102 Path Independence g line Integrals

(1) JF(r) edr = J(F1 dx + Fydy + Fyd7) (dr = [dx, dy, dz])
(&

B C

D | The line integral (1) is said to be path independent in a domain D in space if for every
pair of endpoints A, B in domain D, (1) has the same value for all paths in D that begin at

A A and end at B. This is illustrated in Fig. 224. (See Sec. 9.6 for “domain.”)
Path independence is important. For instance. in mechanics it mav mean that we have

“Thegrem|.

Path Independence

A line integral (1) with continuous Fq, Fo, Fy in a domain D in space is path
independent in D if and only if ¥ = [Fy, Fo, F3]isthe gradient of some function
fin D,

of of of

2 F = df, thus, Fi=—, Fo = —, Fq=—.
2) grad f. us 1= P oy 37 %,

-2;2-S'a6/2 acase P s called a.poéem’m.[gﬂ F and we have
(3) f (F dx+ Fady+ Fdz) < P(B)-P(A) forr A and B D

Excomple. Evaluate the mtegmjcf&'tzdx*r%za(w Y2dz
from 0(0,1,2) to B(l,-1, 7).
Solubiom. IP there eausts a./gmd'tcm F such 6/1.05 F vF

i Some oloman D ccwfcw’unj A and B, then Hie {re
cnbegral i path nclependent and Pisa pol—efd'm]qd F

mdwecanuse (3).
Led us Lﬂ-cﬂ (:Oﬁhc/f such/%al VE- F Malcs

Pe=F =3x° fy=F =29z, fi-F-92

fo=3x2 = P=a3+ 9y2) Car

fyz- 93(9,2)
22 = Jy(y2) — 9= y2z + h(z) ()

Comstant
Pubt!.*nj (b) inla) — F=x +3 22+h(z) 9 ° R ¢
Fz = Yy2+h'tz2) — Y= H+h(2)->h(2) =%k
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PuHmﬁ (b) and () th (a) — P= x3+ y%z b
we con_ Conséler k:a(Whg?J ->/-’::L‘3+5'2?.
Monday, July 12,2021 11:39 AM
Tt s Clea~ thak for P=x3ey2z .
:01 =3z2 :l:;—, ﬂy:ZyZ: rz ) f2:52 = E
th D =R> (The whole space).

(h-1,72)
3~ | (3xtdur2gzoly+4352) - P4-1,2)-£01,2)
042)

d 134 (-I)Q(v) L (03+(l)2(2J)

= 6

Theorem 2.

Path Independence

The integral (1) is path independent in a domain D if and only if its value around
every closed path in D is zero.

(L) F .difE-= F, dx+ Fady + 60{3
ts exact tna doman 1 Ff and only if here esusts
Q dcf’ﬁam{z'f?_\»b[e Puncbior £ in D such that
(5) F=vVf wuD

lbrice Theorewam!. emplies
Thecrep 3%

Path Independence

The integral (1) is path independent in a domain D in space if and only if the differential
Jorm (4) has continuous coefficient functions F, Fo, Fg and is exact in D.

This theorem is of practical importance because it leads to a useful exactness criterion.
First we need the following concept, which is of general interest.

A domain D is called simply connected if every closed curve in D can be continuously
shrunk to any point in D without leaving D.

For example, the interior of a sphere or a cube, the interior of a sphere with finitely many
points removed, and the domain between two concentric spheres are simply connected. On
the other hand, the interior of a torus, which is a doughnut as shown in Fig. 249 in Sec. 10.6
is not simply connected. Neither is the interior of a cube with one space diagonal removed.

The criterion for exactness (and path independence by Theorem 3*) is now as follows.
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Thearem 3.

Criterion for Exactness and Path Independence

Let Fy, Fo, F3 in the line integral (1),
JF(r) cdr = J(Fl dx + Fydy + F3dy),
c c

be continuous and have continuous first partial derivatives in a domain D in space. Then:

(a) If the differential form (4) is exact in D—and thus (1) is path independent
by Theorem 3*—, then in D,

(6) curl F = 0;

in components (see Sec. 9.9)

©") dF3  dFy IFy  0F3 g 0F;
dy 0z 0z ax x ay
(b) If (6) holds in D and D is simply connected, then (4) is exact in D—and
thus (1) is path independent by Theorem 3*.

/'i Show that the Parm under the mégral Stgn ¢s exact en the
“32 plane ( Pobs.t,) or v space (Pobs. 5-%) and evatuate
the mteﬂra(,.

2 [T e gy
L e y
932 (-1 i x: 2

- 2,
Solubion. F = & xe © _32, ye 9>
F, F2
We  want b;@mo/ f such that E:v? i the plane, ¢hat

Pz xg™i02 |, Ay =y

2,2
By inspection, §(x,u) .-Le® (How?)
(L") _ 2
By (3) _'.[ C_I-Ijz(xd:c+yoly) =L O,n-£C1,-1)
(=},-1) S -2 | >2 . @

(7846 AREER
flgl

7 (2xy dx + c%dy + sinhzdz).

432 (4,00

SO/wh'ar). We wont &)An_ﬂ{ P such thaet :—L:Vf th space, thelt ¢s
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Pe=F =z2xy, %:Fz:x{ Fz= R =swnh 2

F=x?y19(42) (a
J?’_Ij = xz-;-gy =? - 33(5,2)30 - 3(912): h(z) (b)

Futhng (b) tnta) — F=x% +h(2) e
Pz - 2> = sinhz
h(z) = ashz +k
Futting (C) in Cb) —» P3¢y 2) = o% + oh 2 +k
We can take k-0 (Why?)

Flxy 2)- Xy ashz (Lot cboseay to hind o4 by inspeckio).
7, 38,0)

(3)—>f (2xy dx+ 2%y + sinhz dz) = P(rg0)-RP(100)
9,0 ~2) () wshd - (2 )(0) casho
= 392.

=19 Check for path. indkperdence, and it tndependent, inkeqrate
432 o (0,6,0) ta (ab,c).

3x?ydx + x3dy+ 94z

12
439 — Z
Sdutown, Here F = < 32%, 2 4> and

curd ?: _5_ 3J ak
x5 I=
S x.g y
. o " 0 2
(3L )i (s Rl (e . 2 il
= (.' +3DCZJ.
curd E+0 — Tne lLere cMcjml ts not pa.b{zndgmw[erd

18 yzashxdx + zZsihxdy + ysihx dx.

432 —x
Solutom. F = LYZwshx, Zsinh x, yswhx>

Bﬁ _Lm§oec/:c'an /’ny ﬂ(:r,g,z) = yzsmhx, we have
F =vf space ,
wa LS | ] .
F = fx = UZ‘“hx, /'—zr'f’y’-‘zyﬂh—-'-‘c; l’?s‘“()2=~-l’&n/LQC

The Line cnlegral & path indlependent

(3)-~» _/;:Z’:’ c)(yzcwbx/x +Zsenhxdy+ ysnhxdz) =@ hc)-Lt,4dbcsiha
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