Stresses in Beams
(Basic Topics)

CHAPTER OVERVIEW

Chapter 5 is concerned with stresses and strains in beams which have
loads applied in the xy plane, a plane of symmetry of the cross section,
resulting in beam deflection in that same plane, known as the plane of
bending. Both pure bending (beam flexure under constant bending
moment) and nonuniform bending (flexure in the presence of shear
forces) are discussed (Section 5.2). We will see that strains and stresses
in the beam are directly related to the curvature k of the deflection curve
(Section 5.3). A strain-curvature relation will be developed from con-
sideration of longitudinal strains developed in the beam during bending;
these strains vary linearly with distance from the neutral surface of the
beam (Section 5.4). When Hooke’s law (which applies for linearly elas-
tic materials) is combined with the strain-curvature relation, we find that
the neutral axis passes through the centroid of the cross section. As a
result, x and y axes are seen to be principal centroidal axes. By consider-
ation of the moment resultant of the normal stresses acting over the
cross section, we next derive the moment-curvature relation which
relates curvature («) to moment (M) and flexural rigidity (EI). This will
lead to the differential equation of the beam elastic curve, a topic for
consideration in Chapter 9 when we will discuss beam deflections in
detail. Of immediate interest here, however, are beam stresses, and the
moment-curvature relation is next used to develop the flexure formula
(Section 5.5). The flexure formula shows that normal stresses () vary
linearly with distance (y) from the neutral surface and depend on bend-
ing moment (M) and moment of inertia (I) of the cross section. Next, the
section modulus (S) of the beam cross section is defined and then used
in design of beams in Section 5.6. In beam design, we use the maximum
bending moment (Mmax) (obtained from the bending moment diagram
(Section 4.5)) and the alloyvable normal stress for the material (07y0w) t0
compute the required section modulus, then select an appropriate beam
of steel or wood from the tables in Appendices E and F. If the beam is
nonprismatic (Section 5.7)', the f!exure formula still applies provided
that changes in cross-sectional dimensions are gradual. However, we
cannot assume that the maximum stresses occur at the cross section with
the largest bending moment.
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The.quantities Si and S, are known as the section moduli of the cross-
scctlo.nal area, From Eqs. (5-15a and b) we see that each section modulus
has dimensions of length to the third power (for example, mm"). Note
that the distances ¢, and ¢, to the top and bottom of the beam are always
taken as positive quantities. |

The advantage of expressing the maximum stresses in terms of
section moduli arises from the fact that each section modulus combines
the beam’s relevant cross-sectional properties into a single quantity. Then
this quantity can be listed in tables and handbooks as a property of the

beam, which is a convenience to designers. (Design of beams using
section moduli is explained in the next section.)

Doubly Symmetric Shapes

If the cross section of a beam is symmetric with respect to the z axis as
well as the y axis (doubly symmetric cross section), then ¢, = ¢, = ¢ and
the maximum tensile and compressive stresses are equal numerically:

M M
o= -0y = _-MI-C-= —-3;' or am-—-'g- (5-16a,b)
in which
e (5-17)
e v ‘ -

‘¢ the only section modulus for the cross section.
i8

f rectangular cross sectio_n with width b and height h
Fgrlz:;at?comomcnt of inertia and section modulus are
(Fig - ]

bR g B 5-18a,b
I ANe i
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The beam is constructed from four boardsvgfﬂcgif(;)ir@\}hgr as showp,
Fig. 7-16a. If it is subjected to a shearlof [- ”- - clermine the
shear flow at B and C that must be resisted by the glue.

SOLUTION

Section Properties. 1h
the bottom of the beam, Fig. 7-

5= A 2(0.15m](0.3m)(0.01 m) + [0.205 m](0.125 m)(0.01 m) + [0305 m](0.250 m)(0.01 m)
- 24 © 2(0.3m)(0.01 m) + 0.125 m(0.01 m) + 0250 m(0.01 m)
= 0.1968 m

The neutral axis (centroid) will be locateq from
16a. Working in units of meters, we have

The moment of inertia about the neutral axis is thus

I= 2[]1—2(0.01 m)(0.3m)* + (0.01 m)(0.3 m)(0.1968 m — 0.150 m)zJ

10 mm
o a 1 3 g
T ___250mm _.‘_l_ + [E(o,]zs m)(0.01 m)* + (0.125m)(0.01 m)(0.205 m — 0.1968 m)*
"SI B 1
10 mm + [%(0.250 m)(0.01 m)* + (0.250 m)(0.01 m)(0.305 m — 0.1968 m)fJ
= |l = 87.52(10°%) m
T = A (10 )m
N j — A
1200 mm:‘ Since the glue at B and B’ in Fig. 7-16b “holds™ the top board to the
1 beam, we have
\ 20()Imm ¥y
V = 850 kN L] Qp = ypAp = [0.305m — 0.1968 m](0.250 m)(0.01 m)
. = 0.271(107%) m?
VT S

10 mm —»ﬂ——lzs o __m__] 0 mm Likewise, the glue at C and C’ “holds” the inner board to the beam.
Fig. 7-16b, and so

(a) 1 !
' QC = yCAC = [0205 m — 01968 nl](0125 ﬂl)(0.0I m)
. = 0.01026(1073) m?
B B -
_ i ¥ Shear Flow. For B and B’ we have
e cl o VQp _ 850(10%) N(0.271(1073) m?)
; f = B_—:_R_:j
N A AR o 1 87.52(109) m* 2.63 MN/m
And for C and C’,
= YQc _ 850(10°) N(0.01026(107%) m?)
CRal ke 87.52(10%) o’ = (.0996 MN m
Since two seams are used to secure each board, the giue per metef
. - length of beam at each seam must be strong enough to 1 osist one-half
(b) of each calculated value of q'. Thus,

ig. 7-16 :
Fig 4p = 1.31 MN/m and e = 0.0498 MN'm Ans



BT BT L [ ]

A hox honm I comstracted from four boards nailed together as shown 80N
| wig®-SiNadav AR SUpport a shear force of 30 N, determine J
| GREAEEERSpaGRg * ot the natks a1 B and at C so that the beam will
ot The faree of RON

SOLUTION

peernal Shear. 1 the beam s sectioned at an arbitrary point along 1S mm C
= longth. the miemnal shear required for equilibrium is always p o0 s / 15 mm
¥ = 80N and 0 the shear diagram is shown in Fig. 7-17b.
Section Properties. The moment of inertia of the cross-sectional
wros ahomt the neutral axis can be determined by considering a
| TSmm x T3-mm sguare minus a 45-mm X 43-mm square,
! 1 - 1
1 3 (TS mm)TS mm) =13 (45 mm)y4S mm)* = 2295(10%) mm*

o mm
i

) 15 mm

(a)
2 shear flow at B is determined using Q' found from the darker

& - iod area shown in Fig. 7-17¢. It is this “symmetric™ portion of the

he = that is 1o be “held” onto the rest of the beam by nails on the left

si- and by the fibers of the board on the right side. V(N)

Thas ) "

Qs = v'A' = [30 mm](75 mm)(15 mm) = 33750 mnv

80

Likewise. the shear flow at C can be determined using the “symmetric™
shaded area shown in Fig. 7-17d. We have

— . : x(m)

Oc=vA =[3 mm](45 mm)(15 mm) = 20250 mm? (b)

Shear Flow.
Fo7Smm o

. 3
- VOs = - N(B?‘{? mn:) = 1.176 N/mm } H {15 mm
@ I 2295(10)" mm 30 mm B B

N A

. 3
_VQc _soN@o2somm ) _ 0.7059 N/mm
9= 2295(10)" mm

" (¢)
shear force per unit length of the beam

Inese values represent the ‘
P rs at B', Fig, 7-17¢,

aust be resisted by the nails at B and the fibe ) 7-17,
he nails at C and the fibers at €', Fig. 7-17d, respectively. Since in

th: |45 mm+|
- : at two surfaces and each nail can ' H {15 mm
€+ case the shear flow 1s rgmlcd at two surfaces ¥ ok - 3
r

30N, for B the spacing 1s ks A
i (Tf%% mm SLO mm Use sp = SSmm Ans. :
And for C. -
D - 85.0 mm Use s = 85 mm. Ans. Fig. 7-17

S€ =10.7059/2) N/mm




Nails having a total shear strength of 40 N are used in a beap, .
be constructed either as in Case I or as in Case I1. Fig. 7-18, If tp, ailg
are spaced at 90 mm, determine the largest v‘?rtxcal sh'ear that ¢, e
supported in each case so that the fasteners will not fail.

hat Cap

S mm 5mm

| ey

f " T

10 mm+
40 mm N— 50 mm N—

| 1= Ny o

- T 0

I 130 mmd smm P

5mm
Fig. 7-18
SOLUTION

Since the cross section is the same in both cases, the moment of inertia
about the neutral axis is

1 1
I'= 17 (30 mm)(50 mm)* — 2|77 (10 mm)(40 mm)3| =205 833 mm*

Case I. For this design a single row of nails holds the top or bottom
flange onto the web. For one of these flanges,

Q =y'A" = [22.5 mm](30 mm(5 mm)) = 3375 mm?
so that

Vo
T
40N V(3375 mm?)
90 mm "~ 205 833 mm?
V=271N Ans

Case ll. Herea single row of nails holds one of the side boards onto
the web. Thus,

Q =y'A" = [22.5 mm](10 mm(5 mm)) = 1125 mm’
_Yo
Al Ty
40N V(1125 mm?)

90 mm 205 833 mm?
V=813N Ans
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17 32I. The beam iy constructed from two boards fastened
s”’,gc-l:]” At the top and bottom with two rows of nails
paced every 150 mm. If each nail can support a 2.5kN

s;hcar force, determine the maximum shear force V that
can be applied 1o the beam,

;7’-—33. The beam s constructed  from two  boards
ugtgncd together at the top and bottom with two rows of
nails spaced every 150 mm. If an internal shear force of

V=23 kN s applied 10 the boards, determine the shear
force resisted by each nail,

9 Probs. 7-32/33

7-34. 'The beam is constructed from two boards fastened
together with three rows of nails spaced 5 = 50 mm apart, If
cach nail can support a 2.25-kN shear force, determine the
maximum shear force V that can be applied 1o the beam, The
allowable shear stress for the wood is 7,4, = 2.1 MPa,

7-35. The beam is constructed from two boards fastened
together with three rows of nails, If the allowable shear
stress for the wood is 74, = 1 MPa, determine the
maximum shear force V that can be applied to the beam,
Also, find the maximum spacing s of the nails if cach nail
can resist 3.25 kN in shear,

1 4 mm

3 ) mm

Probs, 7-34/35

V1.3, The beam i fabricated from two CQuivaleg
sructural tees and two plates. Fach plate has a height
150 mm and a thickness of !; mm. If a th:;:r of V = 2 kN
is applied 1o the cross section, dctcrrf!lnc the Maximyy,
spacing of the bolts Fach bolt can resist a shear fore, of

75 kN.

-3, ‘The beam is fabricated from two €quivaley
structural tees and two plates. Each plate has a heighy o
150 mm and a thickness of 12 mm. If the bolts are spaced
at s = 200 mm determine the maximum shear force V thy
can be applied to the cross section. Each bolt can regjgt 2
shear force of 75 kN,

7-38, ‘The beam is subjected 10 a shear of V = 2kN.
Determine the average shear stress developed in each nail

Il the nails are spaced 75 mm apart on each side of the
beam. Each nail has a diameter of 4 mm,

25 mm

Prob. 7-38



2-39. A beam is constricted from three boards holted 7-42. The T-beam is nailed together as shown. If the nails

- qogether as shown. Determine the shear force developed can each support a shea

‘,"' cach bolt if t.hc holts are spaced s = 250 mm apart and the maximum shear force V't
- gpplied shearis V = 35 kN,

r force of 4.5 kN. determine the

hat the beam can support and the

corresponding maximum nail spacing s to the nearest

The allowable shear str

ood
multiples of 5 mm. ess for the w

is Talow = 3 MPa.

=25 mm

Prob. 742
Prob. 7-39
7-43. Determine the average shear stress developed in the
. ; 4 A nails within region AB of the beam. The nails are located on
7-40. The double-web girder is constructed from two each side of the beam and are spaced 100 mm apart. Each
~ plvwood sheets that are secured to wood members atits top nail has a diameter of 4 nim. Take P = 2N,
~ and bottom, If each fastener can support 3 kN in single
shear, determine the required spacing s of the fasteners *7-44. The nails are on both sides of the beam and each
peeded to support the loading P = 15 kN. Assume A is can resist a shear of 2 kN. In addition to the distributed
- pinned and B is a roller. loading, determine the maximum load P that can be applied
' ' i to the end of the beam. The nails are spaced 100 mm apart
+7-41, The double-web girder is constructed from two and the allowable shear stress for the wood is T, = 3 MPa.
plywood sheets that are secured to wood members at its top
and bottom. The allowable bending stress for the wood is P
0w = 56 MPa and the allowable shear stress is Taow = ~ 2KkN/m J

21 MPa. If the fasteners are spaced s = 150 mm and each
fastener can support 3 kN in single shear, determine the
maximum load P that can be applied to the beam.

{

41_1 mm

-

Y 200 mm

. 150 mm"I "
I2mm 12 mm

'l \_ 200 mm ..“_(i mm

Probs. 7-40/41 Probs. 7-43/44 20 mm



-7—45.. The beam is constructed from four boards which

are nailed together. If the nails are on both sides of the

beam and each can resist a shear of 3 kN, determine

:)I:; maximum load P that can be applied to the end of the
m.

i -; /"—
{ . "
30mat — 1| 250 mnT.;m};m
30 mm
Prob. 745

7-46. A built-up timber beam is made from the four
boards, each having a rectangular cross section. Write a
computer program that can be used to determine the
maximum shear stress in the beam when it is subjected to
the shear V. Show an application of the program for a

specific set of dimensions.

—3
1

' _.f,_ﬂ___.I

| by
- by :

Prob. 7-46

is made from four boards nailed
nails can each support a shear force o
heir required spacing s” and s if the beag,
fv=35kN

7-47. The beam
as shown. If the
500 N, determine t
is subjected to a shear 0

A

v 40 mm

A Prob. 7-47
+7_48. The box beam is constructed from four boards that
are fastened together using nails spaced along the beam
every 50 mm. If each nail can resist a shear of 250 N,
determine the greatest shear V' that can be applied to the
beam without causing failure of the nails.

y A
5 mm Prob. 7-48

7-49. The timber T-beam is subjected to a load consisting
of n concentrated forces, P, If the allowable shear Vg for
eegch of the nails is known, write a computer program that
will _specify the nail spacing between each load. Show an
application of the program using the values L = 4.5 m.
a;=12m,P, =3kN,a, = 2.4 m, P, = 7.5kN, b; = 40 mm.
hy = 250 mm, by = 200 mm, hy = 25 mm and Vs = 1 KN

P] Pz Pﬂ

Prob. 7-49
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E,.= 256G

E¢i =700 Gla

d = 25 mm
(Go]',.)g+= 130 MPa
(GEN)C = 12 MFa
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