we have already analysed. Thus equation (27) can be used but with M2 sin (f3 - o) sub­
stituted for M2 andM1 sin f3 for M1. Similarly, equations (28) and (29) forp2/p1 and Tz/T1 

will apply if M1 sin f3 replaces M1. To relate b, f3 and M1 we apply the continuity equation 
in the form 

p2C2 sin (/3 - o) = p1 C1 sin f3 
and substitute CtfC2 from (31) to give 

!!1 tan f3 
p1 tan (/3- b) 
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But P2/ p 1 = (p2f p 1)(TJ/ T2) = f(M~, p) from the modified (28) and (29), so that we have an 
equation for 8 in terms of M1 and P which finally reduces to 

M[ sin2 f3 -1 
tan 8 = cot f3 ---,-+'l,---"----'----

_Y -M[- (Mf sn/ f3- 1) 
2 

(32) 

For given values of b( < b111) this equation has been shown to have two real positive roots, 
yielding the two values of f3 corresponding to the weak and strong shocks. After differ­
entiating, and some algebra, equation (32) also yields the maximum deflection 8111 in terms 
of M1• The results are often plotted as in Fig. Al4. They are also given in the oblique shock 
table ofRefs.(l) and (2). Such a table gives the two possible values of f3~>Pz!Pt. T2/T1 and 
M2, for each value of M1 and a series of values of 8. The curve which divides the weak and 
strong shock regions in Fig. A14 gives the maximum deflection 8111 which the flow can 
undergo with a shock wave attached to the apex of the wedge. From the chain-dotted curve 
we see that although the Mach number downstream of a strong shock is always less than 
unity, it is not necessarily always greater than unity for a weak shock. 

It is of interest to compare the efficiency of a compression by an oblique shock with 
that of the normal shock considered in section A.6. We took M1 =2, and found that a 
pressure ratio (p2fp1) of 4·5 was obtained with an efficiency of 78 per cent. From the 
oblique shock table of Ref (I), with M1 =2 and an arbitrarily chosen value of ii = 10 
degrees, we obtain 

Weak Strong 

f3 39·3° 83·7° 
Mz 1·64 0·60 

Pz!Pi 1·71 4-45 
T2/T1 1·17 1-68 
1) 0·98 0-79 

50 

Shock wave angle~ degrees 

FIG. A14 
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FIG. Al5 Oswatitsch intake 

---~ 'Dump door' for excess air 

FIG. Al6 Intake with variable geometry 

The last line is calculated from 

with y = 1-403 as used in the tables. 

~ 
'Dump door' used as scoop 

to increase air flow 

Since a pressure ratio of 1·71 is obtainable from a weak plane oblique shock with an 
efficiency of 98 per cent, it would appear that a supersonic intake designed to make use of 
one or more such shocks might be more efficient than the simple type of 'pilot' intake 
referred to in sectipn A.6; and this has been found to be the case. In the Oswatitsch intake, 
which makes use of a conical centre body as shown in Fig. Al5, the flow is decelerated to a 
low supersonic velocity by several successive oblique shocks (two are shown) with the 
final transition to subsonic velocity taking place via a normal shock. The main problems in 
the design of such supersonic intakes are (a) the establishment of a stable shock pattern 
insensitive to minor changes in the flow downstream (e.g. in the engine), and (b) the 
maintenance of a good performance under off-design conditions. For aircraft engine 
intakes which have to operate over a complete speed range from M1 = 0 to M1 » 1, 
variable geometry is essential. This is accomplished by incorporating an adjustable centre 
body and/or cowl, and bleed slots. Figure A16 illustrates a variable geometry intake of the 
'scoop' type, which is of rectangolar cross-section: it may be slung under the wing or run 
along the side of the fuselage. 

A.8 Isentropic two-dimensional supersonic expansion and 
compression 

Perhaps the foregoing sections have left the reader with the impression that isentropic 
expansion and compression of a supersonic stream is impossible in principle. A moment's 
reflection on the existence of successful supersonic aeroplane wings, and efficient nozzles 
and diffusers for supersonic wind turmels, should dispel this illusion. Processes which 
would be isentropic apart from the effect of viscous friction are possible if the duct walls, 
or immersed body as the case may be, are correctly shaped. Certainly it is possible to avoid 
the large loss of stagnation pressure due to breakdown of the flow which was illustrated in 
Fig. A4. 

Consider supersonic flow that is initially parallel to a surface but which encounters a 
small change of direction of the surface; it may be a convex or concave deflection as in Fig. 
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p p-dp 
p p+dp 

c, 

dv 

(a) Convex (b) Concave 

FIG. Al7 Expansive and compressive Mach waves 

AI7(a) and (b). If the change in direction is infinitesimal, the comer is the source of an 
infinitesimal disturbance which is communicated to the main flow isentropically along a 
Mach wave. From section A.l we know that this wave will make an angle 11 =sin -I (1 / M) 
with the direction of flow. And from the velocity triangles of Fig. Al7 we see that the 
convex comer produces an increase in velocity, dC, which must be accompanied by a 
pressure drop dp; while the concave comer leads to a decrease in velocity implying a 
compression. 

Any rounded convex comer giving a finite deflection can be regarded as the source of a 
series of infinitesimal deflections as illustrated in Fig. Al8(a). The Mach waves, or char­
acteristic lines as they are often called, diverge and do not interfere with each other, so 
permitting the flow to accelerate smoothly and isentropically to the downstream pressure. 
In the limit the same thing can occur at a sharp finite comer: in this case the flow expands 
smoothly through a fan of Mach waves as shown in Fig. Al8(b). This is known asPrandtl­
Meyer flow, and the evaluation of finite changes of pressure and Mach number associated 
with a finite deflection is possible with the aid of tabulations ofPrandtl-Meyer 'expansion 
angles'. We shall proceed no further with this topic, but say merely that the analysis of 
supersonic flow patterns using a step-by-step method moving from one Mach line to the 
next, is referred to as the method of characteristics. When it is realized that in most 
situations the Mach waves will suffer reflections from neighbouring surfaces or jet 
boundaries, or intersect and interact with Mach waves from an opposing surface, it will be 
appreciated that the analysis is complex and beyond the scope of this Appendix. 

To conclude, let us consider briefly what happens in a finite concave comer. If it is 
rounded as in Fig. Al9(a), the Mach waves will appear as shown. They must converge 
because the Mach number is decreasing and hence the Mach angle Jl is increasing. For a 
sharp concave comer there can be no compressive equivalent of an expansion fan, because 
this would involve successive Mach lines marching upstream of one another. What 

(a) 

FIG. A18 Isentropic expansion 
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happens, since no comer is truly sharp, is that the Mach lines converge to a point in the 
stream near the surface and coalesce to form an oblique shock as in Fig. A 19(b ). The 
compression process is then no longer isentropic. In other words, an isentropic diffusion of 
a supersonic stream can only occur in a passage bounded by gradual concave curves. 

,u+ dv 
p+dp 
M-dM 

,u+ 2dv 
p+2dp 
M-2dM 

.Hf\._ 
~ 

dv dv 

(a) 

Oblique shock 

""' 

/ffl!!lll!l!/1!111! 

(b) 

FIG. Al9 Compression (a) Isentropic (b) Non-isentropic 



Appendix B 
Problems 

The following problems are numbered by chapters. Unless otherwise stated the following 
values have been used: 

For air: 
For combustion gas: 
For air and combustion gas: 

Cp= 1·005 kJfkg K, y= 1·40 
Cp= 1·148 kJfkg K, y= 1·333 
R=0·287 kJfkg K 

Instructors who adopt the text for class use may obtain a manual of solutions from the 
publishers. 

Readers who wish to carry out more detailed design-point and off-design studies, 
allowing for such factors as variable fluid properties, bleeds, and power-extraction, will 
find the colillllercially available program GASTURB useful. This can be obtained from Dr 
J. Kurzke, Max Feldbauer Weg 5, 855221 Dachau, Germany. 

2.1 In an ideal gas turbine cycle with reheat, air at state (p1, T1) is compressed to pressure 
rp1 and heated to T3. The air is then expanded in two stages, each turbine having the same 
pressure ratio, with reheat to T3 between the stages. Assuming the working fluid to be a 
perfect gas with constant specific heats, and that the compression and expansion are 
isentropic, show that the specific work output will be a maximum when r is given by 

rCHJ/Y = (T3/TJ)2/l 

2.2 A simple gas turbine with heat-exchanger has a compressor and turbine having 
respective isentropic efficiencies 1Jc and 1)1• Show that the combined effect of small pressure 
drops Ap,g (in gas-side of heat-exchanger) and flp (total in combustion chamber and air­
side of heat-exchanger) is to reduce the specific work output by an amount given by 

where T3 =turbine inlet temperature, Pi =compressor inlet pressure and r = compressor 
pressure ratio. 

Assume that cP and y are constant throughout the cycle. 

2.3 Consider the ideal cycle for a gas twbine with heat-exchanger and separate LP power 
twbine. When the heat-exchanger is fitted in the normal way, using the exhaust from the 
LP twbine to heat the air after compression, the ideal cycle efficiency is 

1'J = 1 -(eft) 
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where c=;=(p2jp1)(y-l)!y and t= T3jT1• Another possibility is to pass the gas leaving the 
HP turbine through the heat-exchanger before it enters the LP turbine, and to let the LP 
turbine exhaust to atmosphere. Derive an expression for the ideal cycle efficiency of this 
scheme in terms of c and t, and hence show that for all values of c > 1 the efficiency is 
higher than that of the ordinary scheme. 

Finally, by referring to sketches of the cycles on the T-s diagram, say in what respects 
the normal scheme might be superior in spite of the lower ideal cycle efficiency. 

2.4 In a gas turbine plant, air is compressed from state (pto T1) to a pressure rp1 and 
heated to temperature T3. The air is then expanded in two stages with reheat to T3 between 
the turbines. The isentropic efficiencies of the compressor and each turbine are 1Jc and 1)1• If 
xp 1 is the intermediate pressure between the turbines, show that, for given values p 1o T1o T3, 

1Jc, 171 and r, the specific work output is a maxinmm when x =.Jr. 
If this division of the expansion between the turbines is maintained, show that 

(a) when r is varied, the specific work output is a maximum with r given by 

r3!2 = (1Jc1J,TJ!Tl)Y/(y-l) 

(b) When a perfect heat-exchanger is added the cycle efficiency is given by 

TlrCy-l)f2Y[rCy-I)f2y + 1] 
1) = 1 - --'----=-..::_-=---'----'-

21jc1JtT3 

Assume that the working fluid is a perfect gas with constant specific heats, and that 
pressure losses in the heater, reheater, and heat-exchanger are negligible. 

2.5 A gas turbine plant has a compressor in which air is compressed from atmospheric 
pressure and delivered to two turbines arranged in parallel, the combustion gases 
expanding to atffiospheric pressure in each turbine. One of the turbines derives the 
compressor, to which it is mechanically coupled, while the other develops the power output 
of the plant. Each turbine has its own combustion chamber, the fuel supply to each being 
capable of control independently of the other. 

(a) The power output of the plant is reduced by varying the fuel supply to the combustion 
chambers in such a way that the inlet temperature to the turbine driving the 
compressor is kept constant, while the inlet temperature to the power turbine is 
reduced. If the mass flow through a turbine is proportional top/ .JT, where p and T 
refer to the turbine inlet conditions, show that the mass flow through the compressor 
is proportional to r11Y and the power output of the plant is proportional to 

r[/Y-I)/Y- 1)/(1- kr(y-l)/lj 

where r =pressure ratio 
k= Tif(l)cl)rT3) 

T1 =compressor inlet temperature 
T3 =temperature at inlet to the turbine driving the compressor 
1Jc =isentropic efficiency of compressor 
q, =isentropic efficiency of turbine driving the compressor. 

The isentropic efficiencies of the compressor and turbines may be assumed to remain 
constant under all conditions of tl1e problem. Pressure losses, mechanical losses and 
the increase in the mass flow through the combustion chambers due to the mass of 
fuel burnt, may be neglected. Cp and y may be assumed to be constant. 

(b) Derive correspondiog expressions for the alternative method of control in which the 
fuel supply to the combustion chambers is reduced in such a way that the inlet 
temperatures to both turbines are always equal. 
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(c) Calculate the percentage of full power developed under each of the foregoing 
methods of control when the pressure ratio of the compressor has fallen to 3·0, on a 
plant designed to give full power under the following conditions: 

pressure ratio of the compressor 
inlet temperature to the compressor 
inlet temperature to both turbines 
1)c=0·85, 1],=0·8S, y=l·4 

[0·521, 0·594] 

4·0 
288 K 
1100 K 

2.6 A compressor has an isentropic efficiency of0-85 at a pressure ratio of 4·0. Calculate 
the corresponding polytropic efficiency, and thence plot the variation of isentropic 
efficiency over a range of pressure ratio from 2·0 to 10·0. 
[0·876; 0·863 at 2·0 and 0-828 at 10·0] 

2.7 A peak load generator is to be powered by a simple gas turbine with free power 
turbine delivering 20 MW of shaft power. The following data are applicable: 

Compressor pressure ratio 
Compressor isentropic efficiency 
Combustion pressure loss 
Combustion efficiency 
Turbine inlet temperature 
Gas generator turbine isentropic efficiency 
Power turbine isentropic efficiency 
Mechanical efficiency (each shaft) 
Ambient conditions p., T. 

Calculate the air mass flow required and the SFC. 
[119·4 kg/s, 0·307 kgfkW h] 

11-0 
0-82 
0-4 bar 
0·99 
1150 K 
0-87 
0·89 
0-98 
1 bar, 288 K 

2.8 A gas turbine is to consist of a compressor, combustion chamber, turbine and heat­
exchanger. It is proposed to examine the advantage of bleeding off a fraction (Amfm) of 
the air delivered by the compressor and using it to cool the turbine blades. By so doing the 
maximum permissible cycle temperature may be increased from Tto (T + llT). The gain in 
efficiency due to the increase of temperature will be offset by a loss due to the decrease in 
effective air flow through the turbine. Show that, on the following assumptions, there is no 
net gain in efficiency when 

Am AT/T 
m (1 +AT/T) 

and that this result is independent of the compressor and turbine efficiencies. Assumptions: 

(1) No pressure loss in combustion chamber or heat-exchanger. 
(2) The working fluid is air throughout and the specific heats are constant. 
(3) The air bled for cooling purposes does no work in the turbine. 
( 4) The temperature of the air entering the combustion chamber is equal to that of the 

turbine exhaust. 

A plant oftlris kind operates with an inlet temperature of288 K, a pressure ratio of6·0, 
a turbine isentropic efficiency of 90 per cent and a compressor isentropic efficiency of 87 
per cent. Heat transfer calculations indicate that if 5 per cent of the compressor delivery is 
bled off for cooling purposes, the maximum temperature of the cycle can be raised from 
1000 to 1250 K. Find the percentage increase in (a) efficiency, and (b) specific work 
output, which is achieved by the combined bleeding and cooling process. Make the same 
assumptions as before and take y = 1·4 throughout. 
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What.results would you expect if these calculations were repeated for the plant with the 
heat-exchanger omitted? 
[25·1 per cent, 47·8 per cent] 

2.9 An auxiliary gas turbine for use on a large airliner uses a single-shaft configuration 
with air bled from the compressor discharge for aircraft services. The unit must provide 
1·5 kgfs bleed air and a shaft power of200 kW. Calculate (a) the total compressor air mass 
flow and (b) the power available with no bleed flow, assuming the following: 

Compressor pressure ratio 
Compressor isentropic efficiency 
Combustion pressure loss 
Turbine inlet temperature 
Turbine isentropic efficiency 
Mechanical efficiency (compressor rotor) 
Mechanical efficiency (driven load) 
Ambient conditions 

3·80 
0-85 
0-12 bar 
1050 K 
0-88 
0-99 
0·98 
I bar, 288 K 

[4·78 kg/s, 633 kW] 

2.10 A closed cycle gas turbine is to be used in conjunction with a gas cooled nuclear 
reactor. The working fluid is helium (cp=5-19 kJfkg K andy= 1·66). 

The layout of the plant consists of two-stage compression with intercooling followed by 
a heat-exchanger; after leaving the cold side of the heat-exchanger the helium passes 
through the reactor channels and on to the turbine; from the turbine it passes through the 
hot-side of the heat-exchanger and then a pre-cooler before returning to the compressor 
inlet. The following data are applicable: 

Compressor and turbine polytropic efficiencies 
Temperatere at LP compressor inlet 
Pressure at LP compressor inlet 
Compressor pressure ratios (LP and HP) 
Temperature at HP compressor inlet 
Mass flow of helium 
Reactor thermal output (heat input to gas turbine) 
Pressure loss in pre-cooler and intercooler (each) 
Pressure loss in heat-exchanger (each side) 
Pressure loss in reactor channels 
Helium temperature at entry to reactor chaunels 

0-88 
310 K 
14·0 bar 
2·0 
300 K 
180 kgfs 
500MW 
0·34 bar 
0-27 bar 
1·03 bar 
700 K 

Calculate the power output and thermal efficiency, and the heat-exchanger effectiveness 
implied by the data. 
[214-5 Mw, 0-429, 0-782] 

3.1 A simple turbojet is operating with a compressor pressure ratio of 8·0, a turbine inlet 
temperature of 1200 Kanda mass flow of 15 kg/s, when the aircraft is flying at 260 m/s 
at an altitude of 7000 m. Assuming the following component efficiencies, and I.S.A. 
conditions, calculate the propelling nozzle area required, the net thmst developed and the 
SFC. 

Polytropic efficiencies of compressor and turbine 
Isentropic efficiency of intake 
Isentropic efficiency of propelling nozzle 
Mechanical efficiency 
Combustion chamber pressure loss 
Combustion efficiency 

[0·0713 m2
, 7896 N, 0·126 kg/h N] 

0-87 
0-95 
0-95 
0-99 
6 per cent comp. deliv. press. 
0-97 



420 APPENDIX B PROBLEMS 

3.2 The gases in the jet pipe of the engine considered in problem 3.1 are reheated to 
2000 K, and the combustion pressure loss incurred is 3 per cent of the pressure at outlet 
from the turbine. Calculate the percentage increase in nozzle area required if the mass flow 
is to be unchanged, and also the percentage increase in net thrust. 
[48·3 per cent, 64·5 per cent] 

3.3 A naval aircraft is powered by a turbojet engine, with provision for flap blowing. 
When landing at 55 m/s, 15 per cent of the compressor delivery air is bled off for flap 
blowing and it can be assumed to be discharged perpendicularly to the direction of flight. If 
a propelling nozzle area of 0·13 m2 is used, calculate the net thrust during landing given 
that the engine operating conditions are as follows. 

Compressor pressure ratio 
Compressor isentropic efficiency 
TUrbine inlet temperature 
Turbine isentropic efficiency 
Combustion pressure loss 
Nozzle isentropic efficiency 
Mechanical efficiency 
Ambient conditions 

9·0 
0-82 
1275 K 
0-87 
0-45bar 
0·95 
0·98 
1 bar, 288 K 

The ram pressure and temperature rise can be regarded as negligible. 
[18-77 kN] 

3.4 Under take-off conditions when the ambient pressure and temperature are 1·0 I bar 
and 288 K, the stagnation pressure and temperature in the jet pipe of a turbojet engine are 
2·4 bar and 1000 K, and the mass flow is 23 kgfs. Assuming that the expansion in the 
converging propelling nozzle is isentropic, calculate the exit area required and the thrust 
produced. 

For a new version of the engine the thmst is to be increased by the addition of an aft fan 
which provides a separate cold exhaust stream. The fan has a bypass ratio of 2·0 and a 
pressure ratio of 1·75, the isentropic efficiencies of the fan and fan-turbine sections being 
0-88 and 0-90 respectively. Calculate the take-off thrust assuming that the expansion in the 
cold nozzle is also isentropic, and that the hot nozzle area is adjusted so that the hot mass 
flow remains at 23 kgfs. 
[0·0763 m2

, 15·35 kN; 24·9 leN] 

3.5 Extending the example on the turbofan in Chapter 3, with the additional information 
that the combustion efficiency is 0·99, determine the SFC. Also, calculate the thrust and 
SFC when a combustion chamber is incorporated in the bypass duct and the 'cold' stream 
is heated to 1000 K The combustion efficiency and pressure loss for this process may be 
assmed to be 0-97 and 0-05 bar respectively. 
[0·0429 kg/h N; 55-95 kN, 0·128 kg/h N] 

4.1 The following data refer to the eye of a single-sided impeller. 

Iuner radius 
Outer radius 
Mass flow 
Ambient conditions 
Speed 

6·5 em 
15·0 em 
8 kg/s 
1·00 bar, 288 K 
270 rev;s 

Assuming no pre-whirl and no loses in the intake duct, calculate the blade inlet angle at 
root and tip of the eye, and the Mach nmber at the tip of the eye. 
[48-20°' 25·43°, 0·843] 
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4.2 An aircraft engine is fitted with a single-sided centrifugal compressor. The aircraft 
flies with a speed of 230 mjs at an altitude where the pressure is 0·23 bar and the 
temperature 217 K. The intake duct of the impeller eye contains fixed vanes which give the 
air pre-whirl of25° at all radii. The inner and outer diameters of the eye are 18 and 33 em 
respectively, the diameter of the impeller periphery is 54 em and the rotational speed 
270 rev js. Estimate the stagnation pressure at the compressor outlet when the mass flow is 
3-60 kgjs. 

Neglect losses in the inlet duct and fixed vanes, and assume that the isentropic 
efficiency of the compressor is 0-80. Talce the slip factor as 0-9 and the power input factor 
as 1·04. 
[1·75 bar] 

4.3 The following results were obtained from a test on a small single-sided centrifugal 
compressor: 

Compressor delivery stagnation pressure 
Compressor delivery stagnation temperature 
Static pressure at impeller tip 

2-97 bar 
429 K 
1·92 bar 
0-60 kgjs 
766 revjs 

Mass flow 
Rotational speed 
Ambient conditions 0-99 bar and 288 K 

Calculate the overall isentropic efficiency of the compressor. 
The diameter of the impeller is 16-5 em, the axial depth of the vaneless diffuser is 

1-0 em and the number of impeller vanes (n) is 17. Making use of the Stanitz equation for 
slip factor. namely a= 1 - (0-63nln ), calculate the stagnation pressure at the impeller tip 
and hence find the fraction of the overall loss which occurs in the impeller. 
[0·75; 3-35 bar, 0;60] 

4.4 The following design data apply to a double-sided centrifugal compressor: 

Outer diameter of impeller 
Speed 
Mass flow 
Inlet temperature 
Inlet pressure 
Isentropic efficiency of impeller only 
Radial gap of vane less space 
Axial depth of vaneless space 
Slip fuctor 
Power input factor 

50 em 
270 revjs 
16·0 kgjs 
288 K 
1·01 bar 
0-90 
4·0 em 
5-0 em 
0-9 
1-04 

(a) Calculate the stagnation pressure and temperature at the outlet of the impeller, 
assuming no pre-whirl. 

(b) Show that the radial outlet velocity at the impeller tip is about 96 mj s and hence find 
the Mach number and air leaving angle at the impeller tip. (In calculating the 
circumferential area at the tip, the thickness of the impeller disc may be neglected.) 

(c) Assuming isentropic diffusion in the vaneless space, find the correct angle of the 
leading edges of the diffuser vanes, and also find the Mach number at this radius. 

[(a) 4·40 bar, 455 K (b) 1-01, 14-08° (c) 12·40°, 0·842] 

4.5 A single-sided centrifugal compressor is to deliver 14 kg/ s of air when operating at a 
pressure ratio of 4: I and a speed of 200 rev js. The inlet stagnation conditions may be 
talcen as 288 K and 1·0 bar. Assuming a slip factor of0-9, a power input factor of 1·04 and 
an overall isentropic efficiency of 0·80, estimate the overall diameter of the impeller. 
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If the Mach number is not to exceed unity at the impeller tip, and 50 per cent of the 
losses are assumed to occur in the impeller, find the minimum possible axial depth of the 
diffuser. 
[68-9 em, 5·26 em] 

5.1 An axial flow compressor stage has blade root, mean and tip velocities of 150, 200 
and 250 mf s. The stage is to be desigoed for a stagoation temperature rise of 20 K and an 
axial velocity of 150 m/s, both ·constant from root to tip. The work done factor is 0-93. 
Assuming 50 per cent reaction at mean radius calculate the stage air angles at root, mean 
and tip and the degree of reaction at root and tip for a free vortex desigo. 
[o:1 =17-07° (=Pz), PI=45·73o (=o:z) at mean radius; O:J=l3·77o, P1 =54·88o, 
p2 =40·23°, o:2 =39·43° at tip; 0:1 =22·25°, Pt = 30-60°, Pz= - 20·25°, o:2 =53-85° at 
root; A= 11·2 per cent at root and 67-4 per cent at tip] 

5.2 Recalculate the stage air angles for the same data as in the previous question for a 
stage with 50 per cent reaction at all radii, and compare the results with those for the free 
vortex desigo. 
[o:1 =28·60o (=Pz), Pl=48·27o (=o:z) at tip; O:J=l-15° (=Pz), Pl=44-42° (=o:z) at 
root] 

5.3 The first stage of an axial compressor is desigoed on free vortex principles, with no 
iulet guide vanes. The rotational speed is 6000 rev /min and the stagoation temperature rise 
is 20 K. The hub-tip ratio is 0-60, the work done factor is 0·93 and the isentropic efficiency 
of the stage is 0·89. Assuming an iulet velocity of 140 mfs and ambient conditions of 
I· 0 1 bar and 28 8 K, calculate; 

(a) The tip radius and corresponding rotor air angles p1 and p2, if the Mach number 
relative to the tip is limited to 0-95. 

(b) The mass flow entering the stage. 
(c) The stage stagoation pressure ratio and power required. 
(d) The rotor air angles at the root section. 
[(a) 0·456 m, 63·95° and 56·40°, (b) 65·5 kg/s, (c) 1·233, 1317 kW, (d) 50-83° and 
18·32°] 

5.4 An axial flow compressor has an overall pressure ratio of 4·0 and mass flow of 
3 kg/ s. If the polytropic efficiency is 88 per cent and the stagoation temperature rise per 
stage must not exceed 25 K, calculate the number of stages required and the pressure ratio 
of the first and last stages. Assume equal temperature rise in all stages. If the absolute 
velocity approaching the last rotor is 165 mfs at an angle of 20° from the axial direction, 
the wmk done factor is 0·83, the velocity diagoun is symmetrical, and the mean diameter 
of the last stage rotor is 18 em, calculate the rotational speed and the length of the last 
stage rotor blade at inlet to the stage. Ambient conditions are 1·01 bar and 288 K. 
[7, 1·273, 1·178; 414 rev;s, 1·325 em] 

5.5 A helicopter gas turbine requires an overall compressor pressure ratio of 10; 1. This 
is to be obtained using a two-spool layout consisting of a four-stage axial compressor 
followed by a single-stage centrifugal compressor. The polytropic efficiency of the axial 
compressor is 92 per cent and that of l:he centrifugal is 83 per cent. 

The axial compressor has a stage temperature rise of 30 K, using a 50 per cent reaction 
desigo with a stator outlet angle of 20°. If the mean diameter of each stage is 25 ·0 em and 
each stage is identical, calculate the required rotational speed. Assume a work done factor 
of 0-86 and a constant axial velocity of 150 mfs. 

Assuming an axial velocity at the eye of the impeller, an impeller tip diameter of 
33·0 em, a slip factor of 0·90 and a power ioput factor of 1-04, calculate the rotational 
speed required for the centrifugal compressor. 
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Ambient conditions are 1-01 bar and 288 K. 
[Axial compressor 318 revfs, centrifugal compressor 454 revfs] 

6.1 (Chapter 2 also refers) The reference hydrocarbon fuel for which the combustion 
temperature rise curves of Fig. 2.15 have been drawn contains 13-92 per cent hydrogen and 
86-08 per cent carbon, and the relevant value of the enthalpy of reaction, Mf2981G is 
-43 I 00 kJ/kg of fuel. An actual adiabatic steady flow combustion process employs this 
fuel, with fuel and air entering at 298 Kin the ratio 0-0150 by weight. A chemical analysis 
of !:he products shows that 4·0 per cent ofthe carbon is burnt only to carbon monoxide, and 
the combustion temperature rise AT is found to be 583 K. 

Using Fig. 2.15, calculate the combustion efficiency based on (a) ratio of actual to 
theoreticalffor the actual AT, (b) ratio of actual to theoretical llT for the actualf Compare 
these values with the efficiency based on the ratio of actual energy released to that 
theoretically obtainable, given that Mf298K for CO is -I 0 II 0 kJ/kg. 
[0-980, 0-983, 0-981] 

6.2 (Chapter 2 also refers) A gas turbine combustion chamber is supplied with liquid fuel 
at 325 K and air at 450 K. The fuel approximates to C10H12, and five times the quantity of 
air required for stoichiometric combustion is supplied. Calculate the fuelfair ratio, and 
estimate the fuel products temperature assuming the combustion to be adiabatic and 
complete. 

In addition to the following data, use appropriate values of cp from p. 17 of the abridged 
tables of Ref. (8) in Chapter 2: the combustion temperature rise curves ofFig. 2.15 may be 
used to obtain an initial approximate value of the products temperature. 
Data: 

CtoH120iq)+ 1302 ~ !OC02 +6H200iq); Mf29sK = - 42 500 kJfkg C1oH12 
For water at 298 K, htg=2442 k.Tfkg. 
For the liquid fuel, mean cP = 1·945 kJ fkg K. 
Composition of air by volume: 0-79 N2, 0·21 0 2. 

[0·0148, 984 K] 

6.3 The overall pressure loss factor of a combustion chamber may be assumed to vary 
with the temperature ratio according to the law 

Apo [Tm J 2/2 A2 = K! + K2 -T. - I 
m P1 m 01 

For a particular chamber having an inlet area of 0-0389 m2 and a maximum cross-sectional 
area A., of0-0975 m2, cold loss tests show that K 1 has the value 19·0. When tested under 
design conditions the following readings were obtained. 

Air mass flow m 
Inlet stagnation temperature T01 

Outlet stagnation temperature T02 
Inlet static pressure p 1 
Stagnation pressure loss Ap0 

9·0 kgfs 
475 K 
1023 K 
4·47 bar 
0-27 bar 

Estimate the pressure loss at a part load condition for which m is 7-40 kg/s, T01 is 439 K, 
To2 is 900 K and p 1 is 3-52 bar. 

Also, for these two operating conditions compare the values of (a) the velocity at inlet 
to the chamber and (b) the pressure loss as a fraction of the inlet stagnation (i.e. com­
pressor delivery) pressure, and comment on the result. 
[0·213 bar; 70·2 mfs, 67-7 m/s; 0·0593, 0·0597] 
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7.1 A mean-diameter design of a turbine stage having equal inlet and outlet velocities 
leads to the following data. 

Mass flow m 
Inlet temperature To1 

Inlet pressure POl 
Axial velocity (constant through stage) Ca 
Blade speed U 
Nozzle efflux angle rt2 

Stage exit swirl rt3 

20 kgjs 
1000 K 
4·0 bar 
260 mjs 
360 mjs 
65 degrees 
10 degrees 

Determine the rotor blade gas angles, degree of reaction, temperature drop coefficient 
(2c/1T0,j U

2
) and power output. 

Assuming a nozzle loss coefficient AN of 0·05, calculate the nozzle throat area required 
(ignoring the effect of fuction on the critical conditions). 
(37·15°, 57-37°, 0·29, 3·35, 4340 kW, 0-0398 m2

] 

7.2 The following particulars relate to a single-stage turbine of free vortex design. 

Inlet temperature T01 

Inlet pressure Pol 
Pressure ratio pol/Pol 
Outlet velocity C3 

1050 K 
3·8 bar 
2·0 

Blaille speed" at root radius, U, 
Turbine isentropic efficiency q, 

275 mjs 
300 mjs 
0·88 

The turbine is designed for zero reaction (A= 0) at the root radius, and the velocities at 
inlet and outlet ( C 1 and C3) are both equal and axial. Calculate the nozzle efflux angle a2 
and blade inlet gas angle p2 at the root radius. 

If the tipjrootradius ratio of the annulus at exit from the nozzle blades is 1-4, determine 
the nozzle efflux angle and degree of reaction at the tip radius. 

Assuming a nozzle blade loss coefficient AN of 0·05 calculate the static pressure at inlet 
and outlet of the rotor blades at the root radius and thereby show that even at the root there 
is some expansion in the rotor blade passages under these conditions. 
(61·15°, 40-23°, 52-25°, 0-46; 1·72 and 1·64 bar] 

7.3 The following data apply to a single-stage turbine designed on free-vortex theory. 

Mass flow 
Inlet temperature Tm 
Inlet pressure Po 1 

Temperature drop ATon 
Isentropic efficiency 17, 
Mean blade speed Um 
Rotational speed N 
Outlet velocity C3 

36 kgjs 
1200 K 
8·0 bar 
150 K 
0·90 
320 mjs 
250 rev js 
400 rn!s 

The outlet velocity is axial. Calculate the blade height and radius ratio of the aunulus from 
the outlet conditions. 

The turbine is designed with a constant aunulus area through the stage, i.e. with no 
flare. Assuming a nozzle loss coefficient AN of 0-07, show that continuity is satisfied when 
the axial velocity at exit from the nozzles is 346 mjs. Thence calculate the inlet Mach 
number relative to the rotor blade at the root radius. 
(0-0591 m, 1-34; 0·81] 
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7.4 The example of a free vortex turbine design considered in section 7.2 yielded the 
following. results for the gas angles. 

tip 
mean 
root 

54-W 
58-38° 
62-15° 

/h /h 

58-33° 
54-96° 
51·13° 

The values of the radius ratios in plane 2 were (r111/rr)z = 1-164 and (rmfr,h = 0-877. 
Using the same mean diameter angles, calculate fh at tip and root for a constant nozzle 

angle design in which a2 and Cw2r are constant over the annulus. Compare the two designs 
by sketching the velocity diagrams and commenting qualitatively on such aspects as the 
radial variation of degree of reaction and blade inlet Mach number. 

To satisfY radial equilibrium with constant nozzle angle, the constant angular 
momentum condition should strictly be replaced by constant Cwr'in'•. Show, by 
recalculating fh at tip and root, that this refinement has ouly a small effect on the 
required blade angle. 
[f32r 35-33°, /32t oo; f3zr 33-50°. f32t 3-20°] 

7.5 In certain designs the maximum mass flow passed by a turbine may be determined by 
choking in the turbine armulus at outlet instead of in the turbine nozzles. The maximum 
mass flow will then depend not merely on the inlet conditions as in the case of expansion in 
a nozzle, but also upon the work output per uuit mass flow. Given fixed values of the inlet 
conditions p 01 and T01 , the temperature equivalent of the specific work output AT013, the 
annulus area A at the turbine outlet and that there is no outlet swirl, show that for an 
isentropic expansion to a varying outlet static temperature T3 the maximum flow can be 
expressed by 

mJT01 = {]:'_ [(-2 ) (I _ AT013 )](J'+lJfCy-lJ }
4 

p 01 R y + 1 T01 

Comment on the effect this will have on the turbine mass flow versus pressure ratio 
characteristic. 

8.1 The following data refer to a single-shaft gas turbine runoing at its design speed. 

Compressor characteristic Turbine characteristic 

P2/P1 mJTJ/p1 '1c P3/P4 mJT3/P3 l'ft 

5·0 32-9 0-80 5·0 14-2 0-845 
4-7 33-8 0-79 4-5 14-2 0-850 
4-5 34-3 0-77 4-0 14-2 0-842 

The combustion pressure loss is 5 per cent of the compressor delivery pressure and the 
ambient conditions are 1·01 bar and 288 K. Mechanical losses can be neglected. The 'non­
dimensional' flows are based on m in kg/s, p in bar and T in K, all pressures and 
temperatures being stagnation values. 

Calculate the power output when operating at a turbine inlet temperature of II 00 K. 
Couunent briefly on the variation in thermal efficiency as the load is reduced at constant 
speed. 
[264 kW] 
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8.2 The following data refer to a gas turbine with a free power turbine, operating at 
design speed. 

Compressor characteristic Gas generator turbine 
characteristic 

P2fP1 mJTtfp1 1'/c P3IP4 mJT3/P3 1'/t 

5·2 220 0·82 2·50 90·2 0·85 
5·0 236 0·83 2·25 90·2 0·85 
4·8 244 0·82 2·00 88·2 0·85 

Assuming that the power turbine is choked, the value of mJT4/ p4 being 18 8, determine 
the design values of compressor pressure ratio and turbine inlet temperature. 

Neglect all pressure losses and assume the mechanical efficiency of the gas-generator 
rotor to be 0·98 and take the ambient temperature as 288 K. The 'non-dimensional' flows 
quoted are based on m in kg/ s, p in bar and Tin K, all pressures and temperatures being 
stagnation values. The suffixes 1, 2, 3 and 4 refer to the following locations: 

!--compressor inlet 
2--compressor delivery 
3-gas-generator turbine inlet 
4--power turbine inlet. 

[5·10, 1170 K] 

8.3 When running at a low power condition a gas turbine with free power turbine 
operates at a compressor pressure ratio of2·60. The combustion chamber pressure loss is 4 
per cent of the compressor delivery pressure and the exhaust pressure loss can be ignored. 

The turbine characteristics are given below: 

Gas-generator turbine Power turbine 

P3IP4 mJT3/P3 l)t P4!Pa mJT4/P4 

1·3 20·0 0·85 1-4 60·0 
1·5 44·0 0·85 1·6 85·0 
1·8 62·0 0·85 ].8 95·0 

The 'non-dimensional' flows are based on m in kg/ s, p in bar and Tin K, all pressures and 
temperatures being stagnation values. 

Calculate the gas-generator turbine pressure ratio at this condition. Assuming the 
compressor characteristic to be known, indicate briefly how you would calculate the 
turbine inlet temperature. 
[1·61] 

8.4 A gas turbine with a free power turbine gives the following results when tested at 
ambient conditions of 1·0 bar and 288 K. 

NJT1 (%design) mJTtfp1 P2/P1 l)c 

100 454·5 4·60 0·859 
95 420·0 4·00 0·863 
90 370·0 3·60 0·858 
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The 'non-dimensional' flows are based on min kgjs,p in bar and Tin K, all pressures and 
temperatures being stagnation values. 

The power turbine remains choked for all of these conditions. The gas generator turbine 
inlet temperature at 95 per cent design mechanical speed was found to be I 075 K. 
Assuming single line turbine flow characteristics, constant turbine efficiency, and constant 
mechanical efficiency of the gas-generator rotor, calculate 

(a) the gas-generator turbine inlet temperature at design mechanical speed with the same 
ambient conditions; 

(b) the compressor power absorbed when running at 95 per cent design mechanical speed 
with ambient conditions of0·76 bar and 273 K. 

Sketch the operating line on the compressor characteristic, and discuss the effect of 
ambient temperature on net power output for a fixed gas-generator mechanical speed. 
[1215 K, 3318 leW] 

8.5. A simple gas turbine is to be used as a source of compressed air. The turbine 
produces just enough work to drive the compressor which delivers an airflow, me, greater 
than that required for the turbine by an amount mb. The design point operating conditions 
are: 

mc,/Tl = 22·8 f!1 = 4·0 
P1 'P1 

and at the design point we also have T3jT1 = 3·3, l)c = 0·8 and 171 = 0-85. 
A rough estimate of the equilibrium running line is required on the compressor 

characteristic for the conditions where T3jT1 is maintained constant and the amount of air 
bled off, mb, is varied. For this purpose the efficiencies of the compressor and turbine can 
be assumed constant, the mechanical transmission loss and the combustion pressure loss 
can be neglected," and the turbine 'non-dimensional' mass flow can be assumed 
independent of speed and related to the pressure ratio r by the expression 

m,JT3 = k 1(1 _ 2.) 
P3 V r2 

where m =me - mb and k is a constant. 
As an example of the calculations required, find the operating point on the compressor 

characteristic for the condition where mb,JT1 jp 1 is reduced to three-quarters of its value at 
the design point. Take y = 1-40 throughout. 
fF2/P1 =2·1, mc-JTJ!pl = 13·0] 
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Aerodynamic coupling, 229, 376, 380 
Aft-fan, 116 
Afterburning, 95, 120 

pressure loss, 122 
Air angles, 159, 183, 190, 199 
Air cooling, 45, 251, 301, 320 
Air/fuel ratio, see Fuel/air ratio 
Air separation unit, 268 
Aircraft 

gas turbines, 12, 86 
propulsion cycles, 86 

Altitude, effect on performance, 103, 
105, 234, 361, 364 

Ambient conditions, effect of, 337, 363 
Annular combustion chamber, 12, 236, 

244 
Annulus, contraction, 140, 189 

drag, 211 
loss, 293, 314 
radius ratio, 160, 170, 179, 285 

Applications, industrial, 16 
Aspect ratio, 205, 296 
Atomization, 252 
Axial compressor, 8, 154 

blading, 155, 199, 206 
characteristics, 225, 338, 366 
stage, 155, 157 
surging in, 222, 225, 228 
vortex flow in, 169 

Axial flow turbine, 271 
blade profile, 294, 303 
characteristics, 319, 339, 346 
choking, 319, 346, 377 
cooling, 320 

Axial flow turbine, cont. 
free power, 6, 65, 389 
multi-stage, 319 
nozzles, 271, 280, 321 
stage, 271 

Index 

stage efficiency, 274, 279, 317 

Backswept vanes, 128, 135 
Biconvex blading, 156, 207, 218 
Binary cycle: see Combined power 

plant 
Blade, aspect ratio, 205, 296 

camber, 201, 206, 300 
cascade, 199 
chor~ 163, 201, 296 
efficiency, 213 
fan, 207 
loading coefficient, 274, 323 
loss coefficient, 208, 211, 217, 278, 

293, 312, 316 
pitch, 163, 201, 296, 302 
pressure distribution, 304 
profile, 206, 218, 294, 303 
relative temperature, 323 
root, 302 
stagger, 201, 206 
stresses, 160, 298, 302, 310 
taper, 160, 298 
tip clearance, 211,293, 314 
velocity distribution, 163, 304 

Blading design 
constant nozzle angle, 291 
constant reaction, 177, 194, 197 
exponential, 176, 195, 197 
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Blading design, cont. 
first power, 17 6 
free vortex, 173, 190, 197, 288 

Bleeds, cooling, 45, 61, 322 
Blow-off, 229, 343, 366 
Boundary layer, 200, 293 

separation, 286, 304, 399 
transition, 304, 326 

Burner 
double-cone, 265 
dual-fuel, 253, 265 
duplex, 253 
hybrid, 264 
simplex, 252 
spill, 253 

Bypass 
engine: see Turbofan 
ratio, 1 06, 112 

Camber 
angle, 201, 206, 300 
line, 206 

Carbon formation, 237 
Cascade, notation, 202 

of blades, 200 
pressure loss, 203 
test results, 203 
tunnel, 200 

Centrifugal bending stress, 299, 301 
Centrifugal compressor, 12, 126 

characteristics, 148 
surging, 149 

Centrifugal tensile stress, 160, 298, 
310 

Ceramic, rotor, 328 
combustor lining, 30, 238 

Characteristics, axial compressor, 225, 
338, 368 

centrifugal compressor, 148 
load, 341 
power turbine, 339, 346 
propelling nozzle, 358, 367 
torque, 354 
turbine, 319, 339, 349 

Chilling of flame, 239, 241 
Choking, in axial compressor, 225, 

228 
in centrifugal compressor, 151 

Choking, cont. 
in duct, 402 
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in propelling nozzle, 98, 358, 362 
in turbine, 320, 346, 376 

Chord, 163, 201, 296 
Circular arc blading, 156, 207, 218 
Climb rating, 363 
Closed cycle, 3, 9, 81, 267 
Coal gasification, 31, 257, 267 
Coefficient, armulus drag, 211 

blade loading, 274, 323 
blade loss, 208, 211, 217, 278, 293, 

312,316 
flow, 222, 275, 323 
heat transfer, 82, 3 24 
lift, 208, 210 
nozzle loss, 278, 313, 315, 330 
overall drag, 212 
profile drag, 208, 313 
profile loss, 293, 313, 317 
rotor loss, 331 
secondary loss, 212, 314 
temperature drop, 274, 323 

Cogeneration plant (CHP), 26, 76, 79 
Combined cycle plant, 4, 22, 31, 76 
Combustion 

efficiency, 58, 245 
emissions, 258 
fluidized bed, 3 0 
intensity, 249 
mixing in, 239, 242 
pressure loss, 53, 241, 243 
process, 23 9 
stability, 239, 248 

Combustor (combustion chamber), 
armular, 12, 236, 244 
can (or tubular), 12, 23 5, 244 
carmular (or tubo-armular ), 23 5, 

244 
dry low-NOx, 263 
emissions, 258 
flame tube, 239, 251 
industrial, 237, 245, 264 
reverse flow, 13, 235 
silo, 237 

Complex cycles, 7, 76, 372 
Compressed air storage, 32 
Compressibility effects, 396 

in axial compressors, 161, 216 
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Compressibility effects, cont. 
in centrifugal compressors, 141 
in turbines, 280, 310 

Compressor, axial, 8, 154 
centrifugal, 12, 126 
characteristics, 148, 225, 338, 368 
supersoni~ and transonic, 154, 156, 

218 
test rigs, 22 7 
twin-spool, 8, 229 

Conservation equations, 400 
Constant mass flow design, 292 
Constant nozzle angle design, 291 
Constant pressure cycle, 3, 38 

intercooling, 7, 44, 73 
reheating, 7, 42, 67, 73 
with heat exchange, 5, 40, 63, 72 

Constant reaction blading, 177, 194, 
197 

Constant volume cycle, 3 
Control systems, 259, 392 
Convective air cooling, 251, 301, 320 
Convergent-divergent nozzle, 95, 280, 

398 
Cooled turbine, 320 
Critical, pressure ratio, 95, 98, 278, 

283, 358 
Mach number in cascade, 217 

Cruise rating, 363 
Cycle, aircraft propulsion, 86, 91, 99, 

102, 105 
closed, 3, 9, 81 
complex, 7, 76, 372 
constant pressure, 3, 38 
constant volmne, 3 
efficiency, 39, 45, 61, 70 
heat-exchange, 40, 43, 63, 72 
ideal, 37 
intercooled, 44, 73 
Joule, 38 
open, 3, 38 
reheat, 42, 67, 73 
simple, 3 7, 70 
shaft power, 3 7 
steam and gas, 4, 22, 31, 76 
turbofan, 12, 106, 112 
turbojet, 12, 87, 99, 102 
turboprop, 12, 117 
turbo shaft, 13, 120 
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Dampers, part span, 221 
de Haller number, 163, 183-9, 208 
Deflection, 163, 199, 202, 204 

nominal, 204 
Degree of reaction: see Reaction 
Design point performance, 63, 336 

heat-exchange cycle, 63, 72 
intercooled cycle, 73 
reheat cycle, 67, 73 
turbofan cycle, 106, 112 
turbojet cycle, 99, 102 

Deviation angle, 202, 205 
Diffuser, 127, 134, 136, 140 

vanes, 139, 150 
volute, 141 

Diffusion factor, 163, 164, 208 
Dilution zone, 239 
Dimensional analysis, 146 
Drag, momentum, 87, 103, 105, 115, 

122 
pod, 114 

Drag coefficient, 208, 212 
annulus, 211 
profile, 208 
secondary loss, 212 

Duplex burner, 253 
Dynamic head, 54, 242 

temperature, 46, 247 

Effectiveness of heat-exchanger, 54, 
73, 83 

Efficiency 
blade, 213 
combustion, 58, 245 
compressor and turbine, 48, 49 
compressor blade row, 213 
cycle, 39, 45, 61, 70 
Froude, 88 
intake, 92 
isentropic, 48, 49 
mechanical transmission, 55 
nozzle, 97 
overall, 89 
part-load, 5, 337, 352, 371 
polytropic, 50, 67, 216, 319 
propelling nozzle, 97 
propulsion, 87 
stage, 214, 215, 274, 279, 317 
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Efficiency, cont. 
total-to-static, 274, 330 
total~to-total, 274 

Effusion cooling: see Transpiration 
cooling 

Electrical power generation, 20, 76, 
337, 353, 357, 389 

Emissions, 258 
End bend blading, 231 
Engine braking, 375 
Engine health monitoring, 394 
Equilibrium running diagram, 336 

gas generator, 345 
shaft power unit, 342, 348 
turbofan unit, 383 
turbojet unit, 361 
twin-spool unit, 375, 381 

Equilibrium running line, 336, 342, 
348, 366, 381 

Equivalent, flow, 151 
power, 118 
speed, 151 

Evaporative cooling, 357 
Exponential blading, 176, 195, 197 
Eye of impeller, 129, 131, 14 2 

Fan, blade, 221 
pressure ratio, 107, 112-4 

Fanno flow, 405, 409 
Fir tree root, 3 02 
First power designs, 176 
Flame, chilling of, 239, 241 

stabilization, 23 9 
temperature, 260, 269 
tube, 235, 251 

Flow 
coefficient, 222, 275, 323 
steady one-dimensional, 400 

Fluidized bed combustor, 30 
Foreign object damage, 205, 221 
Free turbine, 6, 65, 338, 346, 352, 389 
Free vortex blading, 173, 190, 197, 

288 
Froude efficiency, 88 
Fuel/air ratio, 58, 237, 245, 248, 343 
Fuel, atomization, 252 

burner, 252, 264 
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Fuel, cont. 
consumption, non-dimensional, 364 
injection, 252 
staging, 263, 266 

Fuels, 256 
Fundamental pressure loss, 241,. 244, 

403 

Gas 
angles, 272 
bending stress, 299, 302, 310 
dynamics, 396 
generator, 6, 338, 345 

Gasification plant, 31, 267 
Greenhouse gases, 28, 258 

Heat-exchanger, 5, 7, 13, 43, 53, 63, 
72, 82 

effectiveness, 54, 73, 83 
pressure loss, 53, 8 3 

Heat 
rate, 61 
release, 249 
transfer coefficient, 82, 324 

Helimn working fluid, 10, 81 
Hub-tip ratio, 160, 162, 169, 179,285 

Ice harvesting, 357 
Ideal cycle, 37 

heat-exchange, 40 
intercooling, 44 
reheat, 42 
reheat and heat-exchange, 43 
simple constant pressure, 3 8 
turbojet, 91 

Ignition, 25 3 
Impeller, 12 7 

centrifugal stresses, 131 
eye, 127, 142 
loss, 134 
vane inlet angle, 129, 132, 142 
vibration, 146, 149 

Incidence, 201, 203, 217, 295 
Industrial gas turbine, 17 
Inlet guide vanes, 116, 142, 155, 162, 

206 
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Intake, efficiency, 92 
momentum drag, 87, 103, 105, 110, 

122 
Oswatitsch, 413 
pitot, 408 
pressure recovery factor, 94 
variable g\)ometry, 413 

Intercooling, 7, 44, 73 
International Standard Atmosphere, 

90, 125 
Isentropic 

efficiency, 48, 49 
flow, 402, 413 

Jet pipe, 95, 99 
temperature, 248, 393 

Joule cycle, 38 

Lift coefficient, 208, 210 
Load characteristic, 341 
Low emission systems, 261 

Mach angle, 397 
Mach number, 90, 397, 401 

before and after heat release, 404 
change through shock wave, 407 
in axial compressors, 161, 181, 197, 

217 
in diffuser, 145 
in impeller, 142 
in turbine, 280, 286, 310, 317 

Mach wave, 397, 414 
Marine gas turbine, 23, 76, 372 
Matrix through flow method, 231 
Mechanical losses, 55 
Method of characteristics, 414 
Mixing, in combustion, 239, 242 

in nozzles, 111 
Momentum 

drag, 87, 103, 105, 110, 115, 122 
thrust, 87, 96 

Multi-spool, 8 
Multi-stage turbine, 319 

Noise, 96, 115, 119, 123, 156 
Nominal deflection, 204 
Non-dimensional quantities, 146 

fuel consumption, 364 
pressure loss, 54, 242, 243 
thrust, 361 

Normal shock, 398, 406, 408 
Nozzle 
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characteristics, 358, 367 
convergent-divergent, 95, 280, 398 
efficiency, 97 
loss coefficient, 278, 313, 315, 330 
turbine, 271, 278, 281, 322 
(see also Propelling nozzle) 

Nusselt nmnber, 82, 326 

Oblique shock wave, 398, 410 
Off-design performance, 222, 336 

free turbine engine, 346, 352 
single-shaft engine, 340 
turbofan, 383 
turbojet, 358 
twin-spool engine, 375, 379, 390 

Open cycle, 3, 38 
Oswatitsch intake, 413 
Overall efficiency, 89 

Part-load 
efficiency, 5, 337, 352, 371 
performance, 337, 350, 361, 371, 

374 
Part-span dampers, 221 
Peak-load generation, 5, 20, 32 
Pipelines, 20, 55, 234 
Pitch, 163, 201, 296, 302 
Pitch/chord ratio, 204, 211, 296, 302 
Pitot intake, 408 
Plane normal shock wave, 398, 406, 

408 
efficiency, 408 
pressure ratio, 407 

Pod drag, 114 
Pollution, 28, 232, 258, 260 
Polytropic efficiency, 50, 67, 216, 319 
Power input factor, 130 
Power turbine: see Free turbine 
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Prandtl-Meyer flow, 414 
Pressure, stagnation, 4 7, 40 1 
Pressure loss 

in cascade, 203 
in combustion system, 53, 241, 244 
in cycle calculations, 53, 369 
factor, 244 
fundamental, 241, 404 

Pressure 
coefficient, 224 
ratio, critical, 95, 98, 278, 283, 358 
recovery factor, 94 
thrust, 8 7, 96 

Prewhirl, 142, 144 
Primary zone, 239 
Profile, blade, 206, 218, 294, 303 

drag coefficient, 208 
loss coefficient, 293, 313, 317 

Propeller turbine engine, 12, 117, 389 
Propelling nozzle, 95 

characteristics, 358, 367 
choking, 98, 358, 362 
convergent v. conv.-div., 95 
efficiency, 97 
mixing in, 111 
trimmer, 99 
variable area, 96, 122, 366, 377, 

380 
Propulsion efficiency, 87 

Radial 
equilibrium 170, 172, 177, 288 
flow compressor: see Centrifugal 

compressor 
flow turbine, 328 

Radius ratio of annulus, 160, 169, 179, 
285 

Ram 
compression, 92, 105 
efficiency, 92 

Rayleigh flow, 403, 410 
Reaction, degree of 

in compressor, 167, 173, 185 
in turbine, 274, 281, 288 

Regenerative cycle: see Cycle, heat­
exchange 

Regenerator, 7, 32 
Reheating, 7, 42, 67, 73 

Repowering, 80 
Residence tiine, 260 
Response rate, 385, 389 
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Reynolds number effect, 147, 227, 
318, 326 

Rig testing, 227, 236 
Rotating stall, 150, 227 
Rotor 

blade loss coefficient, 279,312,316 
loss coefficient, 3 31 

Sauter mean diameter, 252 
Secondary 

losses, 211, 293, 314 
zone, 239 

Selective catalytic reduction, 262 
Separation of boundary layer, 286, 

304, 399 
Single-shaft engine, 5, 340, 352, 389 
Shaft power cycles, 37 
Shock losses, 142, 145, 218 
Shock wave, 141, 398 

diffusion by, 408, 412 
efficiency, 408, 412 
in centrifugal compressor, 142, 145 
in turbine, 280, 286 
oblique, 398, 410 
on aerofoil, 399 
plane normal, 398, 406 

Simplex burner, 252 
Site rating, 80 
Slip factor, 129 
Solidity, 131, 165,218 
Sonic velocity, 91, 396 
Specific 

fuel consumption, 45, 70, 89, 102, 
343, 351, 363, 372 

heat, variation of, 56 
thrust, 90, 102, 105 
work output, 39 

Spill burner, 253 
Spray cooling, 321 
Stability of combustion, 239, 248 
Stage 

axial compressor, 155, 157 
characteristics, 223 
efficiency, 214,215,274,279,317 
repeating, 272 
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Stage, cont. 
stacking, 224 
turbine, 271 

Stagger angle, 201, 206 
Stagnation 

enthalpy, 46 
pressure, 47, 401 
temperatUre, 46, 245, 401 
thermocouple, 247 

Stalling, 150, 155, 203, 224, 229 
Starting, 253, 389 
Stator blades, 155, 271 
Steady one-dimensional flow, 400 
Steam and gas cycle, 4, 22, 31, 76 
Steam cooling, 262 
Steam injection, 28, 262 
Streamline curvature method, 231 
Stresses, blade, 160, 298, 302, 310 

disc, 303 
impeller, 131 

Supersonic 
compressor, 154 
diffusion, 92, 218, 402 
expansion, 280, 402 

Surface discharg~ igniter, 255 
Surge line, 151, 225, 336, 342 
Surging, 149, 225, 228, 336, 342, 390 
Swirl, angle, 272, 277 

in combustion, 239 
Symmetrical blading, 168 

Take-off rating, 3 63 
Temperature, dynamic, 46, 247 

measurement, 245 
stagnation, 46, 245, 401 
static, 41 
weighted mean, 245 

Temperature coefficient, 222 
Temperature drop coefficient, 274, 323 
Thermal choking, 405 
Thermal-ratio: see Effectiveness 
Thermocouple, 247, 393 
Thiclmess/chord ratio, 294, 312 
Thrust, augmentation, 120 

momentum, 87, 96 
net, 86, 105, 107, 361 
non-dimensional, 361 

Thrust, cont. 
power, 117 
pressure, 87, 96 
specific, 90, 102, 105 
spoiler, 96 

Time marching method, 231 
Tip clearance, compressor, 211 

turbine, 293, 314, 323 
Tip speed 
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axial compressor, 160 
centrifugal compressor, 129, 131 

Torch igniter, 256 
Torque characteristics, 354 
Torque, net, 386, 389 
Total: see Stagnation 
Total-energy: see Cogeneration plant 
Total-to-static efficiency, 274, 330 
Total-to-total efficiency, 274 
Transient petformance, 385 
Transient running line, 388, 390 
Transonic compressor, 154, 15 6, 218 
Transpiration cooling, 251, 321 
Tubular combustion chamber, 12, 235, 

244 
Turbine: see Axial flow turbine; Radial 

flow turbine 
Turbofan, 13, 106, 112, 116 

design point petformance, 106, 112 
off-design petformance, 383 
mixing in nozzle, 111 

Turbojet, 12, 87, 99, 102 
design point petformance, 99, 102 
equilibrimn running diagram, 361 
off-design petformance, 361, 364 
surging, 366, 380 

Turboprop, 12, 117, 389 
Turboshaft, 13 
Twin-shaft engine, 6 

(see also Free turbine) 
Twin-spool engine, 8, 229, 375, 379, 

390 

Unducted fan, 119 

Vanes, diffuser, 139, 150 
impeller, 127, 135, 138 
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Vanes, cont. 
inlet guide, 116, 142, 155, 162, 206 

Vaneless space, 137, 146 
Vaporizer system, 240, 251 
Variable 

area propelling nozzle, 96, 122, 
366, 377, 380 

area power turbine stators, 3 73 
compressor stators, 229 
cycle engine, 104 
geometry intake, 413 
inlet guide vanes, 15 5 
pitch fan, 119 

Vehicular gas turbine, 25, 353, 372 
Velocity diagram, axial compressor, 

157, 163 
turbine, 272, 273 

Vibration, compressor blade, 205 

Vibration, cont. 
fan blade, 221 
impeller vane, 146, 149 
turbine blade, 286, 297 

Volute, 141 
Vortex energy equation, 172 
Vortex flow in compressor, 169 

in turbine, 287 

INDEX 

Waste heat boiler, 22, 76, 79, 262 
Water injection, 28, 262 
Weighted mean temperature, 245 
Windage loss, 56, 130 
Work done factor, 166 

Yawmeter, 201 
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