{0.5 Surfa,ces Po‘r S“ur/’a.ce Inj;egrals

Representation of Surfaces

Representations of a surface S in xyz-space are

(1) z2=f(x,y) or gx,y,2) = 0.

For example, z = +Va® - x% - y2 or x2 + y2 +722-d>=0@=0) represents a

hemisphere of radius a and center O.

Now for curves C in line integrals, it was more practical and gave greater flexibility to
use a parametric representation r = r(f), where a =t = b. This is a mapping of the
interval a =t = b, located on the f-axis, onto the curve C (actually a portion of it) in
xyz-space. It maps every f in that interval onto the point of C with position vector r(f).
See Fig. 241A.

Similarly, for surfaces S in surface integrals, it will often be more practical to use a
parametric representation. Surfaces are fwo-dimensional. Hence we need two parameters,

Curve C
in space 7
Surface S
r(u,v) in space
x ¥ e
v
il
a b
(t-axis) R
v u
(uv-plane)
(A) Curve (B) Surface

Fig. 241. Parametric representations of a curve and a surface

which we call # and v. Thus a parametric representation of a surface S in space is of
the form

(2) r(u, v) = [x(u, v), y(u, v), 2(u, v)] = x(u,v)i + y(u,v)j + z(u,v)k
where (u, v) varies in some region R of the uv-plane. This mapping (2) maps every point

(u, v) in R onto the point of S with position vector r(u, v). See Fig. 241B.
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Parametric Representation of a Cylinder

The circular cylinder x2 + }’2 = a® —1 = z = 1, has radius a, height 2, and the z-axis as axis. A parametric
representation is

r(u,v) = [acos u,asinu,v] =acosui +asinuj+ vk (Fig. 242).

The components of r are x = a cos u, y = a sin #, 7 = v. The parameters u, v vary in the rectangle R: 0 = u =
27r, —1 = v = lin the wv-plane. The curves u = const are vertical straight lines. The curves v = const are
parallel circles. The point P in Fig. 242 corresponds to u = /3 = 60°, v = 0.7. ]

|
!
|
OP
Sl (v=0)
SERTAE =
x y
\ | w=-D)
______________..—-"

Fig. 242. Parametric representation Fig. 243. Parametric representation
of a cylinder of a sphere

Expmpl 2

Parametric Representation of a Sphere

A sphere xZ + y? + z2 = 42 can be represented in the form
(R)] r(u,v) = acos v cos ui + acos v sinuj + a sin vk

where the parameters u, v vary in the rectangle R in the uv-plane given by the inequalities 0 = u = 27,
—1r/2 = v = /2. The components of r are

X = acos U Cos i, y = acos v sin u, Z = asinv.

The curves u = const and v = const are the “meridians” and “parallels” on S (see Fig. 243). This representation
is used in geography for measuring the latitude and longitude of points on the globe.
Another parametric representation of the sphere also used in mathematics is

(3%) r(u,v) = acosusinvi +asinusinvj + acosvk

where0 = u=2m,0=v = 7. =
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Eocorple 3.

Parametric Representation of a Cone

g Z
A circular cone 7 = Vx? + y2,0 == H can be represented by
r(u,v) = [ucosv,usinv, u] = ucosvi +usinvj + uk,

incomponents x = u cos v,y = u sinv, 7 = u. The parameters vary intherectangle R: 0 = u = H,0 = v = 27.
Check that x2 + y2 = 2,2, as it should be. What are the curves « = const and v = const? =

Given o surface S 2 the poramebrec representabin T=Fwuw) ica,

(4) N=T,rT, =0 .
" (3) /= __}U; - M :
INE 1T
We have the follourng Tnearem
Thearem.

Tangent Plane and Surface Normal

If a surface S is given by (2) with continuous r,, = dr/du and r, = dr/dv satisfying
(4) at every point of S, then S has, at every point P, a unique tangent plane passing
through P and spanned by r,, and r,, and a unique normal whose direction depends
continuously on the points of S. A normal vector is given by (4) and the corresponding
unit normal vector by (5). (See Fig. 244.)

Fig. 244. Tangent plane and normal vector

A surface S is called a smooth surface if its surface normal depends continuously on
the points of S.

S is called piecewise smooth if it consists of finitely many smooth portions.
For instance, a sphere is smooth, and the surface of a cube is piecewise smooth
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12-19  Fond aparametric representatran. and anormal veckor
447 (The answer guves ome of them, Merearemmj.)

12 - =
e Plone Ex+ Y-32 =30

Solubem. (25T (U,0) = L LUV, YW, v, 2(u,v) >

rluv) = £ L, g, SUEU-30S —adultw
3

— - - LU L +vo.
T - <410 5 T - ;L D B
_Lf _: 7 3>1 U""<0/ J 3>-
(4)> N = ruer:JL J R
I O 5/3
O A
O 53|, | 5/3] - I O
‘—'j| ,,3L—)a 1/3 )o\]k
g P~ B AT
= % L 3J i }l
"M Sphere (x_n’+ (y+2)® 42l 25
4L

Solubn. (2)973(11,17): L octu,v), Ylu, r), 2lu,u) 2

(See Cxomple2) = < 1+5wsu-cwsy ~2+5cosusinu, SstnU D
O<wug2rm, -t £ U< _7?%
2

:"l«

= <-scesusthu, Scosprcesa, QO >
3 < ~SshUosu , -5 scusthy, 5 as U
Y . d
(4) - Nlr c J k
-5 WsUSmyu 50V cos 0
“5s-t'nuc,;su -SsLNU s¢eNU 5wsu

el 2 . . ) rd
Nl: 2505 r CUSLLL+25M¥U’&'.Y).LLJ + ZBé'stx‘nU’SL)”ZU—b Cos Usehs COS“)AZ

s

N, =25 @SPU sl 4254 Usinuy +25 Cosusen U R.

Ansther method (mA'nJ N ( By Theovem? wnsectim 9.7).
I4ere ﬂfiCy,Z):C e (x-1?2+ (Y+2)2 +2Z22=25

f\él -vF =< P:\c, ;El_.,/ Pg) = L2 (-, sz_,z/, 22>
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T\l;(u,u):</0costfcasu, I0cosrsind , [(stn v >

Note thot N, gad 7\72 e nemal yeckrs
of ffhc sphelt

In Fad IT/:(U/U):% ws 0" Nolp,w)

16 Elliptic parabold Z=4xley?
4t
Solutum (2) = T (U,r)= <xty,v), y(u,ul, 2,v) 7 - £
TlUr) = Lucosy, 2USNU, 7 (P> 5 ~ 0<uds ,055<2m.
-ﬁ-’u -L @sU, 254nU , g5, r=<-usnu, 2uwsu, >

4

_ ug
Gl Nz Tk =oe = L-1bulepst, - 8U%5in U, 2U>
Onother Method to ?md o normal vecdor ((Jsing Theorom 2
of secha 9.7)

Hece P(x4,2) =C « Lxty? —% =0

Ny = VF = <Fx, Py L2>=dP, 29,-17
Wz(‘i,u) - Lgyws U, fustau, —17

-\ —
Nt l’/mf N, (u, )= 24N, (U, ).

leg /7yperbo/tb Cy[«.'/m{ér 7x2—4g2=36.
7

Solbon. (2) = Fluv)=< Tluw), YU e), EU,v) Y
Fluu)= < 20shu, 3snhl, U>, -ca<ultu, -+

~ ~L
o= & 2eunbu, Besh u 0> | r.=<0,0 1>

(4) 5 N = r, x}z = <3cos/, u)—zschha, 0>.
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