10.6 Surface 177/('637'013 :

To define a surface integral, we take a surface S, given by a parametric representation as
Just discussed,

(D) r(u,v) = [x(u,v), y(u,v), z(u, v)] = x(u, V)i + y(u,v)j + z(u, v)k

where (u, v) varies over a region R in the uv-plane. We assume S to be piecewise smooth
(Sec. 10.5), so that S has a normal vector

1
(2) N=r,Xr, and unit normal vector n = ﬁ
N

at every point (except perhaps for some edges or cusps, as for a cube or cone). For a given
vector function F we can now define the surface integral over S by

3) JJF *ndA = J J'F(r(u, v)) * N(u, v) du dv.

S R

Here N = |N|n by (2), and IN| = |r, X r,| is the area of the parallelogram with sides
ry, and r,, by the definition of cross product. Hence

(3%) ndA = n|N| dudv = N du dv.

And we see that dA = |N|du dv is the element of area of S.

We can write (3) in components, using F = [Fy, Fo, F3],N =[Ny, Na, Njl.
and n = [cos a, cos 3, cos y]. Here, a, B, y are the angles between n and the coordinate
axes; indeed, for the angle between n and i, formula (4) in Sec. 9.2 gives cos a =
ne i/|n| li| = n«i, and so on. We thus obtain from (3)

J'JF°ndA = fJ(Flcosa + Fscos B + F3cosy) dA
5 S

4)

[
= J'(FlNl ar FgNg S F3N3) du dv.
R

In (4) we can write cos @ dA = dy dz, cos B dA = dz dx, cosy dA = dx dy. Then (4)
becomes the following integral for the flux:

(5) J'J'F-ndA= ”(Flarydz+F2dzdx+F3dxdy).
S
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Examp LL(
Flux Through a Surface

Compute the flux of water through the parabolic cylinder S: y = x20=x=20=z=3 (Fig. 245) if the
velocity vectorisv = F = 322 6, 6xzl, speed being measured in meters/sec. (Generally, F = pv, but water
has the density p = 1 g/cm3 =1 ton/ms.)

Fig. 245. Surface S in Example 1

Solution. Writing x = u and z = v, we have y = x2 = 4% Hence a representation of § is

S: r = [u,u? v] O=u=s20=v=3).
By differentiation and by the definition of the cross product,
N=r,Xr,=[1, 2u, 0] x[0, 0, 1]=1[2u, -1, O]

On S, writing simply F(S) for F[r(u, v)], we have F(S) = [302, 6, 6uv]. Hence F(S)* N = 6uv? — 6. By
integration we thus get from (3) the flux

3 r2 3 2
”F-ndA = J J (6uv® — 6) du dv = J Gu?v? — 6u) dv
s 0’0 0 u=0
3 3
= J (120% = 12) dv = (40 — 12v) = 108 — 36 = 72 [m>/sec]
0 v=0

or 72,000 liters/sec. Note that the y-component of F is positive (equal to 6), so that in Fig. 245 the flow goes
from left to right.

Example?.

Evaluate (3) when F = [xz, 0, 3y2] and S is the portion of the plane x + y + z = 1 in the first octant (Fig. 246).

Solution. Writing x =u and y =v, we have z=1—x —y =1 — u — v. Hence we can represent the
plane x + y + z = 1 in the form r(u, v) = [u, v, 1 — u — v]. We obtain the first-octant portion S of this plane
by restricting x = u and y = v to the projection R of § in the xy-plane. R is the triangle bounded by the two
coordinate axes and the straight line x + y = 1, obtained from x +y + z =1 by setting z = 0. Thus
0=x=1—-y0=y=1.

Fig. 246. Portion of a plane in Example 2
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By inspection or by differentiation,
N=ryXr,=[10-1]%x[0,1,—=1] =[1 1, 1].

Hence F(S) * N = [12 0,302« [1, 1, 1] = «® + 3v%. By (3),

1 -1-v
”F-na:4=”(uz+3u2)dudv=J J (u? + 3v%) dudv
S R

0 -0

1
= J [1(1 —0)® + 30%(1 — ) PR o
13 3

A smooth surface S (see Sec. 10.5) is called orientable if the positive normal direction,
when given at an arbitrary point Fy of S, can be continued in a unique and continuous
way to the entire surface. In many practical applications, the surfaces are smooth and thus
orientable.

See the Textbook for pieceurise smooth arvenkable surfaces
and. for an exarvple ot 0. nonorielable surface (Mobtus Stri P).

For problemst-3, evatuate the Huz tkegeals (3) [F-7dp
for the given dlaba N

Problem! F =< coh(42),0 Y4>
S: y2,2%=1, 0<oa<20 220

Solutian. S . = (U, U )= £xly,u),Y(yv), 2WU,U)>
=L U, s3U,stnU>, 0<u<20 0LULKT.

—_—
T,-<1,00>, r—U:<o,—sc,;Uj s ag>.
— L
Nlu )= 1, x7 - <q -sU, —sinu>.

—\
= L wshyz 0 y7>»
,Z_L(F'(u v))=Leosh (e senu), O, Cos ' UD>.

(3)- ffl—’ na(/—V /f I—‘(r(uu))l\/(u vw)dudir.

aQ —usyU, —scnr>dudo
/ <wsh(2 sm2£r),0 WS . < i

"[ / —%”U’Cvsl’uda/u'- —zaf S4erCas Yodot -2,
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Boblmo. F =42%0, 8%, S:2:3 %452, 0<Z<I5 y=o0.
Solubvan, S: Fluw)=Laclu,u?, Ylu ), 20d,0)>
—LUlsU, SUSNMU, 3y 04uls, 0SULTT

TL‘: <C050"250’LU;3>9 7 = &~ Ustnv, aCOSU',o7

Ntuw)= xtp =< % U.COSU’ 3USINU, TUD>
F = <22 0 8>

F(7 (wu)- (34, 0 &>
.é:f neld - ff F(Ftuw)). I\/(u vidudr

:/’fj € 94%0,8> < - Lucsv, 3usow, LuyJude

// (27L§fostr+4u)dudu
‘fﬁ 2?(,4‘/005”4_2“2] du

g T
F f (—/687'50050'+50)0(U': 507C.
0 =S

[Foblom3, I?Lz L ewoshy > 0, stnh .
S: Z:x-z—gz, 0<y<x o0<x<),

Solution. S: F(u,u)=Lactu, 1), yluwr), 2(u,0)>
=L U, U, U+u2> 0LU<uy, okugl

=< lo 1> T.=<g 120>
F(MU):?;XFU,Lz L~ ,=2u, 1 2

F: < wshy > 0, stnhx>
F(Fluuw)=<coshu, 0, sinhuy

ffF ndA- fgl:(r‘(uv)) N (upydudy
-j'f Lash U, g svhu>-<L-20,1ydvdu

:fd’fo (—wSh U-+§4nhLL)G(U'JC(: | =5 1
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